S

International
Journal of
Mathematical
Analysis and
Modelling

(Formerly Journal of the Nigerian Society
for Mathematical Biology)

Volume 5, Issue 2 (Sept.), 2022

ISSN (Print): 2682 - 5694
ISSN (Online): 2682 - 5708




International Journal of Mathematical Analysis and Modelling
(Formerly Journal of the Nigerian Society for
Mathematical Biology)

Volume 5, Issue 2 (September), 2022

ISSN (Print): 2682 — 5694
ISSN (Online): 2682 - 5708

Disclaimer: The articles published herein do not necessarily reflect the
opinion of the editorial board of this journal or the Nigerian Society for
Mathematical Biology (NSMB). The editorial board or the NSMB do not
accept any legal responsibility for any errors or omissions that may be made
in this volume of the International Journal of Mathematical Analysis and
Modelling (Formerly Journal of the Nigerian Society for Mathematical
Biology).

A publication of the Nigerian Society for Mathematical Biology
©NSMB

ii



Editorial Board

Daniel Okuonghae, Ph.D. Editor-in-Chief
Department of Mathematics

University of Benin

Benin City, Nigeria.

daniel.okuonghae@uniben.edu

danny.okuonghae@-ccc.oxon.org

mcsb@uniben.edu

Editors

Samuel O. Okoya, Ph.D. Obafemi Awolowo University, lle-Ife, Nigeria
Godwin C.E. Mbah, Ph.D. University of Nigeria, Nsukka, Nigeria
Ninuola Akinwande, Ph.D.  Federal University of Technology, Minna, Nigeria
A.R. Kimbir, Ph.D. Federal University of Agriculture, Makurdi, Nigeria
Olufemi A. Adesina, Ph.D. Obafemi Awolowo University, lle-1fe, Nigeria
Philip O. Olanrewaju, Ph.D. Federal University, Wukari, Nigeria
Augustine lduseri, Ph.D. University of Benin, Benin City, Nigeria
Sirajo Abdulrahman, Ph.D. Federal University, Birnin Kebbi, Nigeria
Andrew Omame, Ph.D. Federal University of Technology, Owerri, Nigeria
Bolarinwa Bolaji, Ph.D. Kogi State University, Ayingba, Nigeria
Dennis Agbebaku, Ph.D. University of Nigeria, Nsukka, Nigeria
George Akuchu, Ph.D. University of Nigeria, Nsukka, Nigeria
Robert Okuonghae, Ph.D. University of Benin, Benin City, Nigeria

Monday N. O. Ikhile, Ph.D. University of Benin, Benin City, Nigeria

iii


mailto:daniel.okuonghae@uniben.edu
mailto:danny.okuonghae@ccc.oxon.org
mailto:mcsb@uniben.edu

International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 2, September 2022, pages 1 - 9

Application of quadratic Lyapunov function for SIR
model with demography

A.L. Ozioko*, 1.S.S. Abang’ ,G.C.E. Mbah!, and M.O. Omeike®

Abstract

Lyapunov functions enable the stability analysis of dynamic systems described by ordi-
nary differential equations without finding the solution of such equations. In this paper, we
construct a quadratic Lyapunov function for SIR model with demography in analogy with a
linear system, and show that the SIR model with demography is asymptotically stable using
this quadratic Lyapunov function. This quadratic Lyapunov function satisfies the disease
free and endemic equilibrium.

Keywords: Lyapunov function; asymptotic; stability; differential equation

1 Introduction

Lyapunov functions are scalar functions used to prove the stability of equilibrium of ordinary
differential equations. It is very important to stability theory in dynamical systems and control
theory. Lyapunov function is a necessary and sufficient condition for stability. There are many
ways to construct Lyapunov functions and much remains to be done in this regard since there
isn’t a universal constructive method for finding simple and explicit Lyapunov functions which
helps to determine the stability or instability of a system as well as acting as control.

Lyapunov himself [7] indicated the method of constructing the Lyapunov functions for an
independent linear system. In [10], they constructed a Lyapunov function for a second and
third order respectively with non-linear functions. Their method consists of finding a quadratic
form function for a linear system, and analogy in the subsequent selection, a Lyapunov function
for the non-linear system. The method also gives us the possibility of obtaining the Lyapunov
function in a rather small proximity to the equilibrium position of the non-linear system [1].
Further results in the construction of Lyapunov functions were obtained in the connection with
the so-called Aizerman problem [12]. The formulation of this problem prompts the idea of
constructing Lyapunov function for non-linear systems by analogy with linear systems. [4] have
studied the singular points of third order non-linear ordinary differential equations. According
to them, only one singular point of each of the different equations is stable and the rest of the
singular points are unstable. Also, they have not investigated the stability character of the
system over some regions around a singular point.

For an autonomous polynomial system of differential equations, how to compute the Lya-
punov function at equilibria is a basic problem. In [8], the author transformed the problem of
computing the Lyapunov function into a quantifier elimination problem. The disadvantage of the
method is that the computation complexity of quantifier elimination is doubly exponential in the
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number of total variables. In order to avoid this problem,[14] propose a symbolic method; they
first construct a special semi algebraic system using the local properties of a Lyapunov function
as well as its derivative and solving these inequations using cylindrical algebraic decomposi-
tion (CAD). Lyapunov functions are indispensable in verifying some quantitative properties of
solutions in ordinary differential equations. The problems encountered in the applications are
in the construction of appropriate Lyapunov functions for some non-linear ordinary differential
equations [2]. Lyapunov function [9] is a good tool in the stability analysis of dynamical systems.

The SIR model is a classical model in mathematical epidemiology [13]. Particularly Kermack
and McKendrick[5] use a SIR model to prove the existence of a threshold. The model of Kermack
and McKendrick is without demography, i.e. without vital dynamics. As a conceptual model,
the classical SIR models are very important [13] . However, the asymptotic behavior of the
model changes when introducing vital dynamics. The global stability using Lyapunov functions
of SIR model with a total constant population is proved in [3] and [13].

In this work, we established the application of quadratic lyapunov function [10] for the SIR
model with demography in analogy with the linear system.

2 Methodology and Discussions
Consider the ordinary differential equation
T+ ai+ bt +cx =0, (1)

resulting to the third scalar first order shown as follows:

T =1y,
Y=z,
2= —az —by — cx, (2)

and the system of third- dimensional linear equation
X = AX, (3)
where A is positive definite metrics. Define
2V (x,y,2) = XTAX = Ayx? + Agy® + Az2? + 2A4wy + 2A522 + 2 Ay (4)
such that
V= *CA5:E2*(bA6*A4)y2*(aAngﬁ)22*(CA6+bA5*A1)IEy*(CA3+(IA5*A4)CL‘Z*(CLA6+bA3*A2*A5)yZ.
(5)

We have the following possibilities:

2

Vo —a?,
VOC—y27
Voo —22,

Voo —(z% 4+ + 22).
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CASE I:

If V = —cAs22, then
cAs > 0,
bAg — Ay = 0,
CLA3 - AG = O,
cAg +bAs — A1 =0,
CA3 + aA5 — A4 = 0,
aAg +bAs — Ay — A5 =0,

(7)
such that

where ab — ¢

2V (x,y, 2)

A (a%c + ab® — cb) A
1 A 3
3
AQ _ (CL + C)A5’
k
aA
A=
a’bA
A4 - k 57
CL2A5
AG - L )

k > 0. Substituting (8) in (4) and set As = 1 since A5 > 0,

2 b2— b 3 2b 2
(ac—i—c;: C)x2+(a ]:—c)yg—i—z,z2+2akxy+2xz+2c;€yz
AP i L TR T P

— 2 4 be - —= Tz + —=2
k k A kY

2a%b a? 2a*
ba? + (; :L‘y+a1:02+?x +2xz+%22—|—72y

a’y k(a® +c) —ba*\ , ﬁ kz 2 adec—k?\
b(x—f— k:)+< k U\ ) T\ ke )T

2a?

Y k(a®+c) —ba*\ , a’c kz\?
b @y @c z
(x—i—k)—i-( ; e G I

adc — k2
ka2c “t

a‘cy

_dley N dle
adc — k? k(a3c—k2)y '

This is positive definite and the corresponding time derivative

Therefore

2V1(x7 Y, z)

V(z,y,z) = —cx’. (10)

2 22b 22
ak 22 + ba® + Z_Cyz—i—k +aTxy+2xz+%zy (11)
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is a Lypunov function for the third order differential equation (1) since ¢ > 0 and ab—c =k > 0.
CASE 1T

If V= —(bAg — Ag)y?, then

CA5 = O,
bAg — Aq > 0,
CLA3 - AG = O,

cAg + bAs — A1 =0,
CA3+GA5—A4:0,
aAg + bAs — Ay — A5 = 0,

(12)
such that
A5 = 07
A1 = CaAg,
ag = (a® + b)As,
A4 = CA3>
A6 = (IAg,
(ab—c)As > 0.
(13)
Substituting (13) in (4) and set Az =1,
o2V (z,y,2) = cax®+ (a> +b)y* + 2 + 2cwy + 2ayz
caz? + 2cxy + a®y? + by? + 2ayz + 22 (14)
2 2 b— qa?
= ac(m+g) —I—(a2—g>y2+b<y—l—%> (=) 22
a a b b
which is positive definite and the time derivative of V is
V(l’,y,Z) = _(ab_c)yQ' (15)
Since ab — ¢ > 0,
2WVa(z,y,2) = cax® + (a® + b)y* + 2% + 2cay + 2ay= (16)
is a Lyapunov function for (1).
CASE II1
If V= —(aA3 — Ag)z?, then
CA5 = 0,
bAg — Ay =0,
aAsz — AG > 0,
cAg + bAs — A1 =0,
cAs +aAs — Ay = 0,
aAg +bAs — Ay — A5 =0,
(17)
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which implies

As =0,
Ay = CA6a
b2
az = ((l + 7)‘46)
Ay = bAg,
Az = QAG;
c
b
(&2~ 1)46 >0
(18)
Setting Ag = 1 and substitute (18) in (4),
2 b’ 5 b,
2V(z,y,z) = cx®+ (a+ ?)y + o7 + 2bzy + 2yz
2 s b7 b o
= cx’ + 2bxy + ay® + =V +2yz + o (19)
= c x+bfy 2+ ac—b* 2—|—b2< +%)2+ L_CZ 22
N c c Y c T2 cb? ’
which is positive definite and the corresponding time derivative
. b
Viay.2) = (% = 12" (20)
ab
and (— — 1) > 0. Therefore
c
2 B’ 5 b,
2Vs(xz,y,2) = cx” + (a + ?)y + e + 2bzy + 2yz (21)

is suitable Lyapunov function for (7).

Remark 2.1 The sum of two or more Lyapunov functions result to another Lyapunov function
that satisfies the Lyapunov criteria.

3 SIR Model with Demographic Term

We consider a population N divided into classes of susceptible, infectious and removed in-
dividuals, with numbers at time ¢ denoted by S(t), I(t) and R(t) respectively, that is N =
S(t) + I(t) + R(t). We assume that there is no vertical transmission, then all offspring are sus-
ceptible. We assume that the natality A compensates for the deaths and the state variables are
proportions of the population. The parameter is the rate of recovery. Note that, in our model
the disease confers a permanent immunity. The parameter § is the effective per capita contact
rate of infectious individuals [13]. The dynamic of this model is given by the following system:

% — A—BSI—psS, (22)
= BST—Al -l
% = ~vI —puR.
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Since the variable R in STR model (22) does not appear in the equations of S and I, for
model (22) we only need to consider the subsystem [3]:

% — A—BSI—pS, (23)
% = BSI —~I—ul.
From model (22) we have,
% = A—puN —~I, (24)
< A—uN.

Lemma 3.1 The system (22) with initial conditions S(0) > 0, I(0) > 0, and R(0) > 0 have a
A

positive invariant solution in the region Q = {(S,I,R) ER3I:N=S{t)+1I(t)+R(t) < }
i

Proof. Without loss of generality,

dN (1)
dt

< A —uN(t).

Multiplying through by the integrating factor I.F = e#! and integrate both side, we have

Aett

7

N(t)et < + K. (25)

Furthermore, applying the initial conditions ¢ = 0 in (25), we have

K> NO) -2, (26)
o
Substituting (26) into (25), we have
A A
N(t) < +(N0—)e—f“f, 27
(t) p 0) =~ (27)

where the N(0) = Ny is the initial value of the total populations. As t — oo in (27), the

population size N(t) approaches —, ie
1

0< N(t) <

==

However N = S(t) 4+ I(t) + R(t) < —. This implies that S(t) < —, I(t) < — and R(t) <

Hence the solutions are boundAed.
In particular, If N(0) < —, then N(¢t) < —. Therefore the region Q2 € Ri’_ is positively
i

==

A
1

==
==

==

invariant. Therefore the model the model (22) makes biological sense
The basic reproduction ratio is given by

o B
gy’
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3.1 Stability of Disease Free Equilibrium (DFE)
The system (22) has disease free equilibrium which is given as (5,1) = (1,0).
Theorem 3.1 If R, <1 then the DFE is globally asymptotically stable on 2.

Proof. The quadratic Lyapunov function (4) for the given equation (23) is

2V (S, 1) = A1 S? + Aol® 4 24451,

such that
V(S, I) = —(5A1[+A1M—,3A4I)S2—(6A4S—A2,35+7A2+MA2)I2—(/LA4+")/A4—|-MA4)SI—|—A1AS+AA4I.
(28)
The only possibility in (25) is that
V(S,I) = —(BAsS — AsfS + Az + pAa) I,
such that
BALS — AaBS + Az +pAs > 0, (29)
BAL + AIH — BA4 = 0,
pAy + AL+ pAy = 0,
Ay = 0,
Ay =0.
Since As > 0, set Ao = 1 and we obtain
V(S8,1) = —(y +u— BS)I?,
such that
2V (S, 1) = I*.
Finally, the quadratic Lyapunov function for the disease free equilibrium is
2V (S, 1) = I?,
which is positive definite and the corresponding time derivative
V(S,I) = —(v+p—pBS)I (30)
B 2
= —(v+u [1 - —S5| 1
( ) gy’
= —(v+u)[1—RoS|I?
< 0,

is negative definite since v+ p — 85 > 0, Ryp < 1 and S =~ 1, hence asymptotically stable on {2.

3.2 Global Stability of Endemic Equilibrium(EE)
1
The endemic equilibrium is give by (S*,I*) = <R’ %(Ro - 1))
0
Theorem 3.2 If Ry > 1, the DFE is unstable and there exists a unique endemic equilibrium
1
(S*,I*) = (R’ %(RO — 1)) and this endemic equilibrium is stable on Q and globally asymptot-
0
1
ically stable if S < —.
Ry

7 IJMAM, Vol. 5, Issue 2 (2022) (©) NSMB; www.tnsmb.org
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Proof. Consider the quadratic Lyapunov function defined by

2V (S,1) = I°.

Clearly V is positive definite, that is V (S,I) > 0. The derivative along trajectories of (22)

is given by:

V(S.I) = —(y+p—pBS)I* (31)
~(y+p) [ = RoS] I

1
S 1— Ro— | I?
(7+ﬂ)[ RORJ
< 0.

Then we conclude V(S, I) is semi-definite positive. Then the endemic equilibrium is stable by
Lyapunov theorems.

IfsS< i, then

Ry

V(S,1) < 0.

Hence the Endemic Equilibrium is global asymptotically stable.

4

Conclusion

The construction of Lyapunov function is the fact that corresponding to any positive definite
quadratic form V (z), there exist another positive definite U(z) such that V = —U is satisfied.
We obtain the quadratic Lyapunov Function of SIR model near the equilibrium in analogy with
the linear system without necessarily solving the differential equation. Although many methods
for finding Lyapunov functions are available, quadratic Lyapunov stability analysis [10] provides
suitable function that satisfied the disease free equilibrium and the endemic equilibrium of SIR
Model instead of finding separately Lyapunov function for both disease free equilibrium and
endemic equilibrium.
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Dynamics of an epidemiological model of drinking

I. Abubakar*, S. Usaini**, and K.I. Falade*

Abstract

In this paper, we review and carry out the bifurcation analysis of the drinking model
proposed by Manthey et al. in 2008. We show that the model exhibits a drinking-free
equilibrium point and a problem drinking-free equilibrium which exists when the reproductive
number RY > 1. Each of these equilibria is a stable node if the threshold parameters
Ry < 1,RZ < 1and Ry < 1,RY > 1 respectively. Moreover, the existence of multiple
endemic equilibria reveals the complex dynamics of the model by the occurrence of two
saddle-node bifurcations leading to the phenomenon of backward bifurcation. Taking the
transmission rate of non-drinkers to problem drinkers x as a bifurcation parameter, we show
the two saddle-nodes SN and SNs for the extinction and persistence of the drinking problem.
Before the disappearance of F; and FEy after SN in the interval (O,Rg 1) the system is
bistable with Ey and F> being the stable equilibrium points. The system is rendered mono
stable after the SN before the SNy emerged in (RZ', RE*) with Ey as the only stable
equilibrium point. Then after the emergence of SNy in the interval (RZ*?, x*), the system
becomes bistable again with Ey and F4. But for k > «*, there is endemic persistence of the
drinking problem with E4 as the only stable attractor. When such a scenario does not exist
a forward bifurcation occurs for which the drinking-free equilibrium exchanges stability at
Kk = k¢ with drinking-present equilibrium point. Numerical simulations of the model support
these extinction and persistence regions of the drinking problem.

Keywords: campus drinking; bifurcation; stable node; saddle-node

1 Introduction

With recent improvement of our living standard, the life styles of people are becoming more
and more diversified and drinking plays a significant role in daily life of some people. However
the current situation of alcoholism around the world is really terrifying. In Europe for instance,
alcohol is the third leading risk factor for disease and mortality after tobacco and high blood
pressure [19]. The world health organization reported that more than 3 million people died
because of alcohol and other substance abuse, which account to 5.3% of all death and 5.1% of
the global disease burden attributable to alcohol consumption [20]. It was also presented in [14]
that alcohol use rates are very high among college students in the US. In fact, approximately
two of five such students were heavy drinkers, meaning that having had five or more drinks
in a row in the past 2 weeks. Alcohol use is higher among male than female students as well.
White students are highest in heavy drinking, black students are lowest and Hispanic students
are intermediate. Use of alcohol alone is higher among college students than among non college
age-mates. Therefore, alcoholism is not only a global public health issues, but also a societal
problem that need to be addressed.

To address the problem of alcohol drinking among youth, several mathematical models
have been proposed to analyze the spread and control of drinking behaviour, See for instance

“Department of Mathematics, Kano University of Science and Technology, Wudil, Nigeria
"E-mail: ibrahimjaba258@gmail.com

fCorresponding Author: salisu.usaini@kustwudil.edu.ng
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[1, 2, 3, 4, 11] and the references therein. Sanchez et al. [15], proposed a simple mathematical
model to describe the dynamics of drinking behaviors of individuals in shared drinking environ-
ments. Despite its limitations, the model has generated some useful insights. More precisely,
the basic reproductive number (as a function of treatment), is not always the key to controlling
drinking within the population due to high rates of recovery and relapse. The high relapse
rates will occur when treatment programs have only short-term positive effects. The drink-
ing behaviours of college students motivated the study using mathematical model on how the
‘disease’ of drinking spread on campus [13]. The model suggests that the pattern of recruiting
new members plays a significant role in the reduction of campus alcohol problems and that
the reproductive numbers are not sufficient to predict whether drinking behaviour will persist
on campus. More precisely, campus alcohol abuse may be reduced by minimizing the ability
of problem drinkers to directly recruit non-drinkers. Bhunu developed a deterministic mathe-
matical model for the spread of alcoholism to gain insights into its growing health and social
problem. The associated reproduction number is calculated and Local asymptotic stabilities
of equilibrium points were carried out. The analysis of the reproduction number reveals that
encouraging and supporting moderate drinkers to quit alcohol consumption is more effective
in the control of alcoholism than supporting and encouraging alcoholics to quit and vice-versa.
Numerical simulations of the model support this results and also shown that encouraging and
supporting all alcohol consumers to quit drinking will be the best strategy [4]. A mathematical
model of alcohol abuse was presented in [17]. The basic reproduction number Ry is determined
and they proved that the problem-free equilibrium is both locally and globally asymptotically
stable when Ry < 1. Sensitivity analysis of the model parameters indicates that the transmis-
sion coeflicient 81 from moderate and occasional drinker to heavy drinker, is the most useful
parameter to target for the reduction of Ry.

In a recent development, the threshold dynamics of a multi-group SEAR alcoholism epidemic
model with public health education was analysed [12]. It was proved that the basic reproduction
number R plays the role of a threshold for the long-time behaviour of the model. They showed
that the model exhibits global asymptotic stable alcohol-free and alcohol-present equilibrium
points. Sensitivity analysis of the model parameters and numerical simulations were presented
to illustrate the results. Zhang et al. proposed a delayed drinking model to carry out the
bifurcation and optimal control analysis. A threshold value of the time delay for the local
stability of drinking-present equilibrium and the existence of Hopf bifurcation were obtained. In
addition, optimal strategies to lower down the number of drinkers were presented. Numerical
simulations to support the obtained results and the effects of some parameters on dynamics of the
model were provided [21]. An alcohol consumption model with health education and three time
delays was formulated and analyzed [11]. The alcoholism generation number was determined and
two equilibrium points of the model were obtained. The corresponding global dynamics of the
model are analyzed respectively in four cases with different time delays. Furthermore, the effects
of health education and three time delays in controlling the alcohol problem were discussed.
Some numerical simulation results were also given to support the theoretical predictions.

We know that when a disease transmission model posses multiple endemic equilibria, the
model exhibits complex dynamics such as backward bifurcation, saddle-node bifurcation and
forward hysteresis [6, 7, 10, 18]. The existence of two endemic equilibrium points of the drinking
model proposed by Manthey et al. [13], motivate us to review and investigate its complex
dynamics. In fact, we show the occurrence of the phenomena of backward bifurcation and
saddle-node bifurcation when the transmission rate of non-drinkers to problem drinkers x is
varied (increasing the threshold parameter R¥). The existence of these phenomena indicates
the extinction and persistence regions of drinking problem.

The remaining paper is organized as follows: In Section 2, we describe the model. Section
3 presents the existence and stability results of the model equilibria. In order to complete the
investigation, the special cases of the model are analyzed in Section 4. In Section 5, conditions
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for host population persistence and extinction for each of these cases are derived. Regions of host
population persistence and extinction for certain parameter ranges are illustrated via numerical
simulations also in Section 5.

2 Model description

For the drinking model proposed in [13], the student population is divided into three distinct
classes of non-drinkers (X), social drinkers (Y') and problem drinkers (Z) and the population is
assumed to be constant. It is well known that the definitions of non-drinkers, social drinkers,
and problem drinkers are not consistently used in the literature [8]. Therefore, the following
definitions that would be of interest to college administrators and parents who are concerned
with the negative consequences of campus-drinking problem are presented in [13].

(a) Non-drinkers are susceptible which we define as students who have not taking or consume
alcohol for an extended period of time, typically one year. Also student who stop drinking
is regarded as non-drinkers

(b) Social drinkers are defined as students that consume alcohol occasionally and in moderation

(c) Problem drinkers are defined as student whose drinking habit and associated behavior
have negative consequence for themselves and others

Since students are only in campus for a relatively short period of time typically five year or less
then it’s not easy to access whether or not a student who has stopped drinking has permanently
recovered. Hence, the model does not include a recovered class and developed on the assumptions
that

(i) Student joint campus in any of the three drinking state and mix randomly with the rest
of the campus population. Once in campus, student may transit from any drinking state
to another.

(ii) Transition to higher drinking state is as a result of social interaction and transition to
lower drinking state results from recovery process [8].

(iii) There is a net positive flow towards a higher drinking state. This is an effect that has
been termed the ‘college effect’ in the literature [1]. Such an effect is more pronounced
in the first 2 years of college and declines in the last 2 years during which time students
transition towards adult drinking patterns [4].

(iv) The student population is homogeneous with respect to variables such as age, academic
class rank and socio-economic status. More precisely, the homogeneity here means that
students within each compartment are similar with regard to their drinking behaviors.

(v) The model does not consider the effect of breaks and vacations.

(vi) The interaction terms aXY,kXZ, and 7Y Z, respectively modelled the conversion from
non-drinkers to social drinkers, non-drinkers to problem drinkers, and social drinkers to
problem drinkers.

(vii) The conversions in return of (vi) are to be the result of recovery process and are imple-
mented via the terms BY,eZ and §Z, respectively.

Thus the dynamics of campus drinking is modelled using the following system of nonlinear
differential equations (equation 1), where X,Y and Z have been resealed as proportion. The
respective rates of transfer between the three classes are shown in the flow diagram in Figure 1.
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Figure 1: Flow diagram of model (1)

Parameter | Description Typical value
Q Transmission rate of non- drinkers to social drinkers 1.0
I5; Recovery rate of social drinkers 0.2
¥ Transmission rate of social drinkers to problem drinkers 1.0
1) Recovery rate of problem drinkers to social drinkers 0.2
€ Recovery rate of problem drinkers to non-drinkers 0.2
n Departure rate from campus environment 0.25
K Transmission of non-drinkers to problem drinkers 1.5
o Entrance rate of social drinkers 0.25
T Entrance rate of problem drinkers 0.1

Table 1: Parameter description
dX
E:n—nX—ozXY—K,XZ-i-BY—f—eZ,
dy
E:JY—(7]-|-J)Y+aXY—ﬁY—vYZ—I—éZ7 (1)
dz
T =nZ —n+m)Z+YYZ+KXZ—-0Z —€Z,

with X +Y + Z = 1. In system (1), the parameters «,~, and k are the mean transmission rates
which measure the effectiveness of the interactions between non-drinkers and social drinkers,
social drinkers and problem drinkers, and non-drinkers and problem drinkers, respectively.
is the recovery rate that represents the mean rate at which social drinkers revert to the non-
drinking class. The recovery rates § and e are the mean rates at which problem drinkers move
back to the social drinking and the non-drinking classes, respectively. Parameter 1 denotes
the net departure rate from the campus environment. The other parameters of the model are
described in Table 1.

For model (1) with initial condition X > 0,Y > 0,Z > 0 to be biologically meaningful, we
need to show that the solutions of the model with positive initial conditions are non-negative
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and remain positive for all time ¢t > 0. Moreover, the region these solutions exist is positively
invariant and attractive.

We can use elementary techniques for solving ordinary differential equations to show that the
state variables (X,Y and Z) are positive. In fact, using elementary integrating factor technique
we have from the first equation of (1) the integrating factor

p(t) = enteX+el),
so that

d(pX)
dt

=p(n+pY +€e2).
Integrating this, gives
t
pOX(0) = p(O)X(0) + 1+ BY +<2) | pds >0
0
Similarly, from the second equation of (1)

p@Y@:pmﬂﬂD+m+ﬁY+&UAp%20

Then one can see by inspection from the third equation of (1) that

Z(t) = Z(0) exp [/0 {VY(s)+rX(s)—(n+d+ 6)}d8] > 0.
Hence, X (t),Y (t), Z(t) > 0 for all t > 0.

Summing the three equations in (1), we have

dX +Y +2)
dt
It follows that (X +Y + Z) < 1, so that the feasible region

=l — (X +Y + 2)].

D={(X,Y,Z2)eR3 :0< X +Y +2Z <1}

is positively invariant for system (1).

3 Existence and stability of equilibria

3.1 Drinking problem free equilibria

This is an equilibrium which represents a free drinking environment (i.e. when the compartments
of social and problem drinkers are empty). Thus, this equilibrium point is given by

EU = (X07)/07Z0) = (17070)

To identify condition under which a culture of drinking can be established a threshold parameter
as in disease transmission models called the basic reproduction number is required. Considering
the two level of infective, two reproductive numbers are obtained in the absence of drinking.
The first reproductive number, denoted by ’ROY is obtained from the second equation of system
(1) as follows

Yy (0%
0 "+ 8

14 IJMAM, Vol. 5, Issue 2 (2022) (©) NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



I. Abubakar, S. Usaini, and K.I. Falade

This reproductive number is defined as the average number of secondary cases a typical social
drinker generated in a nondrinking campus environment. Note that the secondary cases are cases
of new social drinkers recruited from the nondrinking class. Similarly, from the third equation
of system (1), we have the second reproductive number

K
RE = —————.
O T 46+

The threshold parameter RZ is defined similar to the RY. The secondary cases here are the
cases of new problem drinkers recruited from the nondrinking class.
Moreover, the reproduction numbers R%/ and Rg are simply obtained from the product of

the transmission rates @ and « and the times spent in the Y and Z classes (ﬁ & njﬁ),
respectively.

The Jacobian matrix of the system (1) evaluated at any equilibrium point is the following.

—n—aY —kZ —aX + 5 —kX +e€
J(X,Y,Z) = aY —-Q1+aX —-6Z —aY 4§ (2)
KkZ vz oY + kX — Q

where Q1 =n+53,Q2=n+0d + €.

Theorem 3.1 The drinking-free equilibrium (DFE), Ey, of model (1) is a stable node on
D if R%/ <1, Rg < 1 and is a saddle point otherwise.
Proof. Using (2), the Jacobian matrix evaluated at the drinking free equilibrium is

-n —a+pB —K+e
J(1,0,0) = 0 —-Qi+a J . (3)
0 0 H—QQ

It is easy to see that the eigenvalues of J(1,0,0) are

—nya—Q1=Q1(Ry — 1),k — Q2 = Q2(REY — 1).

These eigenvalues are real and negative whenever 7?,%/ and Rg are less than unity. Thus, Ej is a
stable node and a saddle point if R} and RZ are greater than unity or one of the two is greater
than one. Hence the proof. |

3.2 Problem drinking-free equilibrium

At the problem drinking-free equilibrium, X # 0,Y # 0 and Z = 0. Therefore, from the second
equation of (1), we obtain
n+p 1

X = —.
« Réf

(4)
Then using (4) in the first equation of (1) with Z=0, we have

1
yo1-108 L
o RY

Thus, in the absence of problem drinkers on campus the second equilibrium point is given by

1 1
By = (X0, %1, 21) = (R[)Y,l— Rg’O)' (5)

Thus, this equilibrium point exists when ROY > 1 and different from Fy. It is considered
as second ‘drinking-free’ equilibrium if social drinking is not regarded as a problem. In this
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case, Z is the only infective compartment of system (1) and so, the third reproductive number,
R1, which is the average number of secondary cases a typical problem drinker can produce in a
campus environment with only non-drinkers and social drinkers. Here, the secondary cases are
cases of new problem drinkers recruited from the non-drinking and social drinking classes. The
threshold parameter R is then computed from the third equation of (1) as follows

da—n—B)+nasrs T mr)t A

Ri= =
! am+9+e) n+0+e

Theorem 3.2 The problem drinking-free equilibrium Ej is a stable node on Dif Ry < 1, R} > 1
and a saddle point otherwise.
Proof. The Jacobian matrix evaluated at E; is obtained from (2) as follows

—-n—aoY; —aX;+p —kX1+e€
J(X17Y1,0) = aYq —Q1 + aX; —aY) + 6 . (6)
0 0 aY + kX1 — Q2

It can be observed that one of the eigenvalues of J(X71,Y7,0) is
aYp + kX1 — Q2= Q2(R1 — 1)

and the other two are of the 2 x 2 sub-matrix J*(X1, Y7,0) of J(X1, Y1,0) obtained by deleting
the third row and the third column of J(X1,Y7,0).

—aX1+8 —kXi+e >

J (X17Y170) - < _Ql _|_aX1 —OéYl +9

Now, using (5) the characteristics equation of J*(X71,Y7,0) is

1 1
v frra(ie ) rem (i ) <o
Ry Ry

so that
1 1
N o (l-gy)] = [n-a(1-7y)]
B 2
implying that A\ = —n and A2 = —« (1 — %) . Then the three eigenvalues of J(X1,Y7,0) are
0

Q2(R1—1),—n,—« (1 — R%),) , which are real and negative when R < 1 and R%/ > 1. More-

over, the first eigenvalue is positive if R; > 1 and the third one is positive when Rg <1 It
follows that the problem drinking-free equilibrium F; is a stable node if Ry < 1 and R()]/ > 1
and a saddle point otherwise . |

The result of this theorem shows that, it is possible for non-drinkers and social drinkers to
coexists at equilibrium provided R; < 1 and R%/ > 1.

3.3 Endemic equilibria

With the persistence of the problem of drinking abuse in college campuses, all the three drinking
states can be present at a time in a campus. From the third equation of (1), we obtain at endemic
state
X — M (7)
K
Then using (7) in the second equation of system (1), we have

n—Y +d+e¢
K

oY —(n+o0)Y +a Y—-BY —YZ+6Z=0
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and, so

ayY? + (nk + Br — an — ad — ae)Y

Z = k(6 —~Y) ' ®

Substituting the expressions of X and Z in (7) and (8), respectively, into equation X+Y +7Z = 1,
we obtain after algebraic manipulation the following quadratic equation in Y.

aY? 4 bY +¢=0, (9)

where

a=7y(k—a-7y),

b=—ry+ad+ey+na—90k+ae— Br+ny+2v) —nk
=N+ +)(RE —1) k(@ +B+n) +d(a+7)+aln+e),

c=086n+d+e)(RE—1).

Then the following theorem provides condition under which an equilibrium proportion of social
drinkers can exist.

(10)

Theorem 3.3 The system of equations (1) has
(i) a unique endemic equilibrium if @ > 0,¢ < 0.

(ii) a unique endemic equilibrium if @ > 0,6 < 0 and ¢ = 0 or b? — 4ac = 0.

)
(iii) two endemic equilibria if a > 0,b < 0, ¢ > 0 and b? — 4ac > 0.
(iv) two endemic equilibria if @ < 0,b > 0,c < 0 and b* — 4ac > 0.
)

(v) no endemic equilibrium otherwise.

Proof. The proof follows from the properties of the roots of quadratic equation if Rg is less
than or greater than unity. For ROZ = 1, the statements can be verified by inspection.

The possible existence of multiple endemic equilibrium points is given in (ii) and (iv) of
the Theorem above which suggest the possibility of backward bifurcation, where the stable DFE
coexist with a stable endemic equilibrium, when the associated reproductive number is less than
unity.

4 Bifurcation analysis and numerical results

To investigate the dynamics of model (1) using the Center manifold theory as presented in [5],
we make the following transformation on the model. Let X = p1,Y = ps and Z = p3 so that
the total population is 1 = p; + p2 + p3. In vector notation, we have P = (p1, p2,p3)’ with the

system (1) written in the form ‘Z—f = (f1, fo, f3)*. Tt follows that

dP

ot = fi =1 —np1 — ap1p2 — kP1p3 + Bp2 + €p3,

dY

o fo=o0p2 — (n+ 0)p2 + apip2 — Bp2 — Yp2ps3 + 0ps, (11)
dz

o = 3= s = (n+ m)ps +ypaps + Kp1ps — Ops — nps.
The trace and determinant of J(Ey) as presented in (3) are respectively

tr(J(Ep)) = —n—Q1+a+r—Q2#0,
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and
det(J(Eo)) = —n(a — Q1)(k — Q2) = —nQ1Q2(RY — 1)(RE — 1).

This determinant is zero if either Ré/ =1or Rg =1or R%/ = Rg = 1. The first two relations
are equivalent to a = n+f or k = n+Jd+e¢. Thus, J(Ep) have a simple zero eigenvalue and so, the
Center Manifold Theory can be applied. Let the left eigenvectors for J(FEg) be V = (vq,v2,v3)"
then using standard computation of eigenvectors, we have

v:(l a—p 5((1—,8)+(I€—€)(77+ﬁ—|—a))
‘n+B+a’ Qan+ B+ a)(RE—1) '

(12)

Similarly, the right eigenvectors corresponding to the simple zero eigenvalue w = (w1, wg, w3)”
are the following.

w— (5(50)+Q1(6n)(7€31) -5 1)
nQ1(Ry —1) TQURY 1))

The nonzero partial derivatives of the vector field f of (11) evaluated at Ej are as follows

(13)

Fho_ Ph #fH _ Ph i
8x18x2 N 833281‘1 N ’ 8x10x3 - 81338.751 N ’
Pf  Pfy Pf  Pfy
- = Q, - == (14)
89518:52 81‘28$1 81‘281‘3 (%38332
Pfs  0%fs Dfs  O%fs

81‘181‘3 N 0.%301’1 - 6:328953 N 8.7138%‘2 =7

Computation of a

Using equations (12), (13) and (14), we have

3
0 fi
a = Z VpWi;wy

ki =1 8:131895]
:2—5(6—a)+Q1(e—ﬁ)(Rg—l) ( ad _H>
nQ1(Ry — 1) Qi(e—#)(Ry — 1) (15)
N o6 —a) + Qule~ B)(RY = 1) §¢(8 — a) + Quple — k) (Ry — 1)
nQ1(R§ — 1) Q1Q20(RY —1)(RE —1)

o 1p(r =€) = (B — a)(Q2¢ +9)]
Q1Q20(RYy —1)(R§ —1)

with ¢ = Q1(RY — 1)+ Q2(RE — 1), 0 =n+ B+ .

Computation of b

Now, using the vectors v and w as presented in (12) and (13), respectively with the following
associated partial derivatives

>’ fi I
6:U38/£*( 0) ’ amgan*( 0)
we have 5
2
b= vy Ffe (5+17)(77+6)+n?+56
2 mone  Qaln+ B+ a)(RE — 1)
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where k = k* is a bifurcation parameter. Since b is positive if RZ > 1, it follows that model (1)
will undergo backward bifurcation if @ > 0. On the other hand, the model will exhibit a forward
bifurcation when a < 0.
We find the bifurcation curve by solving for the bifurcation parameter £* in equation (9) as
follows.
Ya+7)Y2—[y(n+d+e€) +5(a+8) +an+e)]Y +5(n+d+e)

~Y) = VW2 (y+d+B+n)Y +6 '

SN E,

0.1 SN,

(B)

K K
(Increasing R{)

Figure 2: Bifurcation diagrams for varying the transmission rate of non-drinkers to problem drinkers x
(A) showing backward bifurcation, SN indicate the saddle-node for which the proportion of social drinkers
collapses, SN» indicates another saddle-node for which the problem will persist in the campus and (B)
forward bifurcation.

We use the parameter values o = 1.25, 8 = 0.0000002,v = 1,5 = 0.2,¢ = 0.2, and n = 0.25 to
plot the bifurcation diagram in figure 2(A) which shows how social drinkers proportion changes
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with varying the bifurcation parameter x = k* or equivalently the basic reproductive number
RZ. The threshold parameter R is varied by altering the transmission rate of non-drinkers to
problem drinkers, k. If Rg <1l Rgd, the drinking problem invades the population as the
stable drinking-free equilibrium Ej coexists with a stable endemic equilibrium point Fy. These
equilibrium points coalesce and disappear by a saddle-node (SN) bifurcation at R§ = RUZCl.
Thus, the proportion of social drinkers collapses. However, if R is between Rgd and Rgcz’ the
only stable equilibrium point is the drinking-free equilibrium FEy. After the extinction regime
another critical threshold parameter RgC2 exists for which a second saddle-node bifurcation
occurs for the persistence of the drinking problem. This scenario resulting to the emergence
of two endemic equilibrium points (E3 and Ej) at R = 7'\’,0ZC2 after the extinction regime
(Rg Cl,Rg 2). In this case, the drinking-free equilibrium (Ey) and endemic equilibrium Ej are
locally stable in the interval (K,*,Rg 2) due to the occurrence of backward bifurcation at the
bifurcation point k = x*. But for k > k* the equilibrium Ej loses stability and a locally stable
endemic equilibrium is only Fj.

It follows that, the critical threshold parameter Rg “l is a tipping point for an unexpected
population collapse. This leads to a mono stable system whenever Rg > Rg ! such that the only
global attractor is the drinking-free equilibrium point Ey. More precisely, there is a saddle-node
bifurcation for Rg = Rg <l after which the proportion of social drinkers goes extinct. Moreover,
there is another critical threshold parameter R which is greater than R, for the occurrence
of a second saddle-node bifurcation. This scenario gives rise to two endemic equilibrium points
E3 and FEy, as rapidly as the endemic attractor disappears at RE = Ri'. They re-emerge after
the extinction regime (R§, R5%?).

One can observe from Figure 2(A) that these two saddle-node bifurcations, if they exist are
separate from each other and not related by sharing the same saddle-node as in the scenarios
with three endemic equilibrium points [6, 7, 9]. This discontinuity has a profound implication
for control measure aimed at impacting the threshold parameter Rg . In fact, increasing Rg
before and after the extinction regime (i.e., below Rj' and above R;*) can be beneficial for
the social drinkers sub-population since it facilitates endemic persistence not extinction. On the
other hand, reducing R below R{® but above R{' can be detrimental to social drinkers, as
it causes eradication of this sub-population. Moreover, decreasing ROZ below R§* and above
Rie* can be beneficial to the host population since it leads to the stability of the system at
drinking-free equilibrium point Ej.

In Figure 2(B), we show using the parameter values a = 1.207,8 = 1.2,y = 1,0 = 0.2,¢ =
0.141, and n = 0.25 a forward (transcritical) bifurcation for which the stable drinking-free
equilibrium point Ejy loses stability at Kk > k* or equivalently Rg > 1 due to the emergence
of a unique stable endemic equilibrium point (E). In this case, the classical requirement for
drinking problem control (reducing k below x* or equivalently RZ below 1) could be sufficient

to eradicate the drinking problem in the campus.

4.1 Numerical simulations

We plot the numerical solutions of model (1) using Runge-Kutta RK5 with parameter values
as presented in Table 1 to see the impact of the transmission rate of non-drinkers to problem
drinkers on the dynamics of the model. Figure 3(A) depicts the persistence of drinking problem
when RDZ = 0.3846153846 < 1. That is, the social and problem drinkers recruit the non drinkers.
This scenario correspond to the persistence before RUZCl in Figure 2(A). In Figure 3(B) an
extinction scenario corresponding to Figure 2(A) which occur between Rgd and Rgcz with only
a stable drinking-free equilibrium is shown. Such a scenario occurs when ROZ = 0.5 < 1. Another
persistence scenario is depicted in Figure 3(C) showing that the drinking problem persist in the
campus when Rg = 2.307692308 > 1.
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Figure 3: Time diagrams of model (1) with: (A) using the parameter values in Table 1 showing that when
R¥ = 0.3846153846 < 1 drinking problem persist on campus; (B) using k = 0.75,¢ = 0.25,7 = 0.5,6 = 0.5
and other parameter values are as in Table 1 showing that when RZ = 0.5 < 1 there is a drinking
problem free campus; (C) parameter values as in Table 1 showing that when RF = 2.307692308 > 1
drinking Problem persist on the campus. The graphs of non-drinkers (dot), social drinkers (dash dot)
and problem drinkers(solid).

5 Discussion and conclusion

We review the drinking model presented in [13] and investigate its complex dynamics noting that
the model exhibits multiple endemic equilibrium points. In particular, the model have a drinking-
free equilibrium and problem drinking-free equilibrium point which exists if ROY > 1. These
equilibrium points are stable nodes if R%/ < 1,ROZ < land R; < 1,R3/ > 1, respectively and
are saddle points otherwise. Then when the drinking problem persist on campus two equilibrium
points emerged called endemic or drinking present equilibrium points. The existence of multiple
drinking-present equilibrium points enable us to use Center manifold theory as presented in [5]
to investigate the existence of the phenomenon of a backward bifurcation in section 4. In fact,
we show in Figure 2 the bifurcation diagram of such phenomenon by varying the bifurcation
parameter k = k™ or equivalently the basic reproductive number Rg . That is, the threshold
parameter Rg is varied by altering the transmission rate of non-drinkers to problem drinkers,
#. More precisely, figure 2(A) shows that if RZ < 1 < Rg ¢l the drinking problem invades the
population as the stable drinking-free equilibrium FEj coexists with a stable endemic equilibrium
point Es. These equilibrium points coalesce and disappear by a saddle-node (SN) bifurcation
at Rg = Rg “l. Thus, the proportion of social drinkers collapses. However, if Rg is between
Rgd and Rgcz the only stable equilibrium point is the drinking-free equilibrium Fy. After the
extinction regime another critical threshold parameter ROZ 2 exists for which a second saddle-node
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bifurcation occurs resulting in the persistence of the drinking problem. This scenario results to
the emergence of two endemic equilibrium points (F3 and Ey) at Rg = ROZC2 after the extinction
regime (Rgd,RgCQ) due to the occurrence of the phenomenon of backward bifurcation. In this
case, the stable drinking-free equilibrium (FEy) coexist with a stable endemic equilibrium E, in
the interval (Rgcz, k*). Then for k > k* the equilibrium Ej loses stability and a locally stable
endemic equilibrium is the only F4. This result is similar to the findings in [10, 18].

Thus, the critical threshold parameter ROZd is a tipping point for an unexpected population
collapse. This leads to a mono stable system whenever Rg > Rgd such that the only global
attractor is the drinking-free equilibrium point Ey. In particular, there is a saddle-node (SN)
bifurcation at Rg = Rgd, after which the proportion of social drinkers goes extinct. Moreover,
there is another critical threshold parameter R§** which is greater than R, for the occurrence
of a second saddle-node bifurcation (SNz2). This scenario gives rise to two endemic equilib-
rium points F3 and FEj4, as rapidly as the endemic attractor disappears at Rg = Ry". These

equilibrium points re-emerge after the extinction regime (Rg', R;™).

We observe from Figure 2(A) that these two saddle-node bifurcations, if they exist are
separate from each other and not related by sharing the same saddle-node as in the scenarios
with three endemic equilibrium points [9, 6, 7]. This discontinuity has a profound implication
for control measure aimed at impacting the threshold parameter Rg . In fact, increasing Rg
before and after the extinction regime (i.e., below Rj* and above R§?) can be beneficial for
the social drinkers sub-population since it facilitates endemic persistence not extinction. On the
other hand, reducing RUZ below Rj? but above Rj* can be detrimental to social drinkers, as
it causes eradication of this sub-population. Moreover, decreasing Rg below R§** and above
R§! can be beneficial to the host population since it leads to the stability of the system at

drinking-free equilibrium point Ej.

We also show in Figure 2(B), a forward (transcritical) bifurcation for which the stable
drinking-free equilibrium point Ey loses stability at x > &* or equivalently Rg > 1 due to
the emergence of a unique stable endemic equilibrium point (E). In this case, the classical re-
quirement for drinking problem control (reducing x below * or equivalently RDZ below 1) could
be sufficient to eradicate the problem in the campus.

In order to complete our investigations, we simulate the numerical solution of model (1)
using Runge-Kutta RK5 with Maple 18 software and the parameter values presented in Table 1.
Indeed, we show in Figure 3 the persistence and extinction scenarios of the drinking problem.
To be more precise, when RZ = 0 : 3846153846 < 1 (k < k*) and R = 2 : 3076692308 > 1
(k > k*) the drinking problem persist in the campus environment (see Figures, 3(A), and 3(C),
respectively for the persistence). This scenario is similar to that of Figure 2(A) below Rgd and
above Rg@. On the other hand, Figure 3(B) shows that the drinking problem goes to extinct
if Rg = 0.5 < 1 since the population collapse as in the extinction regime (Rgcl , RgCQ) shown in
Figure 3(A).

In conclusion, although the campus alcohol abuse may be reduced by minimizing the ability
of problem drinkers to directly recruit non-drinkers as reported in [13] but our analysis reveals
that such strategy is to be applied with caution. This is because the occurrence of two separate
saddle-node bifurcations make the control more difficult. Indeed, reducing the direct recruitment
of non-drinkers to problem drinkers below the first saddle-node SN and above the second one
SNy can leads to the persistence of drinking problem in the campus.
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On the constrained optimal control problems with
mixed constraints

A.S. Afolabi*

Abstract

The analytical solutions of optimal control problems with mixed constraints are examined.
The analytical solutions are obtained by applying the first order optimality conditions on the
Lagrangian function. The method of fundamental matrix is then used to solve the resulting
non-homogeneous system of first order ordinary differential equations. This leads to the
analytical solutions of the state and control variables and the objective function value. Two
examples of optimal control problems constrained by ordinary differential equations and
inequalities are considered.

Keywords: analytical solution; Halmitonian; Lagrangian; fundamental matrix; fundamental
solution

1 Introduction

Optimization involves finding the minimum or maximum value of a function called extremum.
In many real life processes such as engineering and epidemiology, decision Makers have to take
many technological and managerial decisions at several stages in order to minimize the effort
required or maximize the benefit derived. Such decisions are crucial because it ensures optimum
use of available resources.

Constrained optimization is the process of minimizing or maximizing an objective functional
with respect to some decision variables in the presence of some constrained on the decision vari-
ables. These constraints create more problems while finding the minimum or maximum value
of the objective function as compared to unconstrained ones. In most situation, the constraints
have some effects on the objective functional. However, there are few situations under which the
constraints do not have any influence on the minimum point. Here, the constrained minimum
of the problem is the same as the unconstrained minimum ([20], [21]). Majority of the available
methods are designed for unconstrained optimization,where no imitations are placed on the de-
sign variables.

Optimal Control theory deals with finding a control law for a dynamical system such that
an objective function is optimized over a given period of time. It deals with systems that can be
controlled. The theory of optimal control is well developed for many decades ([22]). It requires
a performance index or cost functional J(¢, z(t), u(t)), a set of state variables (¢, z(t) € X), a set
of control variables (u(t) € U(t)) in a time t, with tg <t < ¢;. To maximized a given objective
functional, one must obtain the associated state variable z(t) and a piecewise continuous control
u(t). Mathematical control theory deals with the basic principles underlying the analysis and
design of control systems arising from some areas of applied Mathematics. To control any system
means to influence its behaviour so as to achieve a desired goal. Mathematical techniques are
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built to implement this influence [4].

One of such techniques is Pontryagin’s principle. Pontryagin’s maximum (or minimum) prin-
ciple was formulated in 1956 by the Russian mathematician Lev Pontryagin and his students as
Pontryagin’s maximum principle and proved historically based on maximizing the Hamiltonian
[5]. For the validity of the statement to be established, the sufficient conditions must be satisfied
in order to determine the nature of the turning point [7].

A brief historical survey of the development of the theory of optimal control and calcu-
lus of variations was given by ([18]). The calculus of variations uses variations, which are small
changes in functionals in order to minimize or maximize the functionals. EulerLagrange equa-
tion of the calculus of variations is used to find functions that minimize or maximize functionals.
Several other well-defined new areas in optimization theory were reviewed in [15]. A number of
numerical techniques have also been developed over the years for optimal control problems that
have analytical solutions and the ones that did not have analytical solutions by [2], [3], [6], [12],
[13], [14], [16],[17]and [19].

In the early years of optimal control, the favoured approach for solving optimal control
problems was that of indirect method. In an indirect method, the calculus of variations is em-
ployed to obtain the first-order optimality conditions [10]. [8] considered an optimal control
problem involving equality and inequality state-control constraints with fixed initial and final
endpoint state constraints. The control variables belong to the class of piecewise continuous
functions while and state variables belong to the class of piecewise smooth functions respec-
tively. The paper provided a direct derivation of second order necessary conditions, based on a
variational approach where a certain quadratic form is non-negative. The inequality constraints
are treated as equalities of the active constraints for this set, thus producing a restrictive set of
optimality conditions.

The analytic and numeric solutions of discretized constrained optimal control problems were
obtained ([11]). The analytic and numeric solutions of general continuous linear quadratic op-
timal control problem were presented. The associated general Riccati differential equation was
solved by numerical-analytical approach using variational iteration method. Numerical solutions
of the constrained optimal control problem were obtained via quadratic programming of the dis-
cretized continuous optimal control problems by shooting method and the conjugate gradient
method (CGM). The results showed that both the analytical and numerical solutions agreed
favourably. In the paper, the analytical solution and numerical solution by penalty function
methods were presented and convergence analysis was conducted.

The analytical solutions of optimal control problems constrained by ordinary differential
equations were obtained. The necessary condition of optimality was applied to the Hamiltonian
function in order to obtain the analytical conditions of this class of problems. This leads to
the optimal state, control and adjoint variables and hence the optimal objective function value
of optimal control problems constrained by ordinary differential equations [1]. The theoretical
analysis of [1] is extended to optimal control problems with mixed constrained in this paper. The
analytical solutions of the state, control variables together with the objective function values
were obtained. The effects of active and inactive inequality constraints on the state and control
variables were also examined.
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2 Methodology

Consider an optimal control problem with mixed constrained given as

Minimize f(z,u,t),
subject to  h(z,u,t)
g(z,u,t)

0, (1)

9

<0

where f R X R XR > R, AR xR xR - R, g : R x K™ x R — R are given
functions, m < n,p < n,r <n, x € R” and v € R™. The components of h and g are denoted
by hi,ha,...,hy and g1, g2, ..., gr, respectively. Equation (1) can be converted to an equality
constrained problem by introducing a vector of additional variables z = (21, 22,...,2,). The
problem then becomes

Minimize f(x,u,t),
subject to  h;(x,u,t) =0, 727 .., (2)
gj(x,u,t)+ zjz(m,u t) =0, 1,2,...7
2.1 Analytical Solution of Optimal Control Problems with Mixed Constraints
and Real Coefficients

T
Minimize I(z,u) :/0 (pz?(t) + qu*(t))dt, (3)
subject to @(t) = ax(t) + bu(t), (4)
cx(t) + du(t) <0, z(0) = xq, (5)

where a, b , ¢, d are real constants and p,q > 0.

Theorem 1.1 Given the optimal control variable w*(t) and the solution x*(t) of the state
system (4) that minimizes I(x,u,t) over U (where U is the permissible set of controls), then
there exists an adjoint variable p(t) satisfying

lt) = —2pa(t) — apu(t) — Xt € [0, ), (6)
and with the transversality condition
w(T) =0, (7)
—bu(t) — dA

wr(t) = =5

Proof. With appropriate conditions on the end points, adjoint variable 1(t) can be introduced
by forming the required augumented functional from (3)-(5). The Hamiltonian function is given
as

H(x,u, ) = pa®(t) + qu®(t) + plaz(t) + bu(t)), (9)
and the Lagrangian function is defined as
L(z,u, , N) = pr?(t) + qu?(t) + plax(t) + bu(t)) + Mcx(t) + du(t)). (10)

From the knowledge of calculus of variation, it seems plausible that the optimal solutions for
our initial optimal control problem ought to be the Euler-Lagrange equations for L regarded as
function of four variables (z,u, i, A). Thus, the E-L system can be written as

d 0L oL

222 = 2= 11

dt[aa}] ox’ (11)
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d 0L, OL
7521 = 30 (12)
d 0L, 0L
E[('—Tp] = o (13)
d 0L, OL
%[a] = (14)
Equations (11)-(14) now give the following equations
/-L(t) = —2pl‘(t) - a,u(t) - C)‘at € [Oa T]v (15)
ey —bp(t) —dX
i0) = ast) — o LD, (17)
cx +du=0. (18)

The optimality system of equations (15) and (17) represent a linear 2-point boundary value
non-homogeneous ordinary differential equations, which are the necessary conditions for an
optimal control u*(¢). The two-point boundary value problem can be written in matrix form as

(ig):<_fp _>(ME’3)+(_)A@> (19)

M:<_jp fbg) (20)

2q

Let

The eigenvalues of M are

dpq — A + b?
MN=———— 21
1 4q ) ( )
dpg+ A+ b?
Ay = _u7 (22)
4q
where A = /—(b2 + 4aq — 4pq)(—b% + 4aq + 4pq) and its eigenvectors are
4b2 — (4pqg— A+b?)
U = 4;(1 , (23)
and
4b%—(4pg+A+b?)
Us = ( 4cluz > . (24)
Thus, the solution of the complementary part of (19) is given by
— —
V(t) = ClUleklt + CQUge)\Qt. (25)

The general solution can be written in matrix form as

b2 —(4pg—A+b? b2— Atb?
2(t) ) _ 4 (41473q %) ot 4 (422; +0°) ot o) (26)
fu(t) eMit et2t 2

Hence, applying the method of fundamental matrix [9], this implies that

X(t) =9()C (27)

28 IJMAM, Vol. 5, Issue 2 (2022) (©) NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 2, September 2022, pages 25 - 35

where
4b% —(4pqg— A+b?) oMt 4b2 — (4pg+A+b?) oot
_ 4 1
¢(t) - ag/\lt aeq)\gt (28)
is a 2 X 2 matrix with the fundamental solutions z;(¢) and z2(t) along the columns.
Hence,
) 1 ot _4627(4;Zq+A+b2) oot
_ _ Y rra—
1/] (t) T 94 Mt 4b2—(4pq—A+b2)6)\1t (29)
4daq
This implies that
_edat 4b2—(4pq+A+b2)e Aot e
v (t)g(s) = ( o el ) ( —bd )A(s) (30)
2A 8aqA € 2q
cA(s)er2s bd 4b2 — (4pg+A+b?) A(s)er2s
7/’_1(3)9(5) = ( C)\%SeAls ( 4b271?zgq2:4.4+b2)) ( ) Ags ) (31)

—c
where g(t) = < “bd > A(t) is the non-homogeneous part of equation (19).
4b2 — (4pg+A+b?)

2q
cA(s)er2s bd( )A(s)er2s
[ e = [ ( ol e ) as) )

sa— + bd( 16aqZA )A(s)e®

»

- ’ Aos 462 (4 A+b2
4b2 — (4pg— A+b2 ) 4b2— (4 Agb2 : cA(s)e _ bd (4pg+A+b7) y Xos
(4pg—A+b2) Nqt ( 522’ +b%) Aot / oA ( 16aq2 A YA(s)e i)

we) [T @g(s)dls) = (

g e ot _extmete +bd(4b27§éz;q5:+b2))A(S)EMS
! (33)
This implies that the general solution is given by
X(t) =)0+ ¢(t) /w_l(S)g(S)d(S)- (34)
3 Solved examples
Example 3.1
4
Minimize I(t,z(t),u(t)) :/ u?(t)dt (35)
0
t=x4+u, z(0)=0 (36)
u(t) <5 (37)
Solution:
The Hamiltonian function, H, is given by
H(z,u, p) = u?(t) + p(x(t) + u(t)), (38)
and the Lagrangian function L is given by
Lz, u, 1, N) = u?(t) + p((t) + u(t)) + A(u(t) - 5). (39)
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From the knowledge of calculus of variations, it seems plausible that the optimal solutions for
our initial optimal control problem ought to be the Euler-Lagrangian equations for L regarded
as function of four variables (z(t),u(t), u(t), A(t)). Thus, the E-L system can be written as

d OL oL

7521 = 3 (40)
d OL, OL
52 = 30 (41)
d 0L, OL
=== == 42
ailop) = o (42)
d 0L, OL
alan = v (43)
Equation (40) implies that
alt) = . (14)

whether the constraint is active or not. The transversality boundary condition implies that
wu(4) = g—i = —1 where ¢ = —x(4) is the terminal cost. Hence,

p(t) = —et=t. (45)

Assuming that the control constraint is initially active for some period of time, then A > 0,4 = 5,
then

L, =2u(t)+p+ =0, (46)
At) = —10 — p = et —10. (47)
For A > 0, then
At)=ert —10>0. (48)
Hence,
t <4 —1In(10) and A > 0. (49)

On the other hand, if the constraint is inactive, then

Ly,=2u(t)+upu=0 (50)
L,=2u(t)+p=0 (51)
1
u(t) = —5u(t) (52)
The optimal control for this problem is given as
i ) 9, if t <4—1In(10)
wi(t) = { sel7t if t >4 —1In(10)

To obtain the state variable in the two arcs, we examine the two control inputs obtained above.
When u(t) = 5, equation (3.2) becomes

#(t) = z(t) + 5, (53)

since 2(0) = 0, then
x(t) = 5e! — 5. (54)

Similarly, in view of (52), equation (3.2) becomes
. L gt
z(t) = x(t) — 2¢ 5 (55)
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i x(t) for inactive constraint : x(t) for active constraint
i o

State variable x{t)
o
State variable u(l)

0 05 1 0 05 1
Time (t) Time (t)
i ut) for inactive constraint u(t) for active constraint

(o]
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on
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Control Variable u(t)
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Time (t) Time (t)
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Figure 1: State Variable z(¢) and Control Variable u(t) for Active and Inactive forms of the
Inequality Constraint Against Time (t)

since z(0) = 0, then
1
z(t) = —164_t + (5 — 257l (56)
Hence, the state variable is given by

. 5el — 5, if t <4—1In(10)
z*(t) =
—2ett 4+ (5—25eY)e!, if t >4 —1In(10)

Hence, when u*(t) = 5 and x*(t) = be! — 5 for t < 4 — In(10), then

4
Minimize I(t,z(t),u(t)) = (5¢* — 5) +/ 52dt = 372.9908. (57)
0

Similarly, when u*(t) = e*~" and 2*(t) = —e*~* + (5 — 25e~4)e’ for ¢ > 4 — In(10), then

1 t1
Minimize I(¢,z(t), u(t)) = —16474 + (5 — 25e et + / (5647t)2dt = 992.7302. (58)
0
Example 3.2

1
Minimize I(t, 2(£), u(t)) = / (@2(t) + u2(8))dt, (59)

0
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& =4z + bu, z(0) =1 (60)
2x(t) + 4u(t) <0. (61)

Solution:
The Hamiltonian function function, H, is given by

H(w,u, 1) = 22(t) + w2 (t) + p(—4a — 5u), (62)
and the Lagragian function, L, is given by
Lz, u, g, \) = 22(t) + u?(t) + p(—da — 5u) + A(2z(t) + 4u(t)). (63)

From the knowledge of calculus of variations, it seems plausible that the optimal solutions for
our initial optimal control problem ought to be the Euler-Lagrangian equations for L regarded
as function of four variables (z(t),u(t), u(t), A(t)). Thus, the E-L system can be written as

d 0L, OL
Se=2 (69
d 0L, 0L
P el (65)
d 0L, 0L
ﬁaTz] = o (66)
d 0L, OL
%[ 5] = (67)
Equation (64) implies that
L(t) = —2x(t) + 4p(t) — 2X(1). (68)
Equation (65) implies that
2u(t) — bu(t) +4A(t) = 0. (69)
This implies that
N (F) = W (70)
Equation (66) leads to the state equation whereas equation (67) implies that
2x(t) + 4u(t) = 0. (71)

Assuming that the control constraint is initially active for some period of time, then A > 0, then
x(t
w(t) = 20 (72)

In view of equation (72), equation (60) becomes

i(t) = ?w(t). (73)
Since x(0) = 1, then

¥ (t) = ezt (74)
The optimal control given by equation (72) then becomes

ut () = - (75)
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Figure 2: Graphical Representation of the Solution of Optimal Control Problem Constrained by
Algebraic-differential Equations

In view of equations (70), (74) and (75), equation (68) then becomes

. 3 3 13
) = —gn+ ez ! (76)

whether the constraint is active or not. The transversality boundary condition implies that
pu(l) = g—f = 0 where ¢ = 0 is the terminal cost. Hence,

p(0) = s (- ). (77)

It follows immediately that Equation (70) becomes

13t

% 1 e2 5,3 _3t, g 8
t) = —= 2= — ).
N (1) = —5(S) + Sage E (e =) (79)
Hence,
15 1

A () = Gze—%(e&f — 8 — Ze?t. (79)
The objective function value is given as 42540.
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4 Concluding remarks

The analytical solutions of continuous quadratic optimal control problems constrained by or-
dinary differential equations and inequalities have been presented. The analytical solution was
obtained by applying the first order optimality conditions on the Lagrangian function. The
resulting system of non-homogeneous first order ordinary differential equations was then solved
using the method of fundamental matrix to obtained the optimal values of the state, control
and adjoint variables. This leads to the optimal value of the cost functional. Two examples are
considered and the results show the effects of active and inactive constraints on the state and
control variables and the objective function values.
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On the reproduction number of a model for the
transmission dynamics of Malaria and Pneumonia
co-infection with mass action incidence

M.O. Adeniyi*, T.O. Oluyo!, and O.Y. Oludoun?

Abstract

Pneumonia and malaria are two of the world’s most lethal diseases. The geographic
overlap of these diseases in Sub-Saharan Africa facilitates co-infection. The effect of the basic
reproduction number on the transmission dynamics of malaria and pneumonia co-infection
is investigated in this study. The co-infection model for malaria and pneumonia revealed
that there is a relationship between the reproduction number for malaria and pneumonia.
The study also discovered that pneumonia disease can aggravate malaria in the population.
Considering the global stability of the model, the disease free equilibrium (DFE) account for
co-infected persons must be less than unity to ensure global stability of the model.

Keywords: malaria; malaria-pneumonia; disease-free equilibrium; global stability; basic repro-
duction number; pneumonia

1 Introduction

Mathematical models of infectious diseases allow us to deduce the state and progression of an
outbreak based on the information available. Although the burden of infectious diseases has
surpassed the burden of chronic diseases and psychiatric illnesses in many countries, infectious
diseases and health conditions continue to cause morbidity and mortality in many countries and
communities. Malaria, measles, hepatitis B, cholera, and pneumonia epidemics are characterized
in Sub-Saharan Africa owing to poor hygiene, sanitation, malnutrition, and perinatal conditions,
with poverty being the most visible feature of disease spread in the region [20, 18, 17].

Malaria is a febrile illness caused by Plasmodium parasites that are transmitted to humans
through mosquito bites from infected female Anopheles mosquitoes [3]. Human malaria is caused
by five parasitic species, of which Plasmodium falciparum is the deadliest and most common on
the African continent. According to the most recent WHO report, approximately 241 million
cases of malaria were recorded in 2020, a 24 percent increase over the previous year, resulting
in a 35 percent increase in deaths compared to the previous year [24].

Pneumonia is the leading cause of respiratory morbidity in over two million children under
the age of five. It’s a lung infection brought on by bacteria, viruses, fungi, or other pathogens
[10]. Streptococcus pneumoniae, also known as pneumococcus, is the most common cause.
Pneumococcus spreads through micro aspiration of oropharyngeal organisms and inhalation of
aerosols. Children become severely ill with high fevers and rapid breathing. Infants usually
suffer from convulsions, unconsciousness, hypothermia, lethargy, and feeding problems [10, 12,
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21]. Fungal pneumonia is uncommon, but it can occur in people who have weakened immune
systems due to AIDS, immuno-suppressive drugs, or other medical issues [7]. Infections caused
by parasites typically enter the body through the skin or mouth and travel through the body
to the lungs, usually through the blood [23]. Some people are more susceptible to pneumonia
than others. Infection is especially dangerous for people over the age of 65, infants, and children
under the age of five [6]. People with weakened immune systems are more likely to become
infected with cytomegalovirus (CMV) [8].

Pneumonia and malaria are two of the world’s most lethal diseases. In Sub-Saharan Africa,
the geographic overlap of these diseases facilitates co-infection. Oluyo and Adeniyi [15] showed
the consequences of co-infection of pneumonia and malaria parasites and that their combination
leads to worse outcomes, posing a major public health concern.

1.1 Related works

Lawi et al. [11] presented and analyzed a deterministic model of malaria and pneumonia dy-
namics. The findings revealed that increasing the treatment rate leads to a reduction in new
disease incidences. Due to increased mobility, a decrease in pneumonia cases would result in
an increase in malaria cases. A study by Niger and Gumel [13] examined the role of repeated
exposure on the transmission dynamics of malaria in a human population using a determin-
istic model. The study revealed that when the associated reproduction threshold is less than
unity, a stable disease-free equilibrium coexists with a stable endemic equilibrium. According
to a thorough qualitative analysis of the model, which includes three immunity stages and the
absence of reinfection, it was shown that when the reproduction threshold exceeds unity, mass
action incidence has a globally asymptotically stable endemic equilibrium. Olaniyi and Ob-
abiyi [16] developed a model considering the transmission of Plasmodium falciparum malaria
between humans and mosquitoes using a seven-dimensional ordinary differential equation with
non-linear forces of infection in the form of saturated incidence rates. It was shown that anti-
bodies were produced in both human and mosquito populations in response to the presence of
parasite-causing malaria. Consequentially, humans must increase their antibody production in
order to combat parasite invasion in the bloodstream. Also, an individual’s immunity state, that
is, the infected person’s general health and nutritional status, is a factor in preventing or aiding
the occurrence of malaria. Under different levels of sanitation strategy, a deterministic math-
ematical model for malaria was considered in [19]. According to the study,the results revealed
that the malaria model has a backward bifurcation, implying that malaria eradication requires
more than just lowering Rm < 1, and that other factors such as sanitation must be considered
and maintained, better sanitation reduces the number of mosquito bites and the rate of malaria
transmission. Oluyo and Adeniyi [15] conducted a study on a thorough mathematical analysis of
the malaria-pneumonia co-infection model. The local and global stabilities of the malaria only,
pneumonia only, and full malaria-pneumonia models were investigated. Their result showed that
the malaria only model exhibits a backward bifurcation, implying that malaria will be cleared
from the population if a critical threshold is met, while the pneumonia only model reveals that
pneumonia disease is cleared from the population if a critical threshold is met. Using a nonlinear
mathematical model,[14] proposed and analyzed the transmission dynamics of malaria disease
in a population, the model was qualitatively evaluated to incorporate time-dependent variable
controls, with the goal of reducing the spread of malaria disease.

This paper is organized as follows; the section 2 entails the mathematical formulation of the
malaria and pneumonia co-infection model. In Section 3, the mathematical analysis of the model
which is sub sectioned into section 3.1 as the feasible region and well-posedness of the model,
section 3.2, the equilibrium analysis of the model, the basic reproduction number of the model
was shown in section 3.3,the stability analysis of the malaria and pneumonia co-infection was
shown in section 3.4. Section 4, present numerical simulation, discussion of result and concluding
remarks are presented in Section 5.
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2 Mathematical formulation

The development of the malaria and pneumonia co-infection model in the host(human) and
vector(mosquito) populations starts with dividing the total human-mosquito population into
two distinct compartments written as Np,(t) and N,,(t), representing the total population sizes
for humans and mosquitoes at a given time t, respectively. Consequently, within the scope of
this discussion from this point on,the use of the time t dependency is suppressed. Following
the modification of the work of Lawi et al [11], Oluyo and Adeniyi [15] studied a mathematical
model on the co-infection of malaria and pneumonia with mass action incidence. In this study,
the human population will be decomposed further into the following seven epidemiological com-
partments namely: susceptible humans S}, exposed humans to malaria Ej, exposed humans
to pneumonia £, exposed humans to both malaria and pneumonia Ej,, infected humans with
malaria [j, infected humans with malaria I, infected humans with pneumonia I, and infected
humans with both malaria and pneumonia Iy, such that Ny, = Sp, + Ej, + E), + Epp + 1y + 1, + Iy,
For clarity of exposition, the states variables are identified with their corresponding class. For
example, taking into consideration human from the class E}, it is considered that Ej, is a func-
tion and not a class. In general, the vector population is sub-divided the population into three
classes: susceptible mosquito S, exposed mosquito E,, and infected mosquito I,,,. Thus, the
total mosquito population is N,,, = Sy, + Eny + L.

According to Filipe et al [9], the rate of infection between human and mosquito populations
depend on many factors such as biting rate of the mosquito « (i.e. the number of bites per
mosquito) and the transmission rate (3,,,. The force of malaria infection for humans (i.e. from
mosquitoes to humans)is defined as the product of the average number of bites per human « and
the transmission rate 3,,; from a mosquito in the I, class to a susceptible humans in S}, class i.e.,

A = aBmndm. (1)

Similarly, the force of infection for mosquitoes (i.e. from human to mosquito) is given as

)\m = CVﬂhm([h + 5Ihp)a (2)

where f3,,,, is the transmission rate from an infected human in the I, or I, class to a susceptible
mosquito in S;, class with § defined as a modification parameter that accounts for the infec-
tiousness of co-infected individuals in comparison to their counterparts, such that 0 < § < 1.
Force of infection for pneumonia denoted by A, is defined as the contact rate per human C,
the transmission rate of pneumonia from a human in I, or Iy, class to a susceptible human in
Spclass i.e.

)‘P = ﬁhmc(lp + gIhp)v (3)

where g denote the modification parameter for the co-infected individual’s relative infectiousness
in comparison to their counterparts such that 0 < g < 1.

From these assumptions a flow diagram is drawn which is summarized using a system of
nonlinear ordinary differential equations as follows:
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Fm Hm Hm

Figure 1: Model flow diagram
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S;1 = Ay — AnSh — A\pSh — unSh + T By + mp By + mhp By 4+ mpdy + mplp + Thplhgp,

E, = M\Sh — AoE,

I, = knEy, — 9N\ Iy, — Ay,

E, = X\pSh — A2 B,

I, = kyEp — eI, — Az,

By, = 9ApIn + eXnly — AsEpy, (4)
Ly = knpEnp — AsInp,

S = Am — AmSm — tmSm,

/

E. = AnSm — AgEm,
I;n(t) =knEpy — Mmlm,

T
(ShOaEh()aIhOaEp07IpOaEhpOajhp07Sm07Em0>Im0) ;

where Ay = (ky + 7 + pn), AL = (on + 7 + pn), Az = (kp + 7, 4+ pp), Az = (0p + 7p + pin),
Ay = (khp + Thp + Mh)a As = (Uhp + Thp + /‘h)v Ag = (km + Hm)-

For convenience, the model parameter descriptions is shown in Table 1 . Further, the fol-
lowing assumptions are made:

()
(i)

40

The model’s parameters are all strictly positive.

This model assumes that all individuals in the population are equally likely to become
infected if they come into effective contact with an infectious individual or infectious
mosquito, and that infection transmission occurs at a mass action incidence rate.

It is assumed that an infected individual will recover with no permanent immunity and
revert to the susceptible class.

Since birth, immigration, emigration, and death occur in the population, it is assumed
that human populations are not constant.

Individuals exposed to malaria as well as those exposed to pneumonia have a less than one
in a million chance of survival until the infectious state.

The chance of a mosquito exposed to malaria surviving until the infectious state is less
than or equal to one.

The exposed class of human and mosquito in the population is therefore included as a
result of assumptions (v) and (vi) above.
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Variable and Parameter Descriptions

Sy | Susceptible class of human population to malaria

FE5, | Human population exposed to malaria

Iy Human population infectious with malaria

E, | Human population exposed to pneumonia

I, Human population infectious with pneumonia

E}, | Human population exposed to both malaria and pneumonia

Iy, | Human population that is infectious with malaria and Pneumonia

S | Susceptible class of vector population to malaria

E,, | Vector population exposed to malaria

I, | Infectious class of the vector population

A | Constant per capita recruitment rate into susceptible human population

A, | Constant per capita recruitment rate into susceptible vector population

ur | Natural death rate of human population

tm | Natural death rate of vector population

0 Modification parameter according to the increased susceptibility to infection with Pneumonia

op | Malaria induced mortality rate

op Pneumonia induced mortality rate

opp | Malaria and pneumonia induced mortality rate

€ The expected decrease in contact due to ill health as a result of pneumonia disease; 0 < e < 1

mp, | Rate of recovery from malaria to the susceptible class

Tp Rate of recovery from pneumonia to the susceptible class

mhp | Rate of recovery from malaria and pneumonia to the susceptible class

Ah Force of malaria infection for humans

Am | Force of infection for mosquitoes

Ap Transmission rate for pneumonia

kn, The per capita rate of progression of humans from the exposed class Ej to the infectious class Ij,.
kp The per capita rate of progression of humans from the exposed class F, to the infectious class I,,.
knp | The per capita rate of progression of humans from the exposed class Ej, to the infectious class I,,.
k. | The per capita rate of progression of mosquitoes from the exposed class E,, to the infectious class I,,.

Table 1: Parameter description
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3 Mathematical analysis of the model

3.1 Feasible Region and Well-posedness of the Model

In this section, the feasibility and well-posedness of the model are studied using the approach
in [2].
Suppose system (4) can be rewritten compactly as

X'(t) = o(X(0)), )
X(0) = Xo.

It is assumed that ¢ € C' provides sufficient conditions to ensure that system (5) is well-posed;
however, because the concern is with the model’s stability near equilibrium points, additional
assumptions on ¢ are required in order to invoke a variation of the centre manifold theorem,
which was proven by Castillo-Chavez, 2004 [4] ] . Consequently, it is assumed that ¢ is twice con-
tinuously differentiable i.e. ¢ € C2 c C'. In addition, the functions under investigation should
have a bounded first derivative C;3 (?R}FO) for system (5) to be feasible in an epidemiological
sense.

Theorem 3.1 (Feasible region of the model)
T
Suppose (Sh, Ew, In, Ep, Iy, Enp, Inp, Smy Em, Im) with initial data X (0) > 0, then, the solutions

x of the malaria and pneumonia model (5) will remain non-negative for all time t > 0. Further,
define the following region of attraction 'y, given by

Chm = {:c € CgN Cﬁ(%&o) :Th x I'yy CRT. x %i},
where I}, = {(S}“Eh,Ih7Ep,Ip;Ehpgjhp75m7Em7Im> : ShtEn+In+Ep+Ip+Epp+1Inp < %}7

attracts all solution initiating in the interior positive invariant.

The proof of Theorem 1 follows from [15].

3.2 Equilibrium analysis of the model

The feasibility of all equilibrium points of the model (4) are considered in this section. The
equilibrium points of system (4) are solutions of the dynamical system (4) obtained by equating
the first derivative of all system variables to zero. In particular, for the malaria and pneumonia
model in (4), the following feasible steady states are obtained:

(i) Malaria and pneumonia free equilibrium (M PFE) denoted by &, this represent the
solutions of the dynamical variable of system (4) corresponding to the case where there is
no presence of both malaria and pneumonia diseases in the population. The (M PFE), &
is feasible if the associated basic reproduction number for malaria and pneumonia diseases
denoted by Rj, and R, respectively are both less than unity or otherwise. Thus,

A A
50: (la()?O?O?OaOaOv ma070>a (6)
1n 7

m

_ _ aBmnknAn _ aBrmkmAm _ ApkpBpC :
where Ry, = VERpRm, Ry = Ao A R, = A and R, = D Ay A respectively.

The co-infection reproduction number denoted by R, is defined to be

R. = max{Rpm, Rp}. (7)

A detailed insight and explanation on the basic reproduction number is considered in
section 3.3.
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(i) Malaria free endemic equilibrium (M FEFE) written as . (M FEE), & depicts the
solution of (4) corresponding to the case where there is absence of malaria disease but
there is presence of pneumonia disease in the population. This scenario is feasible if the
basic reproduction for pneumonia infection R, is greater than unity. Then,

A
51 = <Sh170707Ep1aIp1707077m7070)' (8)
Hm

(ili) Pneumonia free endemic equilibrium (PFEFE) denoted by &, is a situation in the
population representing the absence of pneumonia but persistence of malaria disease. This
equilibrium is feasible if Ry, > 1. Thus,

&= (Sh2 En2s 112,0,0,0,0, Sz, B, I ) (9)

(iv) Malaria and Pneumonia endemic equilibrium (M PEFE) written as £* is a scenario
where both malaria and pneumonia diseases persist in the population. £* is feasible if both
Rpm > 1 and R, > 1. We define

& = (S0 B i By 1 B L St B ) (10)

Remark 3.1 The detailed calculations on how the equilibrium points in (6), (8), (9), and (10)
were derived are provided in Appendix A.

3.3 The basic reproduction number

The basic reproduction number Ry, and R, are important dimensionless threshold in epidemi-
ology. They are used to predict whether a disease goes to extinction or persist in the affected
population. According to [5], the term basic reproduction number, R}, is defined as the average
number of secondary infections produced by a typical single infection in a completely susceptible
population. Particularly, if Ry, > 1 (or Ry, < 1), it means that on average, an infected hu-
man(mosquito) will produce more than (or less than) one secondary infected mosquito (human)
during the whole infectious period in an entirely susceptible population and thus the disease
will persist (or die out) in the population, respectively. Ry and R, represent the dynamics of
the model when only malaria disease is transmitted in the population through cross-infection
of humans and mosquitoes in the absence of no control, while R, captures the dynamics of the
model when only pneumonia disease is transmitted in the population through contact between
a susceptible and infected individual when no control is available. R, describe the co-infection
dynamics of the model when malaria and pneumonia are transmitted among people in the pop-
ulation. The basic reproduction number Ry can be obtained by applying the next generation
matrix technique [5, 25] and implemented in [1, 14].The derivation of the basic reproduction
numbers Rj,, and R, are shown in the Appendix.

A deep insight is sought to understand the qualitative information embedded in the basic
reproduction number. The basic reproduction numbers Ry, and R, is decomposed further to
obtain information that are epidemiologically meaningful. From epidemiological point of view,
it is of interest to have Ry, and R, below unity. R}, is decomposed to give

_ & ﬂmh kh km ﬁhfm Ai'm
Rhm_a\/uh\/< \/ \/ pm \

O'h+7rh+uh> (kh+7rh+ﬂh> (krrL"l‘MrrL)

6
Bpm=a[VQi . i=12.6. (11)
i=1
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Similarly,
_ M k B
Rp — Cuh P p ,

(kp+7fh+uh) <0p+7rh+uh>

3
R,=C[J¢ , i=123. (12)
j=1

The first factor of Eqn. 11, «, the biting rates of the anopheles mosquitoes. This is usually
less than unity because the anopheles mosquito normally spread less than 100 sporozoites per
bite [22].The size of each of the other factors in Eqn. 11 is analyzed as follows:

(i) The term @ = A—Z refers to the ratio of the human recruitment rate to the natural death
rate of humans. In normal settings, the human recruitment rate rank high than the natural
death rate of humans on the sensitivity order of many epidemic models documented in the
literature.

(ii) The term Qo = ——Bmh _ i5 the ratio of the transmission probability of the mosquito-
Oh+Th+Hh

to-human to the reciprocal of the sum of the malaria-induced death rate, recovery rate and
natural death rate of humans. This quantity is always greater than zero monotonically
decreasing with respect to the malaria induced death in humans plus the recovery rate
and the natural death in humans. This is true if the probability of infection is less than
unity while the term in the denominator of ()5 increases. However, because increasing oy,
and pyp, is not practical in a real scenario, this particular term Q2 provide no control over
Rppm.

(iii) The term Q3 = ——"— is the reciprocal of the host (human) progression rate to
kn+mh+un
malaria infected class divided by itself and the sum of human recovery 7, and the death
rates, pp. The upper bound of this term is one and is monotonically decreasing with respect
to the sum of the human recovery 7, and mortality rates, up. This fact is consistent if
there are few humans exposed to the parasites to invade, then fewer malaria infections will
arise. Since increasing iy, is not realistic, ()3 does not offer any control over Rp,,.

(iv) The term Q4 = ——km__ depicts the reciprocal of the vector latent period ky, divided by
km+ﬂm
itself plus the vector death rate, p,,. Asin @3, the quantity Q)4 is bounded above, always
less than unity and monotonically decreases with respect to the mosquito death rate fi,.
Hence, the higher the mosquito mortality rate, the smaller Q4. Thus, Q4 will offer realistic
control over Ry, if the fatality rate of the mosquitoes can be increased.

(v) The term Q5 = Buh—m is the ratio of the transmission probabilities of human-to-mosquito
to the mosquito natural death rate. Since the mosquito natural death rate u,, is always
smaller compared to the transmission probability of malaria from infected human to a
susceptible mosquito, then Q5 is always greater than unity, hence this term will increase
Rpm.

(vi) Qg is the ratio of the mosquito recruitment rate to mosquito mortality rate f,,. From
other studies, A, > pm, thus Qg will have a positive effect on Rpy,.

R, is decomposed and analyzed as follows:
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The parameter C', the contact rate between susceptible humans and infected human with
pneumonia. This is normally less than unity from literature. The other factors are considered

as follows:
(i) ¢ is the same as )1, hence the result follows.

(ii) g2 is the term ¢ = S — representing the reciprocal of the human progression
kpt+mp+pn

rate to pneumonia infected class divided by itself and the sum of human recovery from
pneumonia 7, and the human natural death rate py. Clearly, 1 is the upper bound of
g2 and is monotonically decreasing with respect to the sum of the human recovery rate
from pneumonia and the fatality rate pp. Indeed, this is the case when there are few
humans exposed to the bacteria invasion which may lead to few pneumonia infections
cases. Further, since increasing up is not practical in a real life situation, ¢o control over
R, is insignificant.

(iii) qgﬁip refer to the ratio of the pneumonia transmission probability to the reciprocal
Op+Tptin
of the sum of the pneumonia induced deaths in humans, pneumonia recovery rate and
natural death rate of humans. As in the case of Q2, q3 is always greater than zero and
monotonically decreasing with respect to the pneumonia-induced and natural death rates
in humans. This is the case whenever the probability of pneumonia infection is less than
unity while the reciprocal of g3 has no significant control on R,.

By combining Eqns. (3.7) and (3.8), it can be shown that the basic reproduction number
for malaria infection, Rp,, and pneumonia infection, R, is related by

Rim = Q*\/R,, (13)

*x _  [a2Q2Q3Q4Q5Q6
where Q* = 4/ Conds .
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Figure 2: The graph of the Malaria Reproduction number Ry, against Pneumonia Reproduction

number R,

It can be seen from Figure 2 that increase in the basic reproduction number for pneumonia,
R, will increase the basic reproduction number for malaria. This implies that increase in pneu-
monia can induce malaria. In Figure 3, the contour plot showing the relationship between Ry,
and R, is shown.
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Figure 3: Contour plot of the malaria and pneumonia co-infection

Eqn. (3.7) is re-emphasized on as follows: First, if the biting rate of the mosquitoes o = 0,
it follows that Rp,, = 0 as the quantity totally nullify Rp,, which give rise to the following
epidemiological scenario:

1. Humans are not bitten by mosquitoes and
2. Mosquitoes are not transmitting the disease

Further, suppose the transmission probability from human-to-mosquito By, is equal to zero,
then Ry, is zero meaning that infected humans are not transmitting the malaria disease to
susceptible mosquitoes. However, if certain quantities such as the death rate of the vector, p,
and human death rate pj are zero then Ry, is undefined. Realistically, up and p,, cannot be
zero because all mosquitoes and humans experience death at a stage in their life cycle. The
study on control strategies will form the foundation of a separate research.

3.4 Stability analysis of the model

In the following section, the local asymptotic stability (LAS) of &, & and & is computed
through the following theorem:

Theorem 3.2 Consider the model system (2.4), then the following holds:

(i) The malaria and pneumonia free equilibrium, &g is feasible and locally asymptotically stable
if Rpym <1 and R, <1 otherwise unstable.

(ii) The malaria-free endemic equilibrium, & is feasible and locally asymptotically stable if
R, > 1.

(iii) The pneumonia-free endemic equilibrium, &y is feasible and locally asymptotically stable if
Ry > 1.

The proof to Theorem 3.2 is given in Appendix A.
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Parameter | Values Source

Ay, 0.071 [15]

A 0.00011 [15]

LA 0.04 [15]

L 0.0000457 | [15]

9 0.5 [15]

Op, Oh 0.01 [15]

Thp 0.1 [15]

€ 0.1 Estimated
Tp T 0.1 [15]

knp.kp 0.5 [15]

Q,T,T 0.5 Estimated

Table 2: Parameter values

3.5 Global stability analysis of the Malaria and Pneumonia co-infection free
equilibrium, &,

Theorem 2 (i) suggest that the malaria and pneumonia co-infection free equilibrium &y is locally
asymptotically stable if Ry, and R,holds, however, this does not capture the co-infection sce-
nario in details. It is therefore important to consider the global asymptotic stability (GAS). To
do this, the global asymptotic stability analysis is motivated through the following theorem:

Theorem 3.3 The malaria and pneumonia co-infection free equilibrium &y is globally asymp-
totically stable if & is locally asymptotically stable and Ry, < 1, where R,,, is the co-infection
threshold defined as

Ry = 4% (AsgRy + A15).
The proof of Theorem 3.3 is provided in the Appendix B.

Remark 3.2 It can be deduced that the global stability of o depends on Ry,p. Indeed, R,,, take
into account the average number of secondary infections arising from co-infectious individual
with pneumonia plus malaria infected humans.

3.6 Endemic equilibrium point and bifurcation analysis

When a disease persist in the population in the course of time, then an endemic equilibrium
The persistence of a disease depend on a threshold called the reproduction number
Ry whether it is less or greater than unity. Recent studies, [[2]] has revealed that for disease
eradication, bringing Ry < 1 may not be sufficient but may also depend on other parameters.The
endemic equilibrium usually arise from other studies in the literature when Ry > 1, however,
there are situations where the endemic equilibrium co-exist with the disease free equilibrium for
Ry < 1,this phenomenon is called bifurcation. Bifurcation can be either forward (super-critical)
or backward(sub-critical) which have serious implications in epidemiology. A forward bifurcation
is shown when Ry > 1 from below, and looses its stability so that a small positive super-threshold
equilibrium that is asymptotically stable, then the disease free equilibrium become unstable.
However, when Ry < 1 and a small positive sub-threshold equilibrium appears, and the disease
free equilibrium together with a larger positive equilibrium are locally asymptotically stable.
Considering the components of the endemic equilibrium &*, it is desirable to study in de-
tails the stability of the endemic equilibrium around the malaria and pneumonia co-infection

occurs.

47 IJMAM, Vol. 5, Issue 2 (2022) (©) NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 2, September 2022, pages 36 - 62

free equilibrium using bifurcation analysis through the well known Centre Manifold Theorem
discussed in [[4]]. In the following, the bifurcation analysis of the malaria and pneumonia co-
infection model is studied. Particularly, the following theorem is proven to study the bifurcation
behaviour of the model:

Theorem 3.4 (Bifurcation analysis for the malaria and pneumonia co-infection model) Let
Ry, =1 and the positive quantities a and b defined as follows

2v4 (Hi'*‘(kp'i'ﬁp‘*“fp)ﬂh-‘:-kp%)T§A2A3(9A2A3khp19+A4A5kp) h — vars BpAn (9A2 Azkny9+AsAsky )
- AhkgA4A5 ’ - A4A5kp//fh ’
then the malaria and pneumonia model exhibits o forward bifurcation if a<0 and b>0.

a =

The proof of Theorem 3.4 can be found in Appendix C.

4 Discussion and conclusion

In this work, the effect of the basic reproduction number’Ry’ on the transmission dynamics of
malaria and pneumonia co-infection is studied. The malaria and pneumonia co-infection model
(2.4) revealed that there exist a relationship between the reproduction number for malaria
(Rhm) and reproduction number for pneumonia (R,) given by (3.9). The study further revealed
that pneumonia disease may induce malaria disease in the population. Considering the global
stability of the Disease Free Equilibrium (DFE) of the model, the threshold (R,,,) that account
for the co-infected persons is required to be less than unity to guarantee global stability of the
model. A short summary highlighting the conclusions of this work is given below:

1. In section 3.1, the mathematical and epidemiological wellposedness of the model was shown
given that the initial conditions are satisfied. Further, in Theorem 1, a feasible region I'y,,,
that is mathematically and epidemiologically suitable was provided.

2. In Section 3.2, the model equilibrium points were obtained.

3. In Section 3.3, the basic reproduction number for malaria (Rp,,) and (R,) and the co-
infection reproduction number (R.) were discussed in details by decomposing them into
components in order to carefully analyze the size contribution of each component involved.
The analysis revealed that increasing the mosquito mortality rate (u,,) will offer realistic
control over Rp,,. Also, the analyses revealed that the transmission probabilities of human-
to-mosquito, Sp, and the recruitment rate of mosquitoes (A,,) will increase the size of the
reproduction number.

4. In Section 3.4, stability analysis of the model were discussed. Precisely, in Theorem 2
conditions for the local stability of &, & and & using the associated basic reproduction
number was established.

5. In Section 3.5, the global stability of the malaria and pneumonia free equilibrium, & using
the method of Lyapunov function was established. Theorem 3 also provide that for the
global stability to be established, the co-infection threshold R,,, must be less or equal to
unity.

6. In Section 3.6, the Centre Manifold Theorem was used to study the stability of the endemic
equilibrium around the malaria and pneumonia co-infection free equilibrium. The analysis
revealed that the co-infection model exhibit a transcritical (forward) bifurcation.

As a guide for future research, it will be of interest to study the quantities that are related
to control measures that can effectively increase mosquito fatality, reduce mosquito recruitment
while also reducing the transmission rates of malaria and pneumonia.
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Conclusively, the malaria and pneumonia co-infection model has provided us with a mathe-
matical understanding the relationship between the basic reproduction numbers for malaria and
pneumonia transmission dynamics.

Appendix A. Feasibility of equilibrium points

The feasibility of M PFE, & is trivial. The next focus is on the feasibility of &1, & and &*

Feasibility of &;

Consider the case when A\, = A,;,, = 0 in (4), so that the following equation are obtained at
equilibrium:

Ay, — B,C1,Sh — pn Sy + mp By + mpl, = 0, (A1)
BpCIL,Sy, — A2E, =0, (A.2)

k,E, — Asl, = 0, (A.3)

A — i S = 0. (A.4)

It is clear from (A.4) that Sy, = 2—2 This is the case as there are no malaria infection in the
population. Thus, the susceptible vectors are not infected and pose no malaria threat. From
eqn. (A.3),

B, =221, (A.5)

Using (A.5) in (A.1) yield

k,A k, + As) Il
Sh: P h+7rp(p+ 3) ;D' (AG)

kp (BpCIp + Mh)

Taking into account of (A.5) and (A.6) in (A.2),

J () = MnkyByC = pin Az As = B,C (o (ky + pn) + Az ) T, = 0. (A7)
Now,
f(0) =AnkyByC — Az As
| (A.8)
:MhAQAg(Rp - 1) >0 if Ry> 1l
Further,
f(Ho) = —pupA2Az <0, (A.9)
where Hy = Ankp . Also,
(Up (kp+ﬂh)+#hz42)
1 (1) = =B,C (o (ky + ) + pnAs ) < 0. (A.10)

Thus, f(I,) has a unique positive root I, = I,; in the interval (0, Hp) if R, > 1. In particular,
eqn (A.7) yield
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ApkpBpC — pp Az Az

I, =I, =
ByC (ap(ky + 1) + 1 As

A1l
 AsAs(By— 1) (A-11)
BpC (Up (k'p + ,Uh) + ,UhAQ)
Using (A.11) in (A.5) yield
A A3(R, —1
E,=E, = HnAs A5 (Fy = 1) . (A.12)
pBpC (0 (i + pun) + pun A2)
Further, using (3.17) in (3.12) yield
kpAp, + mp(kp + A3) 1
5, = 5y, = oAt oy + As) I (A.13)
kp (chjpl + Mh)
Thus, the malaria-free endemic equilibrium, &; is
51 = (ShlaOaOvEphIplaOaOaSmlaOaO)' (A14)

Feasibility of &

Suppose that A\, = 0 which implies that E, = I, = Ey, = I, = 0 in (2.4), the following
algebraic equations are obtained at equilibrium:

Ay — aBmnIm Sy — punpSp + mpEp + mpdp = 0, (A.15)
&BmnlmSh — AoEp = 0, (A.16)
knEy, — ALl = 0, (A.17)
A — aBnmIpSm — thmSm = 0, (A.18)
BrmInSm — AeEm =0, (A.19)
K B — I = 0. (A.20)
From (A.20)
E, = 'UZLA (A.21)

By adding (A.18) and (A.19) taking into account (A.21) yield

o kmAm - ,umAGIm

Sm = A.22
" LK (4.22)
Using (A.21) and (A.22) in (A.19) while making Ij, subject gives
kmAm — tmAgl Ag i1,
aBumI mAm — fmAeim | A6Hhmim -0
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Thus
2 Agl,
Iy = Iy = Him 26 5m . (A.23)
aPBhm (kmAm - ,umA6Im)
In view of (A.23), Equation (A.17) can be written as
2 Ay Agl,,
E), = Epy — e . (A.24)
akhﬂhm (kmAm - ,UmAGIm)
From (A.15), the expression for Sy, is
Ap + mpEp + mhlp
S, = A.25
" Bmndm + pn (4.25)
The substitution of (A.23) and (A.24) in (A.25), implies that
AntknBrm (kmAm — pmAeInm) — (kn + pn) A1 Aepi2, I + knmapi, AgIn
S = Sy = ok Bhm ( pimAgly) — (kn + pn) A Agp Wb Aslm (A.26)
Mhakhﬁhm (kmAm - NmAGIm)
By substituting (A.24) and (A.26) in (A.16) gives
AnaknBrm (kmAm — pmAsIm) — (ki + pn) A1 Aepd, I + knmppiz, As I Ao Ay AgpiZ,

Bmh

BhknBrm (kmAm - NmAGIm) N akpBrm (kmAm - MmAﬁlm)

Further simplification of the above equation yield

FIn) = & BonBrmkmknAmAn — pn iz, AoA1As — fm@AgBmn [aAhkh,ma + o (1n As + kpop, + khﬂh)} I, =0

a2ﬁmh/6hmkmkhAmAh
pni2, Ao A1 Ag

= uhu?nAoAlAb’( Im

[E—

- 1) — UmAgBmn [aAhk'hma + i (1in As + ko + knpn)

= pntiz Ao A1 As (R, — 1) = pn A6 B [aAhkh/ma + pm (pnAs + knon + kh#h)} I, =0.

(A.27)

Then
F(0) = pnpiy, Ao A1 A (R, — 1) >0 if  Rpm > 1, (A.28)
f(Hy) = pppr, AgA1Ag < 0, (A.29)

Where Hl = Mh/l%nA()A1Rim ‘
Hm |:04Ahkh5h7n+lim (/u'hAl‘i’kh (U}L+N}L))i|

Also,

7' (In) = 4t As Qs+ i (s + o (on + 1)) | < 0. (A.30)

Thus, f(I,,) has a unique positive root I,, = L2 in (0, Hy) if Rp,, > 1. In particular, from
(A.27) we have that
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_ pinpm Ao A1 (B3, — 1)
Iy = : (A.31)
aBmh, [Oé/\hkhﬁhm + pn (n AL + kpop, + khﬂh)}

Substituting (A.31) in (A.21), yields
prbim Ao A (R, — 1)
kmaBmn [OéAhk?hﬁhm + pm (n A1 + kpon + khﬂh)}

Further, from (A.22) using (A.31), S, is non-negative if Ry, > 1. i.e.

Em = Ema = (A.32)

1
Sm: m2 — 7

kmAm -
Hmkm

i, AgA1 A (R3, — 1) ]

aBmn [aAhkhma + pn (n Ay + ko + knpn)

_ fintin Ao A1 As + pinkm A (in A1 + knon + knpn)
PmkmaBmp [OéAh/thhm + pm (n AL + ko, + khﬂh)} ‘

(A.33)

By using (A.31) in (A.23), (A.24) and (A.26) respectively gives

,uh,uf’nAoAlAG (R}%m — 1)
aBrm [Mh,u%nAoAlAﬁ + 2B Ak pin (pn A1 + knon + khuh)}

I = Iny = ; (A.34)

Hhﬂ?nAOA%A6 (R%Lm - 1)

Ep = Epp =
knoBum [Mh#%@AOAlA6 + &2 Brmn Ak i (pn A1 + ko, + kh#h)}

; (A.35)

and

Ay +mhEne + mrdpe
aBmnIm2 + pn

Thus, the pneumonia-free endemic equilibrium is feasible if Ry, > 1 i.e.

Sp = Sha =

(A.36)

62 = (ShQaEhQth%OvOaO,Oy SmQyEm2aIm ) (A37)

Feasibility of &*

It is of note for this case that A\;, > 0, A\, > 0 and A,;, > 0, implies that each of the state variables
is non-negative. Thereafter, solving the full system of (2.4) as follows by equating the left-hand
side of (2.4) to zero:

Ay, — Sy — )\pSh — ppSEp + T En + ﬂpEp + Whthp + mpdp + WpIp + Whpfhp =0, (A.38)

AnSp — AgE), =0, (A.39)

knEp — OAp I — AT, = 0, (A.40)

ApSh — AsE, =0, (A.41)
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kpE, — eAnI, — Asl, = 0, (A.42)
I\ I + eAn, — AgEpy = 0, (A.43)
knpEnp — Aslpp =0, (A.44)
A = AmSm — fmSm = 0, (A.45)
AmSm — AgEm = 0, (A.46)
ke Evn — pimIm = 0. (A.47)
From (A.45),

S =8 = AmAfmn (A.48)

Using (A.48) in (A.46) to get
E, =E' = A (A.49)

e A6(Am +,U'm)’

In view of (A.47), I, is obtained as

A
Ly =1 = — FmAmAm (A.50)
It can be seen from (A.39) and (A.41) that
Ah
E,=— A51
"= Sh (A.51)
and
E,=rg (A.52)
P AQ h- .
The substitution of (A.51) and (A.52) in (A.40) and (A.42) respectively yields
knAn
Iy = ————5h, A.53
" A (0 + AL " (4.53)
and
kpA
Iy=—FF G, A.54
P Ag(en + A5) " (A.54)
From (A.43) using (A.53) and (A.54), gives
[nt Az (A + Ag) + kpe Ao (92, + A1)
Epyp = ApAnSh. (A.55)
AOA2A4 (E)\h + Ag) (ﬁAp + Al)
Using (A.55) in (A.44) to get
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s khp [khﬁAg (6)\h + Ag) + k'pe’on (19)\]3 + Al)]
P Ag Ay Ay As (X, + As) (0X, + A))

By substituting (A.51), (A.52), (A.53), (A.54), (A.55) and (A.56) in (A.38) while making Sj,
subject yield

ApAnSh. (A.56)

- AgAs Ay (E)\h + Ag) (19)\]) + Al)Ah
N Dg)\pA% + DlAp)\h + DQA%L + D3\, + D4)\h)\]23 + D5AI27 + D6/\p + MhA0A2A4,

Sh (A.57)

where
Dy = Agﬁe’f(khp(l — 7Thp) + ,uh) + upAgAgve,
D, = (khA2A319195 + ,Lth) + kpA0A1€>€(khp(l — 7Thp) + ,uh) + ppAsAgAsY + ppAgAi1Age +

pinAgAs AgVe, Dy = Ag Askpe (op+un) +1ndi Az Age, Dy = kpAg Az Ase (op+iu ) +1n Az Ay (A1 As+
€A0),

Dy = kyde Ao ((1 = mp) ki + a0 ) + iAo Agz, Ds = by Ao Agd (o + o) + p Ao A Ayt Ao,
Dg = kpA0A1A4'l9((Tp + Mh) + pupAogAy (A1A3 + 19A2A3) .

Substituting (A.57) in (A.51), (A.52), (A.53), (A.54), (A.55) and (A.56) yield the correspond-
ing values for Ey, E,, Iy, Iy, Ey, and Ip, as a functions of A, and A,. Thus, the components
of malaria and pneumonia endemic equilibrium, £* has a unique positive endemic equilibrium if
Ap >0, Ay, >0 and Ay, > 0. Hence

o = (s;,E;,I;,E;,I;,E;p,I;p,S:,L,E* I*). (A.58)

m’-m

Appendix B. Prove of the stability analysis of the model

Proof.

(i) The Jacobian matrix of system (2.4) evaluated at & is

—lh T T T _ﬁp/il/\h + 7 ¢) _ﬂpi’z/\h + ¢ 0 0 _aﬁ;n:/\h
0 —ao 0 0 0 0 0 0 o0 obmln
0 kp, —ay 0 0 0 0 0 0 0
0 0 0 o~ 0 2l 0 0 0
0 0 0 k —as 0 0 0 0 0
J (&) = !
0 0 0 0 0 —ay 0 0 0 0
0 0 0 0 0 knp —as 0 0 0
BhmAm Bhmd Am
(&7 ﬁhmAm @ ﬁhm(s Am _
0 0 . 0 0 0 . 0 ag 0
|0 0 0 0 0 0 0 0 km —lbm
(A.59)
By inspection, it is easy to see that two eigenvalues of (A.59) are \y = —up and Ay = — i,
while the remaining eigenvalues are obtained from the following 8 x 8
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[ — aBunhp T
Ao 0 0 0 0 0 0 uZ b
kp, —A; 0 0 0 0 0 0

BpCAR BpCgAn
0 0 —As puih 0 pT 0 0
0 0 k —A 0 0 0 0
A= P ’ (A.60)
0 0 0 0 —Ay 0 0 0
0 0 0 0 ky —As 0 0
a BhmAm aBpmd Am

0 s 0 0 0 b As 0

0 0 0 0 0 0 km  —m |

By Routh-Hurwitz condition, all the eigenvalues of (A.60) are negative if

(i) Trace(A) <0 (it) Det(A) > 0.

Clearly,

] Trace(A):—AO—Al—AQ—Ag—A4—A5—A6—um<0.

Det(A) _ Ay As (kha25mhAhkmﬁhmAm — AO,Um2A6A1,u,h) (ﬂpCAhkp — A2A3Uh>
Mh2:um

2,2 kmkha2ﬁ'nLhBh7nAhAm _ BpCAhkp —
AgA1Ag A3 Ay As Ag i, 11y ( Ao Ay g2, iy, 1 Ao gy L

47, fm

— Ao A1 Ap Ag s As Aopin (R = 1) (Bp = 1) >0 if Rum<1 Ry <1.

So that the eigenvalues of matrixA are all negative, and hence, the eigenvalues of
(A.59) are all negative if Rp,, < 1 and R, < 1. Thus, malaria and pneumonia free
equilibrium, &y is locally asymptotically stable otherwise unstable.

ii) It is easy to obtain the upper triangular matrix of the Jacobian matrix of the model system
g
(2.4) evaluated at &; as
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-G — up T T T —Go+ 1 10} —kGo + ¢ 0 0
0 —Ag 0 0 0 0 0 0 0
0 0 —-Gi—4 O 0 0 0 0 0
0 0 0 —As Go 0 kGo 0 0
0 0 0 0 —As 0 0 0 0
(&) -
0 0 0 0 0 —Ay 0 0 0
0 0 0 0 0 0 —As 0 0
0 0 0 0 0 0 0 -Gy —pm O
0 0 0 0 0 0 0 0 —Ag
i 0 0 0 0 0 0 0 0 0
(A.61)
_ A A _ _ BpC(kpAntmap (kp+A3)A7(Rp—1))
where A7 = ﬁpC(ap(;ZZanh;JruhAﬂ’ G1 = BpCA7 (Ry — 1), Ga = = Zp(ﬁpcj7(;p—1)+uh)?’ ;
G — o B (kpAp 47y (kp+Az) A7 (Rp—1))
3= kp(BpCA7(Rp—1)+pn) ’
Gy = afumAr (R, — 1), Gs = e B A7 (Rp, — 1). It is easy to see that
Trace(&) = 2Gy —pup— Ag— A1 — Ay — Ay — Ay — A5 — Ga— 2im — Ag <0 R, > 1
Determinant <£1> = (—G1 — pun) Ao (—G1 — A1) Ag A3 Ay As (G + pm) Astm, >0 Ry, >
1. Hence all eigenvalues of (A.61) are negative which implies that the malaria-free en-
demic equilibrium, &; of system (2.4) is feasible and locally asymptotically stable if R, > 1
otherwise unstable.
(iii) The upper triangular matrix of the Jacobian matrix of the model system (2.4) evaluated
at & gives
[ —GG — Up ™ ™ T —G7+T (25 —kG7+¢ 0 0 —Gg i
0 —Ag O 0 0 0 0 0 0 Gs
0 0 -4 0 —Gy 0 —kGy 0 0 0
0 0 0 —A G~ 0 kGr 0 0 0
0 0 0 0 —-Gip—A4 O 0 0 0 0
i(s) -
0 0 0 0 0 —Ay kGo 0 0 0
0 0 0 0 0 0 —As 0 0 0
0 0 0 0 0 0 0 —tm 0 0
0 0 0 0 0 0 0 0 -4 0
i 0 0 0 0 0 0 0 0 0 —pm |
(A.62)
_ P tim Ag A _ _ tapm® Ao AL As+pn km A (pn A1 +knpn+knon)
where Ag = a,@mh(aAhkhﬁhmi#m(#0h1‘131+khuh+kh0h))’A9 T pmkm o B (@ Apkp Bum +im (A +knpn+know))
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_ Phitm® Ao A1 Ag _ 2 _
Ao = 0 Brm (prptm2 Ao A1 Ae+02 Brp Ak o (n AL+ +knon)) ? Go = o BmnAs (Rhm 1)’
_ BpC 7 A1 Ao (Rpm?—1) 2
G = B A (BT V57 (Ah + " +mpAro (R = 1) ),
& Bk, 7rhAlAlo( ) 2
Gg = PN (T (Ah + + 7 A1 (Rhm 1) )

Gy = v 3,CAqg (Rhm2 — 1)7 Gio = ae BupAs (Rhm2 — 1). Straight forward calculation
yield

M= —(Go+pn), A2 = —Ag, A3 = —Ay, Ay = —Az, A5 = —(Gio + A3), X6 = —Ay,
A7 = —As5, As = —lim, Ag = —Ag and A\jg = —pym. Observe that Ay and A5 are both neg-
ative if Rp,,>1, thus, all eigenvalues of (A.62) are negative meaning that the pneumonia-
free endemic equilibrium, &, of system (2.4) is feasible and locally asymptotically stable if
Ry > 1 and unstable if Ry, < 1.

Appendix B. Prove of the global stability of Malaria and Pneumonia co-
infection free equilibrium point

Proof. Consider the following Lyapunov function

kp, 1 1 1

LEhthaEvIth;IhvE 7I +7Ih+7pE +7I+7Eh
(BT B Ty B S B ) = o Bt g It Sy B g o 3 P
(B.1)
Ay A, Ay Ag
+ ——1Ip, + B+ L.
Ngnkhp w NmaﬂhmAm " Mma/@hmAmkm "

The differentiation of (B.1) with respect to time ¢ along the solutions of system (2.4) yield

I knaBmnSn  A14s Iy A1Sm Ay I+ pﬁpCSh Az I kpﬂngSh+A15Sm_ Ay A5
M?nAo O‘maAmkm " /'LmAm Nm A /~Lm P M?n NmAm ,Uf;nkhp
At the DFE, S}, = 2;: and S, = A
L/ _ A1Ag a26hmﬁmhkhk ApRA,, 17 +$ k‘pﬂpCAh RV Ay As khpkpﬁngAh+khp5A1 1
aBrmAmkm P2, Ag A1 Ag "2\ pnAgAs Pl knpu2, \ p2,A2A4A5  AyAs
r A1 Ag 9 Az A4A5
L= i (Rhm - 1)Im +ir (R )I to (Rmp - 1)1hp, (B.2)
where ’
_Nhp
Ry = 1% (AggR + 6A1) (B.3)

Thus, the malaria and pneumonia free equilibrium, &; is globally asymptotically stable if
Rpm<1, Ry<1 and R,,,<1

Remark 4.1 The condition for the global stability of the malaria and pneumonia free equi-
librium, &o require that R,,,<1 in addition to Rp,<l and R,<l. R,,,<1 account for those
individuals who are infectious with both diseases.
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Appendix C. Prove of Theorem 3.4

Proof. Consider the dynamical system (2.4) with contact rate C' as a bifurcation parameter,
then the stability of the endemic equilibrium can be studied by considering the existence and
stability of non-trivial equilibrium states in a neighbourhood of the bifurcation point. The idea
here is that the Disease Free Equilibrium (DFE), & is considered to be a manifold (50, C) such
that the local stability of &y changes at the point (50, C*). Suppose from (3.3) at the critical
point R. = R, =1, then

Ak, B8,C
ppAgAs =1
Therefore, the bifurcation parameter at the critical value R, =1 is
C— pp Az Az
ApkpBy = C*

This means that zig is locally asymptotically stable when C'<C* and unstable if C'>C™*.
Further, for easy representation, we rewrite system (2.4) as

(C.1)

&= F(z,C),
T
where z = (Sh,Eh,Ih,Ep,Ip,Ehp,Ihp,Sm,Em,Im) such that X, is the ¢th component of X

T
and F = (Fy, Py, Py, Fy, Py, Fo, Fr, s, Fy, Fuo) , ice.,

= A, — aBnri001 — ,ch (gl“? + x5) T1 — PpT1 + TRT3 + TRT2 + TpTs + TpXy + ThpT7 + ThypTe,

Fy = aBppziory — Aowe,

F3 = kpry — 93,C (927 + 25) 13 — A173,

Fy = B,C (97 + x5) 11 — A2y,

F5 = —caBppri00s + kpxy — Azxs, (C.2)
Fs = 9B,C (gr7 + x5) 21 + eafmpri001 — A, '
Fr = kppxe — Asar,

Fy = Ay — aBpm (027 4 23) 28 — Ui 28,

Fy = aBpm (027 + x3) 18 — agwy,

FlO = kml‘g — UmZ10-

The Jacobian of (C.2) evaluated at (§y, C*) denoted by J(&p, C*) is obtained as

[ —un T Tp —% + 7Ty Ty —“2,;;357 +m 0 0 —70‘57;2“ i
0 —ag 0 0 0 0 0 0 0 0“57;7;/"'
0 kp —a1 0 0 0 0 0 0 0
0 0 0 —as aza3 0 92059 0 0 0
P P
Jgcry=| 0 0 0 kp —as 0 0 0 0 0
’ 0 0 0 0 0 —ay 0 0 0 0
0 0 0 0 0 Knp —as 0 0 0
0 0 —Bmlia g 0 0 Bl 0 0
aBpmAm 0 0 0 ABhm0Am 0 —a 0
0 0 T . 6
00 0 0 0 0 0 0 km  —pm
(C.3)

According to the Centre Manifold Theorems as proved by Castillo-Chavez and Song [4],
J (&, C*) have a zero simple eigenvalue while others have negative real parts. In order to de-
termine the coefficients a and b, we first obtain the values of the left and right eigen vectors of
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J (&, C*) denoted respectively as

v = <V17V27V3aV47V57V67V77V87V97V10)7

and

T
r= (T‘l,TQ, r3,74,75,76,77,78,79, 7nlO) .

Observe that the J(&y,C*) is not symmetric, thus the left and right eigen vectors are not
equivalent. The solutions of the following equations

vJ(&,C*) =0, (C.4)

and
J (&, C*)r =0, (C.5)

yields the following solutions

Aovy gA2A3kRpvs gA2 A3V,
=10,0,0 0,0,0 C.6
( S T T T M Asky, 0 Asky (C.6)
and
2 k k
po = Wbt Uy 0p) i+ Rypop)Ts o asts 00 (C.7)
:uhkp k’p

where v4 and r5 are free positive left and right eigenvectors respectively. The following nonzero
partial derivatives of F' at xig for system (C.2) are obtained as

0’ 0’1 0’ 0’Fy 0°F3 0?3
= - = 0B, 5 = 0By 5 = 95O, o =
8$181‘5 ,ch, 63:18:1: /Bp 9 9210210 8x 81‘10 Oéﬂ h 8:6189010 O[/B hC 8:6‘381,‘5 /BPC 3:E38337 L
0?Fy 0?F, 0?Fy 0?Fyg 0?Fyg 0?Fyg
a$161‘5 ﬂpC, 8.7}1833‘7 /Bpog, 83)581‘10 €Oéﬁmh, 833‘16$10 €Oéﬁmh, 61‘16$5 ﬁp07 833‘16$7 ﬁng
82F8 82F8 82F9 82F9 62F1 5pAh 82F1 ﬁpg[
T T L ey L oy LG o v Rl v o N
82F4 o BpAh 82F4 . BpgAh 82F6 o ﬁ/BpAh 82F6 o _ﬁﬂpgAh
0x50C  pp ' 0x70C oy | 0x50C oy 0x70C wn o
Thus, the computation of the coefficient of b yield
0?F, .
b= Z T 9500 ac(§°’C>
0*F . 0’F . 0*Fy . 0?Fy .
=G 50 (5070 ) turrg —a s (50,0 ) turs g —a wTe (50,0 )’V4T78 ~aC (5070 )
2Fs . 0?Fy .
MECE T (&),C ) + v i mrrs (5070 >
_ AnBy (Yvs — 11 +va) (977 + ?“5)
27
_wrsfpAy (90 A2 Azkyy + AsAsky)
= >0.
Ay Askp
(C.8)
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Note that b is always positive since v4 and r5 are positive. It then follows that the bifurcation
behaviour of the dynamical system (C.2) is totally determined by the sign of the coefficient a.

10
0?F, .
= DL TG o (60.7)
0*Fy 0*Fy 0% Fy 0*F,
— 2 * * * *
[V17‘17“5 92105 (50, C ) + viriry 92107 (50, C ) + 7/1T17”107a$189610 (507 C > + V27“17“1078x18m10 (50, C )
0*F3 . 0 Fy . 0*Fy . 0*Fy .
+ VBTBTSW (50, C ) + v3r3ry 92a0n (50, C ) + vyr7s 0210 (507 C ) + vyriry 02107 (fo, C )
2 2 2 2
_O0°F5 « e x O Fp « _OFs x
+ UsT5T10 02010 (50, C ) + vgr1rs 0210 <50, C ) + vgriry 021027 (507 C ) + vsT1710 0210210 (€0> C )

0*F, . 0?F, . O*F, . 0?F, .
+ VS%WW(;;E% <§07 C ) + vgr7ry (%7828 (507 C > + vor3rg 83;38368 <§0, C ) + vgryrs 6x782:8 (50, C >

_2ugrsrdunAaAzg | 2vrirrpnAaAsg  2viriripnAsAsg | 2varirrunAsAsg  2vsrarsOun Az As

Apk, Apky, Apky, Ank, Apky,
2ugr1rsUun As A
671 /ihll:h 203 — 21/87°77’80[ma(5 + 21/97’77’8056}””(5 — 21/57’57’10a€ﬁmh + 21/67'17“10a56mh
P
QuirirsupAoAs  2uarirsunAgAs
- Skl a — 20813180 Bhm + 20973780 B — 20171100 Bmn + 202717100 Bmp,
Apky, Apk,

2y (,u%b + (k‘p + 7 + Up) un + pr'p)’I”?)AQAg (gAQAgk‘hpﬂ + A4A5k‘p)
_ <0.
Ak3ALA;

It follows that the sign of a is negative, thus the bifurcation is transcritical (forward).
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Existence and uniqueness analysis of
Atangana-Baleanu fractional order network model of
Noro virus

V.B. Otugene*, P.C. Agina’ H. Edogbanya’, and D.C. Digwo*

Abstract

This manuscript is concerned to the study of noro virus model and its complications with
the Atangana-Baleanu fractional order derivative which is a new approach for such type of
biological models. Further for the corresponding results, existence and uniqueness of the
solution is examined by engaging the fixed point theory and Pichard Lidelof approach

Keywords: SEIIR Noro-virus model; Atangana-Baleanue fractional derivative; Picard-Linderlof
approach; fixed point theory

1 Introduction

Gastroenteritis is still ranked second among the childhood killer diseases globally [19]. the
greater burden of this disease can be observed in developing countries especially sub-Saharan
Africa [26]. Decades ago, rotavirus was the predominant pathogen implicated in most cases
of diarrhoea among children below five years of age but recent studies have shown that human
norovirus (HuNoVs) has become the major aetiological agent responsible for viral gastroenteritis
among children below five years of age, replacing rotavirus subsequent to the introduction of
rotavirus vaccine in most countries [7].

Globally, an estimated 677 million episodes of HuNoV associated gastroenteritis and 200,000
mortalities have been recorded annually (Pires et al., 2015). Noroviruses belong to the caliciviri-
dae family and are non-enveloped, single-stranded RNA viruses that are extremely infectious
with just a few virions capable of causing gastroenteritis among infected individuals [2]. They
are classified into ten genogroup (GI-GX) based on genetic similarity but most cases of acute gas-
troenteritis in humans were caused by two genogroups (GI and GII) while other genogroups can
cause infections in the feline, canine, bovine etc. population [8,23,24]. Further genotypic classifi-
cation based on the partial sequence of RNA-dependent RNA polymerase (RdRp) in ORF1 and
complete sequence of the capsid in ORF2 led to the identification of 52 (49 accepted genotypes
and 3 tentative genotypes) genotypes within the genogroups [8]. Noroviruses are formidable
pathogens due to their ability to undergo genetic recombination and mutation leading to the
emergence of a new strain every 2-3 years [16] .

HuNoVs affects all ages causing self limiting infections in healthy individuals with an in-
cubation period of 12-48h [20]. But causes severe disease among children, the elderly and
immunocompromised persons often accompanied with symptoms including: diarrhoea, stomach
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cramps, profuse vomiting, leading to loss of fluids that might result to severe dehydration [20)].
Specifically, HuNoVs can result in chronic gastroenteritis among immunocompromised patients
e.g. transplant patients with infection lasting from several weeks to a year (Brown et al., 2017).
Despite causing gastroenteritis in some individuals, certain population of individuals (5% —30%)
infected with HuNoVs become asymptomatic and several reasons have been provided for this
observation including: lack of histo-blood group antigens (HBGA) absent in this population,
patients recovering from a previous HuNoV infection and are still shedding the virions in their
stool or passage of non-replicating virus through the human gastrointestinal tract [15].Norovirus
is transmitted mainly through the fecal-oral route and close contact with infected persons. The
virus has high stability in the environment and survives on formites for long periods [19].

Norovirus is responsible for sporadic outbreaks in enclosed spaces such cruise ships, military
camps, and long term care facilities [21]. It is the primary pathogen implicated in most cases of
food borne gastroenteritis due to several outbreaks linked to consumption of partially cooked,
seafoods or ready to eat foods contaminated by infected food handlers [17,21]. Despite, the
outbreaks and huge burden of disease linked to HuNoV, efforts to develop a vaccine for the
prevention of the infection are underway although there is still limiting issues such as the lack of
robust cell lines to culture and study these viruses. there is the challenge of lack of data especially
from developing countries on the burden of the infections due to poor medical diagnostic facilities
for viral pathogens [18].

The insight that the transmission dynamics of epidemic disease can be formulated using
mathematical language dates back to 1766 when Daniel Bernouli published a paper where he
described the effect of smallpox variolation on life expectancy [10]. Other early mathematical
models in epidemiology where introduced in 1927 when Kermack and Mckendrick published a se-
ries of papers that described the dynamic of disease transmission in term of system of differential
equation [12]. Epidemiological mathematical models provide several aspect for understanding
the dynamic of the spread of an epidemiv and suggestion of effective control strategies. A large
number of studies and publications have been made on modeling and analysis of epidemiology
disease. However, the major of the studies were restricted to integer order differential equations.

Resent studies has revealed that fractional differential equations being a branch of mathe-
matical analysis that studies calculus of derivatives and integral of arbitrary order can be used
to model several phenomenon in different fields including epidemiology [10]. The non local prop-
erty in the sense that the nth derivatives of a function g(x) at x is a local property of a function
only when n is an integer, whereas a non integer fraction derivative of g(x) at x=b depends on
all values of g(x) including those far away from b is the advantage of describing mathematical
models using fractional derivatives. In other words, in the case of fractional order derivatives
since it involves derivatives and integral of arbitrary real and complex orders,the future state
depends on the present and previous.

Using fractional derivatives in modeling a dynamical system helps to describe the heredi-
tary properties and efficacy of the memory of essential features in many biological mechanism
[14].Many authors contributed to the development of fractional calculus starting from 1695 when
L’Hospital asked Leibiz what if the order of a derivative is n=1/27 Other contributor include
Euler 1730 and Langrange in 1812. other prominent name in fractional derivatives and integral
include Reimann Liouvill,Hadamard, Caputo, Caputo-Fabrizio and recently Atangana- Baleanu.
Atangana identified previous mistakes and advanced corrections to the use of fractional calculus
related to fundamental theorem of calculus. Baleanu et al a fractional mathematical model for
tumor-immune survillance mechanism and investigated the effect of chemotherapy on the model.
Sene studied a fractional diffusion equation in the context of the fractional operator. Kolade
and Owolabi performed analysis and numerical simulation of a system using a two-step family
of Adams- Bashforth method to approximate the A-B fractional derivatives [28].

A-B fractional derivatives operator involving the Mittage -Leffler kernel is used to analyse
SEIRA mathematical model [25]. The above surveyed works shows that fractional derivatives
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have many applications in mathematical modeling and analysis of real life phenomena .The
recent A-B fractional develope has earned popularity and respect due to its immense application
in biological, physical,medical engerinnering and several other nonlinear analysis.

Motivated by the above argument , we study in the this paper SEII7 R (susceptible-esposed-
infected-infected on treatment-recovered cases).The authors have structured the rest of this
paper as follows. In section 2 , we described and formulated the rota virus model with fractional
order. In section 3 we established the existence and uniqueness of solution by exerting the fixed
point theory and the Pichard Lindelof approch. In section 4 positivity and boundedness of
solution in the sense of Atangana - Baleanu operator was shown.

2 Model description and formulation

In this section , we present the Atangana- Baleanu fractional derivative representation of HBV
mathematical model. The basic definitions of Atangana- Baleanu is given by :

Definition 1 : Let g € C'(a,b),a < b, be a function, and leta € [0, 1]. The Atangana- Baleanu
(AB) fractional derivative in Caputo type of ordera given by [23,24]

F(a) ['dg «
Dfg(t) = —FE,| — t—k)*|dk, 1
folt) = 0 | 2B - 5= 1)
where F(a) is the normalization function given by F(a) = 1 — a + T(a)> Characterized by

F(0) = F(1) = 1,and the Mittag-Leffler function E,(z) with C the set of complex number given
by

Z/B

Ea: T At 5 .
;}F(l—i—aﬁ) a,z€ C,R(a) >0

Definition 2 : The AB fractional integral of the function g € C'(a,b),a < b, is given by
[25,25,33]

_lfoz a

IF9(0) = 90+ Fraeay L 9=k &)

Lemma 1 ([25]) The AB fractional derivative and AB fractional integral of the function
g € C'(a,b) satisfies the Newton-Leibniz equality

I (DF) = g(t) — g(a).

Lemma 2 ([26,27]) For two functions f,g € B'(a,b),b > a, the AB fractional derivative
satisfies the following inequality:

1DE () = Dtg(®)[| < BIIf () — g(D)]].
The mathematical model with integer order used in this study is expressed by the equation:
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dfh(tt) = — uS(t) — arC(N)(I(t) + Q(1)S(t),
dﬁflit) = a1C(N)(I(t) + Q(1)S(t) — M E(t),
dI(t)

e Al(t) — (p+ az + A1)Q(1),
dIp(t) (3)
= (1= plagl(t) — (p+ A2)Ir(t),

dt
dCC?lit) — pasl(t) — UQ(t),
dlfhgt) = a4IT(t) — (,U + 045)R(t)?

where S(t) represent number of individuals susceptible to noro virus,E(t) represent exposed
individuals,I(t) represent individuals infected with noro virus,I; represent infected individual on
treatment, Q(t) is contaminated surface , R(t) represent recovered individuals.The recruitment
rate of the population is denoted by 3,1 is death rate due to disease, A1, Ao, ..., A5 is movement

rate from one compartment to another, 41, ...,deltas is rate at which individuals die due to
aN

1+ bN
contacts and the total population is given by: N(t) = S(t) + E(t) + I(t) + T(t) + R(t). The
natural death rate term is puN.

natural cause. C'(N) = derived in [28] is the saturating contact rate, o,b are positive

dN
In the absence of disease the differential equation of total population is e B8 — agN and

thus lim,_,o N(t) = i and it is the carrying capacity of the demographic structure under
mu

consideration. Observed thatC'(N) ~ aN for small N and C(N) ~ % for large N.We assume

here also that a patient that recovered from noro virus is susceptible to the virus as he/she has
no permanent immunity.

Thus the AB fractional order mathematical model taking into account the assumptions, the
saturating contact rate is giving by the system of differential equations:

0 PCDES(t) = Gu(t, 9),
0P DYE(t) = Ga(t, E),
0 PEDYI(t) = Gs(t, 1), )
ABC DX Ip(t) = Gu(t, Ir),
0P DFQ(E) = Gs(t,Q),
ABCDER(t) = Gg(t, R),

where the kernels are given by

Gr(t,5) = 5 - (o) — b T E D s,

Ga(t, ) = o G LEL 50) - rar(0),
Gs(t, I) = Al (t) — (n+ a3 + M)Q(Y),

Ga(t, Ir) = (1 — p)asI(t) — (p+ A2)Ir (),

G5(t,Q) = pazI(t) — PQ(1),

Ge(t, R) = aulp(t) — (u+ as)R(1),

S(0) = Sy, E(0) = Ey, 1(0) = Ip, I7(0) = I7(0),Q(0) = Qo, R(0) = Ry are the initial conditions
and by = aay, and «; is the probability per unit time of transmitting the infection between
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individuals taking part in contact or a contaminated surface, K(N) =1+ BN. In the presence

of endemic, = 8 — uN — a3 and this tells us that the population size is not constant.

dt
3 Existence and uniqueness of solutions

We shall deliberate the existence and uniqueness of the solution of the fractional order model
(4). To demonstrate the existence and uniqueness of the solution to (4) we engage the famous
theorem referred to as the Banach fixed point theorem. For and extensive study of the fixed
point and contraction, we refer the reader to [21] and the reference therein.

To show the existence and uniqueness of solution we proceed as follows. Applying the AB
fractional integral defined in (2) to model (4), we have:

S(t) — S(0) = * (a‘;‘Gl(t S) + % /0 "Gy (k. S)(t — k),

B(t) — B(0) = * (ao)‘ J(t, E) +(O§‘F/ Golh, B)(t — k)L,

1) — 1(0) = (a‘;‘ S8, 1) + o;r/ Gk, I)(t — k)~ VdE, .
12(0) ~ 1r(0) = T 860 1) + s [ Gtk -
Q) - Q) = 265 + e [ Gk @ - b
R(t) — R(0) = (03‘ o(L,R) + (o%) /O Golk, B)(t — K)°~dk.

The set B = H(J)zH(J)x...andH(J) = C[0,T] is a Banach space of real value continuous
functions defined on the interval J = [0,T] with the corresponding norm defined by:

(S, B, 1, I, @, R)|| = (S]] + [1E[| + [ + [[I7]] + [QIl + [[RI| , where, [|S]| = supe,; |S(£)],
Bl = supres [E@)], ]| = supies H@)]; [Hrll = supe;s Hr ()], [|QI] = supe, [QW)], [[R]] =
supe,y [R(t)].

Theorem 1 (Lipschits Condition and Contraction)
For each of the kernels, G (t,S), Ga(t, P),...,Gg(t,Y) in (2) there exist L; > 0,1 =1,2,3,4,5,6

such that
1G1(t,.5) = G1(t, S1)|| < Laf|S(E) = Su(®)l],
|G2(t, E) — G1(t, P2)|| < Lo||E(t) — Ex(2)]],
|Gs(t, Q) — G1(t, 1) < Ls||1(t) — Li(t)]],
|Ga(t, Ir) — G (t, Wh)|| < La||Ir(t) — Ir1(8)|],
|G5(t, Q) — G5(t, Q1)|| < Ls[|Q(t) — Q1 (1)l
|Gs(t, R) — Ge(t, R1)|| < Lg||R(t) — R1(2)]],
are contraction for 0 < L; < 1Vi =1,2,3,4,5,6.
Proof.
G1(t,8) = Gatt, 1)l = 118 = i(e) — b HEZOLS(0) = (5 - (1) - m HOEZ sy )
mg + my
< (W2 Vs - sl
< La[(51() = S@)I],
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ms3 + ms
. K(N) .
is sup;c; = Muy,||Q|| is sup;c; = Ms,||R|| is supyc; = M.

where Ly = (bo +p ||S]]is supye; = My, ||E|| is supye; = Mo, ||I|] is sup;ey = M3, ||I7]]

In a similar way, we can show the existence of L1 = 2,3,4,5,6, and a contraction principle
fOl"GQ(t, E), Gg(t, I), G4(t, IT), G5(t, Q), Gﬁ(t, R), 0<L; < 1.

We now define the recursive form of (5) for ¢t =t,,n=1,2,3, ...

_ 170( «a ¢ - a—1
5u(0) = a3 (500 + Frir /0 G (kS ) (t — k)~ Ldk,
11—« o t a—
En(t) = 7(; 2(t, Ep_1) + Fla)T /0 Ga(k, En—1)(t — k)*~'dk,
— 170{ - ! _ a—1
(1) = a3 Galt: Toct) + o /0 Gk, In_1)(t — k)*~\dk, .
Fralt) = 5 Galt Frocs) + rasay | Gatk Iraa)(e = k)™
Qult) = 18 6s(0.Qu) + s [ Gl Qo) —
Ro(t) = 1(0[‘;‘(; (t R 1) + F(aar /0 Go(k, Rn_1)(t — k)*Ldk.
The difference between successive terms in (6) are expressed as follows:
Aun(t) = S — S = ;@S‘(Gl(t, Su_1) — C1(t, Su2))+
m /0 (Gl(t, Sn—l) — Gl(t, Sn_l))(t — k)aildk,
Ag(t) = By — By = ;(Oj(Gz(t 1) — Galt, En_g))+
a t
F(a)r(a)/o (Go(t, Pu_1) — Ga(t, Pu_1))(t — k) Ldk,
Agn(t) = I — Iy = ;{Oj(Gs(t, In_1) — Gs(t, In_2))+
F(a?‘r(a)/o (Gt Tn_1) — Ga(t, 1)) (t — k) Ldk,
o (7)
A4n(t) = ITn - ]Tnfl = 1.F(Oé) (G4(t7 ITnfl) - G4(t7 ITan))—i_
t
m /0 (Galt, Irn_1) — Ga(t, Irp_1))(t — k) 'dk,
A50(8) = Qu = Quor = 75 (Galt: Qumr) — Gislt, Qua))+
AT /0 (Gs(t,Qn-1) — Gt Qu-1))(t — k),
Agn(t) = Ry — Ryt = ;( $(Golt, Fr) = Gt Fo-o)+
a t
F(a)r(a)/o (Gs(t, Ru_1) — G(t, Rn1))(t — k) Ldk.
68 IJMAM, Vol. 5, Issue 2 (2022) (©) NSMB; www.tnsmb.org

(Formerly Journal of the Nigerian Society for Mathematical Biology)



International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 2, September 2022, pages 63 - 75

Taking the norm of both sides of (5), we have

[Asn(0)]] = [1Su(t) - sn_1<t>u;;§|r<G1<t, S 1) = Gi(t, Sn )|+
AT /0 (Gt Sur) — Ga (£ Su )| (£ — k)>Ldk,
[ Asn(t)]] = ||PEn — En_1]| = }[aj‘uc:z(t, o 1) — Galt, B )|+
e /0 (Gt Buor) — Ga(t, Eu 1))t — k)*~"d,
[ Asn ()] = [T — 1] = }[aj“WGg(t,In_l) — Gyt I )|+
T /0 (Gt Tor) — Gty o )II(E — B)*d,
. (8)
A ()] = | — Irna]| = }(@H(@(f,m_l) Gty Irna))| 1+
m /O (Gt Wo1) — Ga(t, Woe )| (8 — k),
450 (1] = @0 = Qur| = 5 (G0 Qumr) = Gt Quoo)) 1+
AT /0 (G5t Qur) — Gt Quor)I|(t — k)*Ldk,
[ Agn (t)]] = || R — Ron ]| = }(a‘;nwt, Ry 1) = Ge(t, Ru )|+
F(a)F(a)/O [(Go(t, Rn—1) — Geo(t, Ru—1))||(t — k)* " dk.
The first equation in (8) is reduced to the following expression
[|Arn ()] = [|Sn(t) = Sn—1(t)]|| < ;(_QO;H(Gl(ta Sn—1) — G1(t, Sn—2))||+
Fl@)(a) /0 I1(G1(t, Sn—1) — G1(t, Sn—1))||(t — k)*~tdk,
A (b)]] < }(C;“Llusn_l(t) — Sua(t)]|+
e /O NSt (8) = Sua(®)(t — k),
A (b)]] < ;[C;“Llusn_mt) — Sua(t)]|+
i balISea 0 = S0l /O (t - k)~ Ldk,
1 -« a t o
41011 < ZallS01() = S0-20l [ + e [ (6= 00
11—« t*
Mm@l < Zall o[+ o |
Therefore,
A < Lt |5 + F(Of)r(a).1 1Asyl ©)
69 IJMAM, Vol. 5, Issue 2 (2022) (© NSMB; www.tnsmb.org

(Formerly Journal of the Nigerian Society for Mathematical Biology)



V.B. Otugene, P.C. Agina, H. Edogbanya, and D.C. Digwo

In a similarly way , we reduced the remaining expression of (8) to the form:

11—« n te
Fla) = F(a)l(o)
1—« n te
Fla) F(o)l'(«)
1—« n te
Fla)  F(a)l(o)
1—« 4 t
Fla) = F(a)l(o)
11—« te

|| A2 (8)]] < Lo [ A1) (B)]|

|| Asn ()] < L3 1 As(—1) ()]

| Aan(8)]] < La As—1) (D] (10)

[[Asn (D) < Ls [ A5 (n—1) ()]

Theorem 2: The fractional model given in (2) has a solution if we can find M satisfying

1—« te .
(F(a) N F(a)F(a)> Li<1i=1,2,..,6. (11)

From (8) and (9) we have:

ol < 15O (T + gy ) B
el < 12O | (s + Frotear ) 2|

()  F(a)T ’ (12)
)] < 10O (T3 + iy ) B
o] < 1RO |(Frs + i) L]

n

Mano] < 1RO | (s + Ty ) B

The existence of the solution is confirmed by theorem 1, and we need now to show that
the functions S(t), P(t),Q(t), W(t),X(t) and Y(t) are solutions of model (2). To show this we
assumed that the following is satisfied:

(0)
E(t) - E(O) = En(t - a2n(t)a
I(t) _I(O) = Qn(t) _QSn(t)7 (13)
IT(O) - IT(O) = ITn(t) - a4n(t)a
Q(t) - Q(O) = Qn(t) - a5n(t)7
R(t) - R<O) = Rn(t) - aﬁn(t)
From (13),
llawn ()] = ;((J;H(Gl(t, Sn-1) — G1(t, Sn—2))[|+
« t o
F(oz)l“(oz)/o 1(G1(k, Sn—1) — G1(k, Sn-1))[|(t — k)* " dk,
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11—«
2O < —=——L1||Sn(t) — Sn_1(t
lain (]| < Fa) 115 (t) 1(B)]]
tOé
——————L1||Sp(t) — Sp—1(t)||-
T 150 — Saa )]
If we were to repeat the process recursively, we have
11—« U LR "
la ()] < + LY|[Sn(t) = Sn—a (D",

| Fa) T Fa)T(a).
which at ¢ = M yields,
'1 — + ng qn+l
| Fla) T Fa)I(a).
Applying the limit to both sides of (13) as n — oo, we have see that ||a1,(t)|| — 0 for
l—a >
+
[F(Oé) F(a)l'(a)

In a similar fashion, we show that

[lawn (B[] < LY||Sn(t) = Sn—1 (8[| (14)

Jm<a.

llagn ()| = 0, llazn()]] = 0, [[aan(®)]] = 0, [lasn ()| = 0, |laen ()], = 0,

for

l-—«a t*
e+ Fr@
Theorem 1 and 2 guaranty the existence of solution of model (2) by the Banach fixed point
theorem. we shall show the uniqueness of the solution in Theorem 3.

]Lig1¢:2,3,4,5,6.

Theorem 3: (Uniqueness of Solution)

The fractional model (2) has a unique solution provided that

L; <1i=23,4,5,6. 15

e * P < 1
Proof.

We assume that S1(t), Eq(t), I1(t), Ir1(t), Q1(t), R1(t), are solution to model (4). Then,

S() - Si(t) = ;za?(Gls(t) — 81 (1)+
o _ et
Taking the norm of both sides , we have:
15(@) = S1()l] = ;(_Ojllfllll\ls(t) = S1()|1+
tOé
WHLIHHS(U = S1()]l.

Since

l-«a t*
1—
(=10 (s * e )7
we obtain ||S(t) — Si(t)|| = 0 . Thus we have S(t) = Si(t). We can also show that P(t) =

Pi(t),Q(t) = Q1(t), W(t) = Wi(t), X(t) = X1(¢),Y () = Y1(t). We have completed the proof of
Theorem 3.
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4 Positivity and boundedness

The model (4) will be meaningful epidemiologically , if the solution of system (4) with no
negative initial data will remain non-negative for all time ¢ > 0.

Lemma (1) . For all time ¢t > 0 and initial data N (0) > 0, where N (¢t) = (S(t), E(t), I(t), IT(t), Q(t), R(t)).
The solution of model () are non-negative for all ¢ > Or if there exist; furthermore lim sup N (¢) <
%. The epidemiologically feasible region of model (2) is given by

Q=:{(S(t), E(t), (1), I (1), Q(¢), R(t)) € R} <

S() + P(t) + Q) + W(t) + X(1) + Y () <N < 5}.

Proof. Applying the AB fractional integral(2) of the first equation of (4) we have:

It is obvious that

' ) + Q) (I(t) + Q(t)
ﬂﬂzﬁelkﬂ+% k(N) 1_Q&AW+M) k() N

1(t) +Q(t)))ds[ ' (I(t) + Q1))
F(a)

t
o / (1 + boar()dS
e/J0

Flo)(a) (t— w)dw} > 0.
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Similar argument goes for the remaining equations of (2)

/ )\th

E(t) = bOWS(t)e

)\th [

odt
(t— w)dw] >0,

t t
—/(u+a3+)\1)dt 1_a/(u+a3+)\1)dt
I(t) = M E(t)e Jo Farpel -

(«

ae/o A
F(a)T(a)

a /Ot(u+a3—|—>\1)dt
Fla)T(a)°

IT(t) =(1- P)Oé?,f(t)e_ /0 GRS [;‘za(;e/o (et )\2)dt+

o Joera g
Fla)l(a) ¢~ wyiu] >

Q(t) = pasl (t)e_/o vt []onje/o vt n

F(a)F(a)e/o \det(t — w)dw] >0

R(t) = 044IT(t)€_/° et b(_oge/o (ot a5)dt+

o /O(quoar))dtt_ \d ]>0
Fla)T(@)© (8= w)dw

(t — w)dw] >0

It follows from (17)and (18) that each of the solution of (2) is non negative and remain in
6
RY.
We now establish the boundedness of the solution of the fractional model (4) taking into
account that all the parameters used in the model as said earlier are non negative. we shall
continue by summing up all the equation of model (2) which gives

DEN = 8= uN — NIy — WQ(t) — as R(1),

DN (t) — uN(t) < B,

t t
dt dt
(D;W(t) _ ,u,N(t> e/O " 56/0 :

)

N(t) <

T l®

It is not difficult to observe that N (¢) — p as t — oco. Hence (16) is the biologically feasible
L

region of (4).
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5

Conclusion

In this work ,we studied a SEII;R epidemic mathematical involving the Atangana-Baleanu
fractional order which does not contain a singular kernel. further, the existence and uniqueness
of solution for equilibrium solutions have been proved by engaging the the Banach fixed point
theorem.
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related to autoignition of combustible fluid in
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Abstract

Autoignition of combustible fluids in insulation materials is one of the major problems
facing the processing industries and many developing nations because it leads to serious
environmental problem. This paper presents an analytical solution to a free boundary value
problem related to autoignition of combustible fluids in insulation materials. The aim is to
ascertain whether such a system is safe or if it will undergo ignition for a particular set of
conditions. The conditions for the existence of unique solution of the model is established
by actual solution method. The properties of solution is examined. The analytical solution
is obtained via polynomial approximation method, which show the influence of the
parameters involved on the system. The effect of changes in parameters such as the Frank-
Kamenetskii number, Lewis number, Nusselt number, condensed reactant diffusion
coefficient and the endothermicity are presented graphically and discussed.

Keywords: autoignition; combustible fluids; free boundary; heat transfer; insulation materials;
polynomial approximation method

1 Introduction

The fuel’s autoignition is usually caused by a leaking of a combustible liquid into insulation material
surrounding a hot pipe. Leakage of flammable liquids into isolation layer during a transportation or
technological process can lead to spontaneous fire of the fuel. Since the insulation is a porous medium
containing an oxidizer, the exothermic oxidation reaction can lead to a substantial self-heating of the
fuel and its ignition and, as a result, to destruction of the pipeline [10].

Models of combustion are characterized by two phenomena; ignition and explosion [2, 5].

The investigation of the autoignition process has been carried out by many authors. McIntosh
et al. |7] presented a mathematical model for the autoignition of combustible liquid in an inert porous
material. The simple model takes a spatially uniform approach to both the energy equation and the
liquid equation for the fluid and predicts a watershed temperature and thermal runaway. Mclntosh
and Griffiths [6] presented the mathematical foundations for a simple theory for investigating the
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phenomenon of ignition of flammable fluids in lagging material that are used for insulation of hot
pipework, for transport of heat transfer fluids, or other similar situations. A theory to explain these
findings was presented which shows that there is a watershed temperature beyond which substantial
self-heating will take place. Although the theory does not take account of diffusion, it simulates the
main physics of the phenomenon. Truscott ¢f al. [12] examined an initial value problem related to
autoignition of combustible fluids in insulation materials and investigated the effect of diffusion on
the system. Brindley e 4/ [3] developed the theoretical background and the limiting criteria for safe
operation on autoignition of combustible fluids in insulation materials and discussed the magnitudes
of the parameters that may be used to compare theory with experiment.

Popoola and Ayeni [8] extended the model in [12] to a free boundary value problem by
assuming that the reactant is not confined to a fixed space. Shchepakina [11] investigated the critical
conditions for autoignition of combustible fluids in porous insulation materials. This work
concentrated on the critical case which is concerned with the phenomenon of delayed loss of stability
in the dynamical model. The realizability conditions for the critical regime are obtained. Shchepakina
[10] investigated an autoignition of liquid fuel due to leaking into insulation porous material
surrounding a pipeline. By application of the geometric theory of singular perturbations, he described
all possible scenarios of the process, reveal the critical condition for the autoignition, and calculate the
maximal safe temperature of fuel’s heating.

In this paper, an approximate analytical solution capable of predicting the temperature
distribution in a process of autoignition of combustible fluids in insulation materials is presented. For
this we shall follow the method proposed in [9].

2 Model formulation

The work in [8] is extended by considering the model geometry which may be represented by a single
characteristic dimension to be sphere. The model variables expressed as a function of spatial co-
ordinate r, 0<r<R, and time t, t >0, are the matrix temperature T(r,t), the concentration of

condensed reactant Cf (I’,t)and the concentration of oxygen COX (r,t).The formulation of our

model is guided by the following assumptions:

1 Initially, a known amount of fluid is soaked uniformly within the block of insulation and
there is air present throughout the porous structure.

2 The initial temperature of the system is known.

3 The reactant is adsorbed in the liquid state on the pore surface within the insulation matrix.
It may react in this condensed state or it may evaporate.

4 The exothermic oxidation occurs by reaction between gaseous oxygen in the pores and the
condensed reactant.

5 The order of reaction with respect to the gas-phase oxygen concentration and the
condensed fluid concentration is greater than one.

6 The vaporization is related to the condensed fluid concentration and its temperature
dependence is expressed in an Arrhenius-like exponential form.

7 The convective heat transport of gaseous components is ignored, as are pressure gradients

within the matrix.

Based on the above assumptions, the respective conservation equations in spherical coordinate system
are thus:

E E,
ﬁ: kZQ(rZﬁj+%C?Ccﬁe RT _che RT 1)
ot pcreor or o 8 o8
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oC D oC _E _E
atf :—;aﬁ(rz afJ—ACf‘Cofie RT_FC,e ® ®)
r or r
E
Coy =D—202 r2 Lo —VAC{Cle fT, 3)
ot r<or or

with the initial and boundary conditions:

oT « 0T
T(r,0)=T,, — =0, kK — =h{T,-T S(t
(r ) 0 or o or () ( 0 |r:s(t))5( )
oC . 0C .
oF (I‘,O) =Cyo, arf =Y f é‘rf = _kmf (Cfo +C; r=s(t))5(t) ) )
r=0 r=s(t)
oC . 0C
C,\r,0)=C,_,, X =0, = =—k. ,\C C S(t
ox (r ) ox0 ar r:O 0 ar ) mox( oo T 0X|r:s(t)¥( )

s'(t):tiy, 0<r<s(t)

where C, is the concentration of Oxygen, C; is the concentration of condensed reactant, D; is the
Oxygen diffusion coefficient, D, is the condensed reactant diffusion coefficient, p is the density of
the reactant, K is the thermal conductivity of the medium, ¢ is the heat capacity of the medium, Q
is the enthalpy of oxidation (exothermicity), Q, is the enthalpy of vaporization (endothermicity), R

is the universal gas constant, T is the temperature of the medium, E is the activation energy

(reaction), E, is the activation energy (vapotization), T, is the initial temperature of the medium, V
is the stoichiometry coefficient, C,,, is the initial oxygen concentration within the insulation block,
C;, is the initial concentration of the uniformly distributed fluid, t is the time, A is the pre-
exponent factor (reaction), F is the pre-exponent factor (vaporization), & and f are the order of
reaction, I' is the spatial coordinate, S(t) is the moving boundary, D; is the effective Oxygen
diffusion coefficient, D: is the effective condensed reactant diffusion coefficient, k™ is the effective
thermal conductivity of the medium, K, is the condensed reactant convective mass transfer
coefficient, K,,, is the Oxygen convective mass transfer coefficient, N is the convective heat

transfer cocfficient, hT,$(t) is the heat encrgy released per unit time by the reaction, hT|r:S(t)S'(t) is
the energy flux induced by the motion of the boundary preserve energy conservation, K ,C, OS(t) is
the number of moles per unit time of condensed fluid, K, C; ‘r_s (t)S'(t) is the mass flux of

condensed fluid induced by the motion of the boundary preserve mass conservation, kmOXCoxoS(t) is
the number of moles per unit time of oxidizer that diffused into the system for the reaction,

kmox C

°X|r:s(t)s(t) is the mass flux of oxidizer.
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3 Method of solution
3.1 Dimension analysis

Dimensionless variables for space and time is been introduced as:

r':L t' = A (5)

Jors(t) o

Dimensionless variables for medium temperature, condensed fluid concentration and oxygen
concentration is been introduced as follows:

E C, C
0=——(T-T, 5 = > :¢> Evana €= > 6
RTOZ( o) v Cio / C.o E ©

_ 1
where S(t) = (1— }/) "t s moving boundary. Here, we choose y = > as in [8].

Using (5) and (6), and after dropping the prime, equations (1) - (4) become

00 Le o ,00 2 no
Lo 2 r2 2 Swidletrel — Syelted 7
ot r? ﬁr( arJ V' e )
8(// 10 2 81// a s p % 1n69
! —_- r _r | = e +eb __ +e 8
6’[ r2 ar( ar j O-ll// ¢ Gzl/je ( )
op _a, O za‘//J a 4B %
- - r | — e +e 9
ot r? ar( or pve )
6(r,0)=0, 2—9 =0, 2—9 =—Nug| _ 2
r r|._2 =
r=0 an e
w(r,0)=1, L 14yl 2 |}, (10)
or |, ori|,_ 2 "~ o,
Jor
#(r,0)=1 9y, % =—Sh,|1+4| 2
or| or|,__2 N
Jor
O<r< 2
\/Df
where
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E

2 [—
Als(t (0% Cﬂ e RTy
is the Lewis number, o = Q ( ( )) £0~0x0
peD; 4eT,pc

is the Frank-Kamenetskii number

Le =

E

QVF(s(t))ZCfOeiFTT0

(reaction), o, = is the Frank-Kamenetskii number (vaporization),

4eT,pC
2 o — 2
D, _A(s(t)) CfpiChee T _F(s(t)) e
@=g5-. o= 1 O =
f
E
, _E
A(s(t)) C#,Clule Kot /D
B = a (S( )) 4f0 a0 © , Shy = me* " is the Sherwood number (condensed fluid),
f

kmox V Df h Df
Sh  =——— is the Sherwood number (oxidizer), = Nu= % is the Nusselt number.

0oXx *
0

3.2 Existence and uniqueness of solution

0
Theotem 3.1: Let Le=a, =0, =0, =, =Nu=Sh; =Sh,, =1 and 0, = 5 Then there
exists a solution of (7) — (9) which satisfies (10).

Proof: Multiply (8) and (9) by E

and adding the resulting equations, we obtain

aﬁ_iﬁ(rz@_(ﬂj

ot riorl or
(11)
o(r,0)=0, %) = @ =—[5+(p| o J (12)
or |, or|,_2 SNCH
o
where

ol )= 00,0+ S )+ 4(1.0).

Assuming a polynomial solution of the form (see, [9]):

p(rt)=c,(t)+c, (t)r+c,(t)r?, (13)

we obtain the approximated solution of equations (11) and (12) as
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4

¢&¢):5‘ff+{i+lgz}®+(5—bkaﬂ—JBTQ5+®+(5—bkaﬁﬁz (14)

where

240D, 12
a= ,
40D, +8./D, —32 D,

Then, we obtain

5./D,
4

+[1+ ‘/?J(m (5—be)-

(o+b+(5-be™)

~6(rt) |- 4(r,t) (15)

SRR
o

4

@ + [1+ @J(b +(0-be™ )—

—0(r,t) [~y (rt) (16)

SN
o

f (5+(b+(§—b)e’at))

4

5‘/4[Tf + [1+ ‘/?](b +(5- b)e‘at)—

olr.1)- -2+ 4(r.0) a7)

Do vloetove)

Hence, there exists a solution of problem (7) — (10). This completes the proof.

3.3 Properties of solution

Following thermal ignition theoty, it is necessary to assume that there is always sufficient oxygen and
fuel present in subcritical conditions so that the behaviour of the system is then governed solely by
the energy conservation equation (7). That is y and ¢ are assumed constant.

Lemma 3.1: Let €—>0. Then the parabolic differential equation (7) with initial and boundary
conditions (10) has a unique solution.

Proof: It suffices to show that the Lipschitz condition is satisfied. That is if we are able to show that
[f(r.t,6,)— f(r,t,6,) <kl6, -6,

From (7),
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f(r,t,0)=0oy"p’e’ —Sye".

By mean value theorem

of
— =0y g”’e’ —5nye"™.
20 v nye
But
of . ) o )
max£ is achieved when n=0 and €° =1 ie. n=0 and @ =0.
Hence
of
k =max— =Sy “¢” .
20 %Y ¢
Therefore,

1f(r,t,6,)— f(r,t,0,) < sy*¢”(6, - 6,|.
Since the Lipschitz condition is satisfied, equation (7) has a unique solution. This completes the proof.

For a well stirred reaction when the activation energy for reaction is the same as activation energy for
vaporization, i.e. N =1 and in a high activation energy situation €— 0, equation (7) reduces to

do

= OveeTe o, 0(0)=0 (18)

Solving (18), we obtain

As t= , Ot) > 0. (19)
( )

1
Hence, Q(t) —> 0 is thermal runaway and t = (

Y] is actually the time of thermal
Sy e’ — o)

runaway.

3.4 Analytical solution via polynomial approximation method
In the presence of diffusion, assuming constant i and ¢, equation (7) can be solve analytically in

the limit €—0. Follow the idea in [1], we assume the expression for exp(¢9), that is,
exp(0)~1+(e—-2)9 . (20)

Then (7) and (10) can be written as:
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00 Le o( ,00 5
0L S0 oy e~ 20)- i (e~ 2 &)
6(r,0)=0, 00 =0, 00 =—Nug| _ > 22)
or |, or|,_ 2 "~ o,
Jor

Here, we assume polynomial solution of the form (see, [9]):
o(r.t)=a,(t)+a,(t)r+a,(t)r*. (23)

Applying the boundary conditions as given in (22), we obtain

Nu,/D
2, ao(t)£1+u—\/7fJ0| 2 (24)

R

Then, equation (23) becomes

Nu,/D
o(r,t)=| 1+—Y—_ |¢| r? (25)
4 )
For long spherical shape (see, [4]), we have
= ol
7 _3j0 r’odr (26)

where 0 is the average temperature.

Equations (26) gives the relations

_ Nu,/D
g-| —% |1+ f —96Nl: o > 27)
D, /D, 4 2007 | " 5

And

Nu
2 _ 8 D; 96Nl;_l 94 . 28)
ot D, /D 4 20Df |ot |,_ 2
Jor
Integrating (21) with respect to X, yield the following equation
0
—0 +p6_2 =q. (29)
a2
Jor
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Solving (29) gives

o :ﬂ 1-e ™).
|r‘ﬁ p( e ) (30)

Substituting equation (30) into equation (25) gives

e(r’t):%£1+%](lept) qNU\/E(i‘e_m)ﬂ (1)

where

+

o, ' b5

12LeNu 88y ¢’ (e 2)
D

8 [, NuyD: | 96Nu |
\/_ 4 20D?
8 “ip
Df\/D—f(&// ¢’ —oy)
8 [, NuyDr | 96Nu
Df\/D7f 4

20D?
The computation was done on equations (31) using computer symbolic algebraic package MAPLE
2021 version.

q:

4 Results and discussion

Simulation was carried out to show the impact of the model parameters by employing Polynomial
Approximation Method (PAM) on the equation (7). The equation was solved over spatial co-ordinate
and a specific period of time using Polynomial Approximation Method. The computation equation
(31) was done using MAPLE 2021 version. The parameter values used in the simulations are

N,=4,8,12,D,=03,0.5,0.7,Le =0.1,0.5,1.0,0 =275,y =0.1,n =2, 0 =2, =2,8 =2, 4,

6,6=0.4,0.6,0.8

Numerical simulation of Frank-Kamenetskii number, Lewis number, Nusselt number, condensed
reactant diffusion coefficient and endothermicity number was conducted to see whether or not these
parameters contribute significantly to the medium temperature.

Figure 1 depicts the graph of medium temperature € (I’,t) against spatial co-ordinate I' and time t

for different values of Frank-Kamenetskii number & . It is observed that the temperature of the
medium increases with time and decreases along spatial co-ordinate but this medium temperature
decreases as Frank-Kamenetskii number increases.

Figure 2 displays the graph of medium temperature € (I’,t) against spatial co-ordinate I' and time t

for different values of Lewis number Le. It is observed that the temperature of medium increases
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with time and decreases along spatial co-ordinate but this medium temperature increases as Lewis
number increases.

Figure 3 shows the graph of medium temperature H(I‘,t) against spatial co-ordinate I' and time t

for different values of Nusselt number NU. It is observed that the temperature of medium increases
with time and decreases along spatial co-ordinate but this medium temperature decreases as Nusselt
number increases.

Figure 4 displays the graph of medium temperature H(r,t) against spatial co-ordinate I' and time t

for different values of condensed reactant diffusion coefficient D, . Itis observed that the temperature

of medium increases with time and decreases along spatial co-ordinate but this medium temperature
increases as condensed reactant diffusion coefficient increases.

Figure 5 depicts the graph of medium temperature H(r,t) against spatial co-ordinate ' and time t

for different values of endothermicity number 6. It is observed that the temperature of medium

increases with time and decreases along spatial co-ordinate but this medium temperature increases as
endothermicity number increases.

6(

Figure 1: Effects of Frank-Kamenetskii number on medium temperature
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Figure 2: Effects of Lewis number on medium temperature

Figure 3: Effects of Nusselt number on medium temperature

86 IIMAM, Vol. 5, Issue 2 (2022) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



R.O. Olayiwola, J.T. Fadepo, A.S. Gimba, A.W. Abubakar, A.B. Zhiri, and
F.E. Okoosi

Figure 4: Effects of condensed reactant diffusion coefficient on medium temperature

Figure 5: Effects of endothermicity number on medium temperature
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It is worth pointing out that the effects observed in Figures 1 - 5, are important to guide insulation
materials manufacturers so as to provide safety precautions during storage and usage.

5 Conclusion

For a well stirred reaction and in a high activation energy situation €— 0, we have found that thermal
runaway could still occur when the activation energy for reaction is the same as activation energy for

vaporization, ie. N=1. That is O(t)—> o as t — ;L
(5Wa¢ - 51‘//
solution of the problem implies that the problem represents a physical situation under specific
conditions. In the presence of diffusion, the analytical simulations showed that increase in both Frank-
Kamenetskii and Nusselt numbers reduced the medium temperature while increase in Lewis number,
condensed reactant diffusion coefficient and endothermicity number enhanced the medium
temperature. Therefore, the established conditions and the results obtained are not expected to guide
manufacturers of insulation materials but provide safety precautions during storage and usage.

). The existence of the unique
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Statistical analysis of academic performance among
pupils in primary schools. a yardstick for an unbiased
decision - making

D.M.O. Omebo*, A.Y. Emmanuelf, T.D. Ailobhio*}, and G.I. Fanen"*

Abstract

This paper is an extract of the research findings that was carried out in Ofu local
government area of Kogi state in 2021 which was used to resolve the conflict that broke
out as a result of the proposal to establish Government model Science College by the Kogi
state. Government. The bone of contention then was either to establish model boys’
college or model girls’ college in the local government. This necessitated the research to
find out if performance depends on sex or not. An analysis of variance for categorical data
(CATANOVA) was used in carrying out the test. It was discovered that performance
depends on sex, and that male pupils performed better than the female pupils. Hence,
Government boys model college was recommended. All the findings were based on the
performance of male and female pupils in primary six using common entrance
examination results for 2019 since there was no common entrance examination for 2020
due to covid-19 pandemic.

Keywords: sex; Chi- square; catanova; performance.

1 Introduction

The growth of statistics over time and its role in problem solving cannot be over emphasized. This
has made itself felt in almost every phase of human endeavor. Statistics provides models and
theories that are needed to study situations involving uncertainties. One of such problems that these
models and theories can be employed is that which confronted Ofu Local government area of Kogi
state in 2021.
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The Kogi state government of Nigeria announced the proposal to establish a new single sex
model college to be located in Ofu local government Area of the state. As usual both sexes began to
give reasons why it should be boys model college or girls model college. All efforts to resolve this
problem to no avail. This necessitated research to find out if performance is dependent on sex or
not. This is because the sex that performed better will be able to feed the college with the desired
quality and quantity of students needed by the new college.

There are three districts in Ofu Local Government. These include Ugwolawo, Igalaogba and
Itobe districts. Data on performance was categorize into male and female.

This study is therefore aimed at finding out if performance between the males and females in
the local government is the same or not. Hence, this study investigates the comparative academic
performance between male and female pupils in primary six across the districts of Ofu local
government area of Kogi state.

1.1 Aim and objectives of the study
e To ascertain if performance is dependent on sex
e To determine which of the sex should have the school
e To resolve the conflict already created by this agitation.

1.2 Nature and scope of study

There are 53 primary schools in Ofu Local Government Area of Kogi State out of which samples of
20 primary schools were taken. The primary schools in kogi state like their counterparts in other
states are controlled by the state primary Education Board which is now called state universal basic
Education Board (SUBEB) which in turn is controlled by the state ministry of education. It is this
state ministry of education that provides an approved syllabus to be followed by the primary schools
and at the end of the six-year programme, the pupils sit for common entrance examination which
qualify them to go to secondary schools. The examination is made up of three papers. These are:
Paper 1(English language), paper 2 (Mathematics) and Paper 3 (General paper). At the end of the
examination, successful candidates are classified into five groups — Distinction(A), Good (B), Credit
(©), Fair (D) and Pass (E). Similarly, unsuccessful candidates are awarded (F). All findings are based
on the analysis of this examination results from the sampled schools from the various districts.

1.3 Sampling techniques

Out of the 53 primary schools in Ofu Local government Area, I sampled 20 primary schools
according to the classification below.

Sampling distribution of the primary schools in Ofu local government area

Districts Number of schools
Ugwolawo 9
Igalaogba 6
Itobe 5

The researcher used stratified random sampling techniques to represent the entire Ofu Local
Government Area. The local Government has three districts so that communities were used as the
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stratifying factor. Ofu Local Government Area comprises of eighteen communities, which is
grouped into three districts forming the strata, from which simple random sampling was used.
Ugwolawo district consists of Ugwolawo, Ogegume, Ojofa, Obagwu, Umomi, Akpagidigho, Alome,
Ikagbo, and Ugbogbo, while Igalaogba district is made up of Aloma, Igah, Ejule, Ogbonicha,
Ogbulu and Ikeje. Finally, Itobe district comprises of Ojodu, Adumu, Aloji, Itobe and Ochadamu.
Also, I used proportional allocation of sample size according to the weight (number of the
communities that each group consists in terms of number of primary schools in each group).

2 Literature review

Even though many studies have been carried out to ascertain the dependence of performance on
one factor or the other, majority of them if not all were carried out using the results from
examinations such as first school leaving certificate (FSLCE), Senior school certificate examination
(SSCE), University matriculation Examinations (UME) among others as their only source of data for
the analysis which this study frown at due to gross examination malpractice usually associated with
the conduct and marking of the scripts by the authorities concern.

In order to ascertain if boys are more brilliant than girls, [5] investigated into the performance of
boys and girls in a sample of 32 primary schools Nsukka Educational Zone. From the report of his
findings, he asserted that boys are more brilliant than girls all within primary school age.

Another research carried out by [1] on how the shift system affects the academic performance of
primary school pupils in Enugu using qualitative data based on 1978 only, he came up with the
following results: first, that the morning session pupils performed better than the afternoons.
Secondly, that this disparity in performance was as a result of the fact that shift one had relatively
more qualified and trained teachers than shift two. [12] carried out research on school location and
academic performance of pupils in English language in primary schools. He reported that there is a
significant difference in the academic performance of pupils in urban and rural primary schools in
English language.

3 Methodological frameworks

The methodological framework for this study is a two-way analysis of variance for categorical data
(CATANOVA).

A two-way Catanova with chi-square tests for interaction.

Consider a two-way experimental situation with a k-dimensional vector of responses
{ (ny) K,i=1,2,...1,j=1,2,...,]} recorded in frequencies in the (ij)" plot. We assume a multinomial
probability model, namely

Pr({njy}k/ {mu} knp)= nij |/ [L{nijk!} (@il (n™
nijk = 0,1,...,0;

0= my =1

Nij = X nijk s held fixed

Nijk, ni’ j' k are independent V i# i/
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The hypothesis to be tested are:
HR: [1ijk == [1jk , there is no row effect

HC: : [Tijk == [l ik, there is no column effect
HRC: : [1ijk == 1k, there is no row x column interaction.

The expectation of the sample estimate of : [ ijk is given by the linear model
E (I* ijk) pk+Tik + Bjk + Aijk,

where pk, Bjk and Adijk assume their usual meaning of constant, row effect, column effect and
interaction respectively.

The hypothesis, HR, HC, and HRC will be seen to be respectively equivalent to
Hi: Tik = 0 Vi, HB: Bjk = 0 Vjand Aijk =0 Vi,j.

The parameters: [] ijk may be considered fixed or random with probability density h( I ijk), over
{0,1} depending on whether I and ] ate random or not, [13,14] Specially,
g([1ijk) if I and ] are random, o< [[ ijk< 1
h(Ilijk) = g I1Ijk) ifIis fixed and ] random 0= []jk<1
g(Ilik) if 1is random and J fixed, 0= : [Tik < 1.

We shall now consider the sum of squates (SS) for {nijk}k. This may be obtained, [6,7,8,9,10, 13]
also [2,3], as the trace of the sample variance- covariance matrix. That is

SS(nijk) = X var (nijk)
Upon further simplification, we have that
TSS = n- X, n2..k/n  as the total sum of squares

BRSS =n- X, n2ik/ni, as the between row sum of squares
BCSS =n - E}-k n2.jk/nj, as the between column sum of squares

WUSS =n - Ei}-k n2ijk/nij, as the within unit sum of squares,

where
N=2%n =X nj X;nij
RSS =TSS—BRSS = %, n2i.k/ni - X, n2..k/n
CSS=TSS—BCSS= =n- ¥, n2.jk/nj - I, n2.k/n
NSS = BRSS + BCSS - TSS — WUSS
=n- X, n2ik/nij - X n2ik/ni - ¥, n2.jk/nj + X, n2.k/n

We may reject HR, HC and HRC respectively at specified a-level of error if
w2 0@ ang e
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where

v’k = (K-1)(n-1)RSS/ TSS
= (K-1)(n-1)css/TSS
ar = (K-1)(n-1)NSS/TSS

XZ(:

3.1 Materials and methods

Below is the data layout for a two — way analysis of variance for categorical data (CATANOVA).
This was given by Table 1 [4]

Districts | Ugwolawo Igalaogba Itobe
Response | A B C D E F T |A|B|C|D|E|F A |B C D |E F T
S
Males N1 | N2 | 0113 N4 N N m | n | ninnfinin N1 | 32 | M133 | N34 | 135 | D136 | 113,
5 6 1. 12 1 1 1 1 1 31
1 l2]2]2]2]:2
203 4|5 |6].
Females n2 [n2 |n21 |n214 |n2 |n2 |n |n |n|ln|n|ln|ln n |n2 |n2 |n2 |n2 |n2 | n23.
11 |12 |3 15 |16 |2 (2 (2]2]2]2]2 2 132 |33 |34 |35 |36
1. 12121212122 3
1 121314]56].]1
n.jk nl |nl |nl13 | nl1l4 |nl|nl|n |n|nln|n|nln n. | n3 |n3 |n3 |n3|n3|n3.
1 2 5 6 1. |. A U I 3 12 3 4 5 6
2121212122 1
1 (213|456
Table 1. Data layout for two-way Catanavo
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DISTRICTS
Ugwolawo Igalaogba Itobe T
sex |[A|B |C | D|E|F|ni |A|B|C|D|E|F |n A |B Fln |ni ni.
1. 2. i3k
ma |1 [62|58|1 |5 8|40 |71 |75(4 2|3 5230|1015 71313 [18]|1 11210
le |3 5137 51416 317 |2 5131119 |5 311 |47
9 77 6 610
fe |8 |51 (48 |1 |5 83239482 |3 |3 |51 [24|43|2 6|11 |11 |1 112175
ma | 0 1 10 |5]|5 91719 3 0 41816 |9 |0 11017
le 9 |2 3 910
To |2 |11 |10 1117311127 7110 54157 1154 [30]2 214 |18
tal |13 |6 |1 612 10 |3 [4|1]|5]3 |6 [0 |2 31217 |8 |5 51104
9 518 916 19 9 510

Table 2: Two — way Catanova test on performance of male and female pupils of primary in Ofu
local Government Area of Kogi State in common entrance examination for the year 2021

Total sum of squares (TSS) =n - X, n2..k/n
= 1804 - (479 + 308> + 259 +93* + 255* +410%)/ 1804
= 1804 - 633160/1804
= 1804 — 350.9756
TSS = 1453.0244.

Between sex sum of squares (BSSS) = n- X, n2i.k/ni

= 1804 — (317 + 189> + 156 + 39> + 136> + 210%/1047 + (162> + 119> + 103°
+54% + 119> + 200%) / 757
= 1804 - (214.5778 + 142.7880)
= 1804 - 357.3664
BRSS = 1446.6336.

Between districts sum of squares (BDSS) = n - X5 n2.jk /nj

= 1804 - (219 + 113>+ 106> + 21 + 105> + 1683/ 732 + (110> + 123* + 74?
+11* + 75" + 1399 /526
= 1804 - (152.5355 + 96.4469 + 112.1521)
= 1804 -361.1345
BDSS = 1442.8655.

Row sum of squares (RSS) = TSS — BDSS
= 1453.0244 — 1446.6336
= 0.3908
RSS = 6.3908.
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Column sum of squares (CSS) = TSS — BDSS

= 1453.0244 - 1442.8655
= 10.1588.

Source of variance

Degree of freedom

Sum of squares

Row or factor levels or sexes 1 6.3908
Districts 2 10.1588
Sex x districts 10 1.3334
Residual 1790 1435.1414
Total 1803 1453.0244

Table 3: Catanova table

Ho: Performance is independent of sex.
H1: Performance is dependent on sex.

The test statistic = * s = k — 1(n-1)RSS/ TSS
= (6-1)1804 — 1) 6.3908/ 1453.0244
= 39.6504

)/mb = )/m'()s)(lfl)(k’fl) =

Decision Rule: Reject Ho if y7 ey 8™ 472

)/ (0.05) (2-1)(6-1) - 11070

Conclusion:
Since y i =30.6504 > ¥ wn = 11.070, we reject Ho and conclude that performance depends on the
sex.

To determine which sex perform better than the other, we obtain the proportions of students that
passed and failed for each of the sex as follows:

Proportion of males that made grade A is:
Paa = naa/Nm = 317/1047 = 0.30.

Proportion of females that made grade A is:
PFA = nps/Nr = 162/757 = 0.21.

Proportion of males that made grade B is:
PMB = nmb/Nm = 189/1047 = 0.18.

Proportion of females that made grade B is
PFB — I’IFB/NF — 119/757 = 0.16.

Proportion of males that made grade C is
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Pye = I’IMC/NM = 156/1047 = 0.15.

Proportion of females that made grade C is
Prc = nre/Nr = 103/575 = 0.14.

Proportion of males that made grade D is
PMD — I’IMD/NM — 39/1047 = 0.04.

Proportion of females that made grade D is
Prp = nep/Nr = 54/757 = 0.07.

Proportion of males that made grade E is
Pye = l'lME/NM = 136/1047 = 0.16.

Proportion of males that made grade F is
Pur = I’IMF/NM = 210/1047 = 0.20.

Proportion of females that made grade F is
Prr = nFF/NF - 200/757 = 0.26.

The proportion of males that made grades A, B, and C are more than the females that made grades
A, B, and C. Likewise, the proportion of males that made grade D, E, and F are less than that of
the females that made grades D, E and F. We conclude that male pupils in the Local Government
perform better than their female counterpart.

4 Conclusion

From the foregoing, it shows that performance depends on sex. This means that performance of any
chosen pupil depends on sex of the pupil. From the result obtained, pupils from male pupils
performed better than the females. The researcher therefore recommended that boys model science
college should be established since more qualified males will be available to go the school
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Solution of substance abuse and domestic violence
mathematical model using Homotopy pertubation
method

E. Azuaba®, T. J. Oluwafemit*; N. I. Akinwandet, D. Bakof, and J. Dayap$

Abstract

In this study, homotopy perturbation method was applied for the approximate solution of
a mathematical model of substance abuse and domestic violence. The system of model
equations developed was transformed into series of differential equations which enables the
series to converge which gives the approximate solution required.

Keywords: substance abuse; domestic violence; homotopy pertubation method (hpm)

1 Introduction

Domestic Violence the violence occurring in the family or domestic unit, including, inter alia, physical
and mental aggression, emotional and psychological abuse, rape and sexual abuse, incest, marital rape,
ot rape between regular or occasional partners and cohabitants, crimes committed in the name of
honor, female genital and sexual mutilation, and other traditional practices harmful to women, such
as forced marriages [3]. Intimate partner violence is a more specific term defining one of the most
common forms of violence against women which refers to a pattern of assaultive and coercive
behavior by an individual against her/his partner that may include physical injury, psychological abuse,
sexual assault, progressive isolation, stalking, deprivation, intimidation, and reproductive coercion [10].
Domestic violence is now considered as a global health issue and a threat for women’s health [5,10].
The wortldwide prevalence of IPV among all ever partnered women was 30.0% [4]. 5.3 million cases
of domestic violence among women 18 years of age and older is happening in the U.S., leading to
about 2 million injuries and 1,400 deaths every year [10].
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Domestic violence is not only against women, but men have also been found to be abused by their
partners [5]. One of the most common risks found in several cases of domestic violence is that the
petrpetrators were tested positive for drugs and/or were under the influence of alcohol, some studies
found that there are strong correlations between alcohol addiction, drugs and marijuana during the
act of violence [7,3,5].

Homotopy Perturbation Method (HPM) is a power series expansion method used in the solution
of nonlinear partial differential equations which transforms the original non-linear differential
equations into a series of linear differential equation [8,6]. [1] obtained the approximate solution of a
deterministic mathematical model of zika virus using Homotopy Perturbation Method. [8] applied
HPM in solving non-linear differential model equations. [6] solved a mathematical model of Ebola
Virus disease transmission dynamics using HPM, the model is a coupled non-linear differential
equation.[9] applied HPM to solve a system of non-linear ordinary differential equations used to model
Rabies disease. The results obtained was compared with Runge-Kutta fourth order and nonstandard
finite difference method and it shows to be a reliable method of solution.

Mathematical Model has been formulated to study dynamics of domestic violence [2]. In this
work, a new mathematical model was formulated in cooperating violent individuals who are substance
abuser.

2 Model formulation

as

== A—BAS = BVS — piS, 1)
2 = BAS + BLAV — (1 + 81 + £ + )4, ©)
S = BVS — (s + ¢y + 0 + WV, ©)
T8 = AV + 1,V — (3 + 0 + 1)V, @
S = 1%, + AV, + bV, — (64 + 8, + 1)V, ©)
8= 914+ GV + baVa + PV — iR, ™
Variables:

S = Susceptible Individuals

A = Substance Abusers

V' = Violent Individuals

IV, = Violent Individuals who atre substance Abusers
V, = Victims of Domestic Violence

R = Recovered

Parameters:
B = Contact Rate
¢ = Recovery/ Treatment rate

&1 = Substance abused induced death rate
&, = Violence induced death rate
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K1= movement from V to I,
6 = Rate at which V and V, are caught
& = rate at which substance abusers are apprehended
T = Victim recruitment
= contact that results into domestic violence
b = parameter defined by increase in violence due to substance abuse

3 Method and materials

To illustrate the HPM, we consider the following non-linear differential equations given by

KW) - fr) =0,req, ®)

subject to the boundary conditions;

B(v2)=0rer )
) an ) bl

where K is the general differential operator, B is the boundary operator, f(r) is the analytical
function and T' is the boundary of the domain (). The operator can be divided into two major parts
I and N being the linear and non-linear component respectively, where equations (8) can be re-
written as

LWU)+NWU)—-f(r)=0req. (10)

The HPM is structured as follows:

H(v,p) = (1 = p)[L(v) = L(uo)] + p[A(v) = f(r)] =0, (11

where

v(r,p):Q €[0,1] = R,

and p € [0,1] is an embedding parameter and Uy is the initial approximation that satisfies the
boundary conditions. The solution to equation (11) can be assumed as power series in P as follows:

V=V, +pV,+p?V, +... (12)
Setting p = 1, the approximate solution of (1), therefore can be obtained as

U=1lmV =V +pVy +p*V, +... (13)
p—)
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4  Solution of the model equation

S A+ BAS+ VS +pS =0, (14)
82— BAS — BLAV + (1 + 81 + £+ A = 0, (15)
S —BVS+ (e + 2 + 6+ 1)V =0, (16)
T8 B AV — 1,V + (3 + 0 + W)V = 0, (17)
S 1Y, — aVV, — abVoVy + (4 + 8, + 1)V, = 0, (18)
S — 914 — bV — P3Va — paVy + uR = 0, (19)

with initial conditions

5(0) = So; A(0) = Ag; V(0) = Vo; Vo (0) = Vgy; B, (0) = Vs R(0) = Ry,

Let

S =ay+pa, +p?a, +... (20)
A = by + pby + p?b, +... 21)
V =cy+pcy + pic, +... (22)
V, =do + pdy +pid, +... (23)
V, = ey + pe; +pe, +... 24)
R =x¢ +px; + p2x, +... (25)

Applying HPM to equation (14) — (19) using (20) — (25)
we have the followings:

From equation (14)

a-p=

S+ p[S—A+BAS+ BVS + S| = 0. 26)
Substituting (20) — (25) into (26) and simplifying we have

(ag +pai +p*a; + ) + plag + pa, + paz + -+ )(B(bo + pby + p?by + ) +
Bi(co +per +pPcp + ) +u) —A=0. @7

Comparing the coefficient we get

p%ap =0 (28)
p*:ay + Baghy + Bragcy + pag =0 (29)
p*:a; + B(aghy + a;by) + B1(asco + age;) = 0. (30)
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From (15),

(L=p) 24D |5 — pAS — BAV + (¢1 + 6, + e+ wA| = 0. (31)

Substituting (20) — (25) into (31) and simplifying we have

(b + pby + p?by + ) + wyp(by + pby + p?by + ) — p(by + pby + p*b, +

“')(,B(ao + pa; +pPaz + ) + Bo(cy + pey + piey + )) =0. 32
Comparing

p°:b, =0 (33)

p': by + wiby — Bagby — Babocy =0 34

p?:by + wiby — B(aghy + ayby) — P2 (bicy + bycy) = 0. 35)

From (16),

d d
(1—p)d—‘:+p[d—‘:—ﬁlvs+(;c1+¢2+9+u)V]=0. (36)

Substituting (20) — (25) into (36) and simplifying we have

(ch + pei +p2ch + ) + plco + pey + p%cy + -+ )(wy — Br(ag + pa, + p?az ++++)) =0

37)

Comparing

p°:cy =0, (38)

pici + wyco — Pragcy = 0, 39)

p?:cy + wycq — Br(asco + agey) = 0. (40)

From (17),

(L =p)ZE+ |22 — BAV — kyV + (3 + 0 + )V | = 0. (1)

Substituting (20) — (25) into (41) and simplifying we have

(dy + pdi + p?dy + ) + pws(do + pdy + p?dy + ) = p(co + pey + p?cy + - ) (K +
B2(bo + pby + p?by ++-)) = 0. (42)
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Comparing
p°:dy =0, (43)
Pl: d; + wzdy — B2boco — k1o = 0, (44)
pz: dé + (l)3d1 - ﬁZ(bICO + bocl) - chl = 0 (4‘5)
From (18),
av, av,
(1= p) Go+p |G =1V — aVV, — abVuVy + (§s + 6, + W)W = 0. (46)

Substituting (20) — (25) into (46) and simplifying we have

(ey +pe; + p2es + ) + pley + pey + pe, + ---)(w4 —t—a—ab(dy+pd, +p%d, +

) =0, (47)
Comparing
p’ieg =0, (48)
plie] + waey — ey — aey — abeyd, = 0, (49)
p?ie, + wye; — e, — ae; — ab(eyd, + e1dy) =0, (50)
From (19),
dR dR
A-P)E+p [ — p1d— p3V — psVo — bV, + uR| = 0. (51)

Substituting (20) — (25) into (51) and simplifying we have

(xo +px1 +p*xz + o) + pu(xo + pxy + Py + ) = P (bo + pby +p*by + ) —
ppa(co + pey + picy + ) —pps(do + pdy + pPdy + ) —ppa(ey + pe; +p?e +--) =0

(52)
Comparing
p%xy =0, (53)
plixy + pxg — P1bg — Poco — Pp3dy — Ppaey = 0, (54)
p2: x5 + uxy — p1by — oy — P3dy — dpue; = 0. (55)
Given that

w; =1 +6tetusw, =0 +d,+0+ ;w3 =(Pps+60+p);w, =(Ps + 6, + ).
(56)

104 IIMAM, Vol. 5, Issue 2 (2022) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 2, September 2022, Pages 99 — 107

From (28),

ay, = 0. (57
Implying,

ap = So, (38)
so that

bO = Ao, (59)
co = Vo, (60)
dy =V, , (©1)
ey = VUO, (62)
xO = Ro. (63)

From (29),(34),(39),(44),(49) and (54) integrating we have

a; = (=So(BAo + B1Vo + 1))t, (64)
by = (Ao(BSo + B2Vo — w))E, (65)
c1 = (Vo(B1So — w2))t, (66)
d, = (BZAOVO — KV — w31/;10)t, (67)
e, = (Vvo(‘r +a+abl,, — a)4))t, (68)
X1 = (¢1A0 + P2Vo + P3ly, + daVy, — HRy)t. (69)

Solving (30),(35),(40),(45),(50) and (55) integrating and substituting (64) — (69) we have

a, = [—(B(SoAo(BSy + ﬂzzvo — 1) — ApSo(BAo + B1Vo + 1)) + B1(SoVo(B1So — w2) —
VoSo(BAo + BiVo + )15 (70)

by = [B(SoAo(BSo + 2Vo — w1) — AgSo(BA, + ,312Vo + 1) — w1 4e(BSo + B2Vo — wq) +
B2(VoAo(BSo + B2Vo — w1) + AgVo(B1So — wz))]% (71)

¢z = [B1(SoVo(B1So — w3) — SoVo(BAg + B1Vo + 1)) — w2Vo (B1So — wz)]g (72)

d, = [,32 (VoAo(BSo + B2Vo — wy) + AgVo(B1So — w3)) + k1 Vo (B1So — wz) —
w3(,82A0V0 — KV — ‘U3Va0)] % (73)
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e, = [I/;O (t+a+ably, — w4)(r +a+ abVao) + ablj,, (,BZAOV0 — KV — wgVao) -
2
wyVy, (T4 a + abV,, — w4)]% (74)

Xy = [¢1A0(350 + Vo — w1) + Vo (1S — w3) + ¢3(,32AOV0 — KV — wsvao) +
2
¢4VvO(T +a+ abVaO — Wy) — #(¢1A0 + P2Vo + PsVy, + daVy, — .“Ro)] % (75)

Substituting (58) — (75) into (20) — (25) and setting p = 1 we have

S(t) = So + (=So(BAo + P1Vo + )t + [_(ﬁ(svo(ﬁszo + BoVo — w1) — ApSo(BAo + B1Vo +
1) + B1(SoVo(B1So — wz) — VoSo(BAg + B1Vo + 1))] % (76)

A(t) = Ag + (Ao(BSo + B2Vo — w))t + [B(SoAe(BSo + B2Vo — w1) — AgSo(BAo + ,§1V0 +
1) — w1Ag(BSy + B2V — w1) + B2(VoAo(BSo + B2Vo — w1) + AgVo(B1So — w2))] % (77)

Vi) =V, + (Vo(ﬁrzgo — W)t + [B1(SoVo(B1So — w2) — SoVo(BAg + B1Vo + 1)) —
W, Vo(B1So — )] % (78)

Va(®) = Vg, + (B2AoVo — K1V — (U3V;zo)t + [B2(VoAo (BSo + B2Vo — w1) + AgVo(B1So —
2
7)) + k1 Vo(B1So — w3) — (U3(:32A0V0 — Kk Vo — w3Vao)] % (79)

Vo = Voo + (Vo (T + @ + abV,, — wy))t + [V, (T + a + abV,, — wy)(t+ a + abV, ) +
tZ
abVLO (ﬂZAOVO - K1V0 - 0)3‘/‘10) - (1)4111;0 (T + a + abVaO - (1)4,)] ? (80)

R=Ry+ (Vvo(T +a+abl,, — w4))t + [¢1A0(BSO + BVo — w1) + Vo (B1So — w2) +

$3(B2AoVo — K1V — w3Vao) + PuVp (T + a + abVy, — wy) — u(p14o + Vo + b3V, +
t2

¢4VL0 - #Ro)] Py (81)

Equation (76) — (81) are the general solutions to the model (1) — (7).

5 Conclusion

In this article a semi-analytical approach that is Homotopy Perturbation Method (HPM) was applied
to obtain the general solution of a substance abuse and domestic violence mathematical model. The
model equations were transformed into series form so as to convey faster. We concluded that the
Homotopy perturbation method is a powerful technique to solve nonlinear differential equations.
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Application of stochastic model in estimation of stock
return rates in capital market investments

I.U. Amadi® and O.T. Okpoye'

Abstract

The rigidity of financial assets lies on capital investments which geared towards
bringing returns to the investors. Therefore, this paper studied the problem of system of
Stochastic Differential Equations (SDE) of time-varying investments of Dangote cement
PLC where multiplicative inverse effects, additive effects, additive inverse effects and
multiplicative effects were used as key parameter in the model to obtain stock rate of
returns. The problem was solved analytical by adopting Ito’s theorem which gave four
different investment solutions. In addition, the validity of analytical solutions was clearly
confirmed graphically and discussed consequently.

Keywords: stock price; stochastic analysis; asset price; return rates and SDE

1 Introduction

In capital investments monies are been invested in a business such that the return rates will be
appropriately utilized to cover day-to-day trading activities expenses. An investor may need
additional capital assets; in order to improve in its trading events. So capital investments are
established on the basis of: to acquire additional capital assets for expansion which enables the the
business to increase in unit production, create new ideas on products or even add value to the
business and to explore on technological advancements in order to increase efficiency and reduce
costs and to replace worn-out assets. In absence of capital investments, trading business will
definitely have a hard time getting off the ground.

Nevertheless, the effect of stock market operations and performance has enlarged significantly
in the development of financial of markets as investors gain their normal returns to earn a living.
However, stock trading is normally known in making high returns. Return on investment for capital
market is a2 measure to properly evaluate gain of an investment. It is a major parameter often used by
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a trader or investors to regulate profitability of expenditure [1]. In stock market the dynamics of
stock prices are reflected by uncertain movement of their value over time. That is why it better to
properly understand the type of physical quantities to model in order to obtain realistic results of
stock variables.

For instance [2] worked on stochastic model of the fluctuation of stock market price. Here
conditions for determining the equilibrium price, sufficient conditions for dynamic stability and
convergence to equilibrium of the growth rate of the value function of shares. In another dimension,
[3] considered a stochastic model of price changes at the floor of stock market. In their research the
equilibrium price and the market growth rate of shares were determined. See [4] for considerable
extensions and constrains subsequently in this particular area of study. [5] Investigated the stochastic
analyses of Markov chain in finite states. The transition matrix replicated the use of 3-states
transition probability matrix which enables them to proffer precise condition of obtaining expected
mean rate of return of each stock.

In similar manner, [6] examined stochastic analysis of stock market expected returns and
Growth-rates. The precise conditions for obtaining the drifts, volatilities and Growth-rates of four
different stocks were also considered. In the work of [7] the problem of stock price fluctuations
using stochastic differential equations, principal component analysis and KS goodness of fit test
were studied. The analytical solutions were detailed; the computational and graphical results were
presented and discussed respectively; as if it that was not enough, [2] studied the stochastic analysis
of stock market expected returns for investors. The detailed conditions for obtaining the drifts,
volatilities and variances of four different stocks were considered. [8] Considered a combination of
deterministic and stochastic systems with its random parameters in the model. The analytical
solution to the proposed model is presented in detail which determined the insurance quantities or
variables

However, [9] considered the unstable nature of stock market forces using proposed differential
equation model. In the work of [10] studied stability analysis of stochastic model of price change at
the floor of a stock market. In their research précised conditions are obtained which determines the
equilibrium price and growth rate of stock shares.

The work in [11] considered stochastic analysis of the behavior of stock prices. Results reveal
that the proposed model is efficient for the prediction of stock prices. In the same vein, [12] studied
the stochastic model of some selected stocks in the Nigerian Stock Exchange (NSE), in their
research the drift and volatility coefficients for the stochastic differential equations were
determined.[13], built the geometric Brownian Motion and studied the accuracy of the model with
detailed analysis of simulated data.[14] Studied the solution of differential equations and stochastic
differential equations of time-varying investment returns; where precise conditions are obtained
which govern stock return rate through multiplicative and multiplicative inverse trends seties.

This paper, considered four systems of stochastic differential equations in time varying
investments of Dangote cement PLC whose rate of returns is assumed to follow: multiplicative
inverse effects, additive effects, additive inverse effects and multiplicative effects; all having
quadratic functions over time. These investment equations were solved analytically independently by
adopting Ito’s theorem and four solutions were obtained. To verify and to test for the validity of the
analytical solutions, we used closing stock prices of Dangote cement PLC and estimate other
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relevant parameter values in the proposed solutions; this way the effects of rate of returns were
displayed.

This paper is aimed at solving an accurate analytical solution of time independent equations by
stating precise conditions of predicting stock returns in Dangote cement PLC which was not

considered by previous efforts. This paper extends the works of [1] by solving the pricing effects of
stock variables as quadratic functions in SDE domain.

This paper is arranged in following manners: Section 2.1 presents the mathematical formulation
of the problem, method of solution is seen in Subsection 2.1.1, Results are seen in Section 3.1, while
the discussion of results is presented in Section 3.1.1 and paper is concluded in Section 4.1.

2 Mathematical formulation of the problem

Here we Considered time varying investment of Dangote cement PLC through closing stock prices
of 2018-2021 which said to have a complete probability space(Q, F 50) endowed with a Wiener

process such that a finite time investment horizon T >0 .Investors are always geared towards
maximizing investment returns. Therefore, we assumed the company’s rate of returns to follow
multiplicative inverse effects, additive effects, additive inverse effects and multiplicative effects; all
having quadratic functions over time. Hence this rate of return is defined in the system of stochastic
differential equations of (2- 5) below:

Thus the stochastic process describing the process is of the form:
dS(t) = Odt + cdz® (1), (1)

where @ is an expected rate of returns on stock,o is the volatility of the stock,dt is the relative

change in the price during the period of time and ZW is a Wiener process.

ds, (t) = {(919 }s (t)dt + S, Az (1), ?)
ds,, (t) = (6, +6 )s (Hdt+ oS, ()dZ@ (1) , 3)
dSKS(t)z{(e +6,) } S, (Ddt+ oS, ©dZO (1), @)
ds,, (t) = (6,6, )s (t)dt + BS, ()dZ“ (1), (5)

where Sy (1), Sy, (1), Sy (1) and S, (t) are underlying stocks with the following initial conditions:

Sk, (0) =Sy, .t >0 (6)
SK2 0) = SO(KZ) >0 (7)
SK3 0) = SO(K3) >0 (8
SK4 (0) = SO(K4) £>0. ©)
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Though, the price evolution of a risky assets are usually modeled as the trajectory of a risky assets
that are usually of a diffusion process defined on some underlying probability space, with the
geometric Brownian motion the paramount tool used as the established reference model [13].

Theorem 1.1: (Ito’s formula) Let (€, 5, 1, F(B) be a filtered probability space X ={X,t >0} be

an adaptive stochastic process on (Q, p.a, F(ﬂ) processing a quadratic variation(X) with SDE
defined as:

dX (t)=g(t, X (t))dt+ f (£, X (t))dW (t)

teR and for u:u(t,X(t)eCM(HxD )

au c’)u 62 au

2.1 Method of solution

The investment equation (2)-(5) consist of a system of stochastic differential equations and whose
solutions are not trivial. We applying Theorem 1.1 solving forS, (t), Sy (t), S (t), and S, (t) To
grab this problem we note that

Sk, (®), Sy, (1), S (t) and S, (t) <oofor all S <[0,1).

From (2) , Thus, generalizing and considering a function f (SKl (t),t) ,hence it has to do with partial

derivatives. Expansion of f (SK1 (t),dS, ().t + dt) in a Taylor series about(SKl ('[),'[) gives

2
df =—" _gs, )+ L+t azf
: Gt 2asK1 )

5. (0 dS, (t) +... (10

Substituting (2) in (10) gives

of . 1)2 1 o°f 2 2
=35, 7% OO +{(66)7] S Ot 3 aSKz(t)dsKl(t)dsKl(t)
df=asK1<t)asaf(t)dzm(m[{( )}smaS ol 7S O% ()dSé(t)]dt
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Now considering the SDE in (2).

Let f (SK1 (t)) =InS, (t) ,the partial derivatives becomes

2
of 1 62f - 21 oy 1)
0S¢ (1) S () o5 () S (1) ot

Following Theorem 1.1(Ito’s), substituting () and simplifying gives
-1 2 1 2 o)

df = {(9192) } 5ot tdt+odz®. (12)
Since the RHS of (12) is independent of f (SK1 (t)) ,the stochastic is computed as follows:
f fo+ [ L Lodz®

(S O = T, +j0{{(9192) | —>0® Jdt+[[odz® ()
2
= f, +{{(0192 )71} —%az}t +0dZ®(t),Since f (SKl (t)) =InS, (t) a foundsolution for S, (t) becomes

-1)? 1 2 () 112 1 2 (]
IS, (1) = ISy, + {(9192) } 50" oz M), S, ()~ InS,, = {(6?192) } 5ot teodz® ()

In ( SSKl (t)} = {{(9192 )‘1}2 —%62 }t +odZ® (t)

0(Ky)

{({(91.92 )’1}2 —%o‘z ]tmdz(l) (t)}

SK1 = S0(|<1) eXp (13)

This is the complete solution of investment equation whose rate of returns and asset price valuation
is multiplicative inverse effects with a quadratic function.

From (3), thus, generalizing and considering a function f (SKz (t),t) shence it has to do with partial

derivatives. Expansion of f (SK2 (t),dS, (O),t+ dt) in a Taylor series about(SK2 (t),t) gives

of

df = ——
Sy, (1)

2
as, )+ L+t O]

+=———dS2 (t) +... 14
ot 208, *(t) «® 19
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Substituting (3) in (14) gives

_ af (2) 2 1 82f ,
af = B0 {O'SKZ (1)dZ? (1) +(6,+6,)" S, (D)dt |} += > 88K 0 )dS (t)ds? ()
#=05,0 s, (t )dZ(Z) © +£(91 +6,)'s, aséf(t) +%GZS§2 ®) asa f( 5 dsy, (t) |d

Now considering the SDE in (3).

Let f (SKZ (t)) =1InS,_(t) ,the partial derivatives becomes
of 1 o’f 1 o
oS (1) S (t)’ os: (1) s? (t)" ot

(15)
Following Theorem 1.1 (Ito’s), substituting (15) and simplifying gives
df :{(91+02)2—%az}dt+adz(z). (16)
Since the RHS of (16) is independent of (S, (t)) .the stochastic is computed as follows:

f (SK2 v =" +J:(l91 + 6, )2 _%0_2 }dt _|_J:Gdz(2) (t)
= fo + {(01 + 92 )2 _%Gz}t +O'dz 2 (t),Since f (SKZ (t)) = In SKZ (t) a found Solution fOI’SKZ (t) becomes

IS, ()=InS,_,+ {(91 +6,) —%az}t +0dZ@(t),InS_ (t)~InSy, = {(91 +6,) - %az}t +0dZ@ (1)

S, (
in| ) ={(91+92)2—102}t+adz<z>(t)
SO(KZ) 2

0,+0, 2 —+0? h+odz @ (1)
(6+6,)" =

Sy, (t) = Sote,) exp{ (17)

This is the complete solution of investment equation whose rate of returns and asset price valuation
is additive effects with a quadratic function.
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From (4), thus, generalizing and considering a function f (SK3 (t),t) ,Jhence it has to do with partial

derivatives. Expansion of (S, (t),dS, (t),t +dt)in a Taylor series about(S, (t),t) gives
p Ky Ks Y Ks g

2
df =~ g5, )+ Lt 0T

+ = ———dS2 (t)+... 18
05y, (1) ot 208, *(t) «(®) (18

Substituting (4) in (18) gives,

, 1 o*f )
{as (t)dz@ () + {( +6,) } S, (t)dt }+EasK ()dS (t)ds?, (1)

_ o
a3y, (1)

B! o5t (-2 o f
as () 2 85’ (t)

df =05, ()=~ dZO )+ {(.91+¢92) } s, (1)

as 0 ds,, (t) |d

Now considering the SDE in (4).

Let f (SK3 (t)) =InS, (t) , the partial derivatives becomes

of 1 o’f 1
aS_(1) S, ’ os: () SI() ’

of
=0 (19)

Following Theorem 1.1 (Ito’s), substituting (19) and simplifying gives
df = {{(91 +6, )‘1} - Ea }dt +0dz®. (20)

Since the RHS of (20) is independent of f (SK3 (t)) ,the stochastic is computed as follows:
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u&gn:u+gQQ+%wf_%gz}m+£mﬂma)
= f, +{((6’1 +6,)" )2 _%GZ}t +0dZ@(t),Since f (SK3 (t)) ~InS_(t) a foundsolution for S, (t) becon

IS, (t)=InS, ,+ {((6’1 + 6?2)‘1)2 —%az}t +0dZ?(t),InS_(t)-InSy, = {((6’1 +6,)™ )2 —%az}t +odz®

|n[z“ (t)J = {((91 + 92)-1)2 —%Jz}t +odZ®(t)

0,)

{(((91+92 yt )2 —%02 )tmdz@ (t)}

Sy, (1) = SO(KS) exp 21)

This is the complete solution of investment equation whose rate of returns and asset price valuation
is additive inverse effects with a quadratic function.

From (5), Thus, generalizing and considering a function f (SK4 (1), t) ,hence it has to do with partial
derivatives. Expansion of f (SK4 (1), dS, (1), t+ dt) in a Taylor series about(SK4 (t),t) gives
of of 1 o°f

= dSy (t)+—dt+—
=0 . ()

df .
ot 208 %(t)

dSg, (t) +... (22)

Substituting (5) in (22) gives

of 2 1 o°f
df = S )dz® M) +(6,6,) S, (tdt }+=
%, (0175 OO0 +(66) 5O J+

ds? (t)ds?, (1)

+—=0°S° (t)————dS; (t) |dt.
7L 05 7 S0

df =oS,_ () =—~dZ“ )+ {(9192 ) s, ®

of
as, () s, (1)

Now considering the SDE in (5).

Let f (SK4 (t)) =1InS, (t) ,the partial derivatives becomes

of 1 o°f 1 o
s, (1) sKA(t)’as; ® s (t)" ot

(23)
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Following Theorem 1.1 (Ito’s), substituting (23) and simplifying gives
df =<(66,) —50 dt+odz® . 24)

Since the RHS of (24) is independent of f (SK2 (t)) ,the stochastic is computed as follows:

f (SK4 )= fo + J:(@lez )2 - %Gz }dt + I(: odz® (t)

= f, +{((91492 )2 —%az}t +odZ ¥ (t),Since f (SK4 (t)) =InS_(t) a foundsolution for S, (t) becomes

InS, (t)=InS,_,+ {(01492 ) —%az}t +0dZ®(),InS_ (t)-InSy,, = {(0192 ) —%az}t +0dZ?(t)

In ( SSKA (t)J = {(«9102 ) - %0'2 }t +odz®(t)

0, )

{((9192 ¥ —%azjncrdz(d) (t)}

S, (1) = SO(K4) exp . (25)

This is the complete solution of investment equation whose rate of returns and asset price valuation
is multiplicative effects with a quadratic function.

3 Results

This Section presents the graphical results for the problems in (2)-(5) whose solutions are in (13)-
(25). Hence the following parameter values were used in the simulation study:

Dangote,, 6,0, =21.7,S, 0=128.91, 0 =25, dZ =1.00,t =1
Dangote,,, Sy, 0=166.11,6, + 6, =22.4,,0 =2.5,dZ =1.00, t =1
Dangote,,, S, 0=270,6, + 6, =22.4,,0 =2.5,dZ =1.00, t =1
Dangote,,, Sy, 0=190,6,0, =22.4,,0 =2.5,dZ =1.00, t =1
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Figure 2: Plot of Dangote stock rate of returns which follows additive effects.
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Figure 3: Plot of Dangote stock rate of returns which follows additive inverse effects.
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Figure 4: Plot of Dangote stock rate of returns which follows multiplicative effects

3.1 Discussion of results

As seen in Figures 1 and 2 respectively that the plots are linear; this means that there’s a linear
relationship between return rates and time of trading activities of price changes. Carefully
examination of the plots shows that asset return increases linearly as time increases throughout the
trading days, with the tendency of being 1. It also describes changes over short and long periods of
time, which informs an investor for proper decision making. These results also agree with what the
principle of multiplicative inverse and correlation as it affects trend line. Multiplicative inverse of
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trend of a number is a number by which the multiplication result is 1. Therefore, in terms of
prediction multiplicative inverse is more efficient and reliable than multiplicative effect. The range
of regression is within1<r < —1; by this formation means that total sure of high rate of returns in
Dangote cement PLC which is indexed with millions of naira. This result is line with that of [1].

In Figures 2 and 4, it can be observed that the two plots have exponential growth of stock returns of
time-varying investment. The trends stipulate that a little increase of time of investment; will also
increase increase rate of return of capital investments. In the same vein, time decreases the value of
asset return approaches to zero. This result agrees with the concept of multiplicative trend which
indicates a non-linear trend (curved trend line). This informs investors that when return rates follow
multiplicative trend it grows unboundedly. With this remark, profit making is inevitable throughout
the trading days.

Nevertheless, stochastic systems are effective in the mathematical modeling of stock returns for
long- and short-term investment plans worth millions of naira.

4 Conclusions

In absence of capital investments, trading business will definitely have a hard time getting off the
ground. Therefore, this paper studied the problem of stochastic systems of time-varying investments
of Dangote cement PLC where multiplicative inverse effects, additive effects, additive inverse effects
and multiplicative effects were used as key parameter in the model to obtain stock rate of returns.
The analytical solution of problem showed: (i) a little increase on time of investment; will also
increase increases rate of return of capital investments,(ii) stock rates return increases linearly as time
also increases,(iif) Multiplicative inverse and additive inverse effects is more effective and reliable
than multiplicative effects and additive effect on the ground that it is a sure event (iv) Dangote
cement PLC is making high rate of returns based on stochastic analysis of stock price data.

Finally, comparing two or more companies in terms of stock returns and applying stochastic systems
will be an interesting area to explore.
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Mathematical modeling of rape under the influence
of human disturbance and noise

C. Nkuturum® and M.N. Onwubuyaf

Abstract

To leverage rape decline, a guide from epidemiological modeling was used to develop a
new deterministic model for the dynamics of rape during covid-19 and the world at large.
This was used to qualitatively assess the role of convictions and loss of immunity to rape on
the transmission process of rape in a society. This study showed that loss of immunity to
rape and its rate of previous convicted and jailed rape culprit individuals regress to being
susceptible to rape cases induced a backward bifurcation when associated to rape
reproduction number (Rer <1) is less than one. This means that imprisonment of the
convicted rape individuals will help to eradicate rape out from the entire world even at covid-
19 pandemic. The study showcased that if the cause of backward bifurcation is removed,
the rape-free equilibrium (Re) of the model is globally asymptotically stable when the
reproduction number is less than one. This study also showed that the rape endemic
equilibrium (Ree) is locally-asymptotically stable when the reproduction number is greater
than one (Rer >1). The analytical solutions suggest that Policymakers should provide policies
that would check one time convicted and jailed individuals from being susceptible to rape
after their released from prison. Self-recovered individuals should be assisted and engaged
with employment as to avoid the stigmatization of rape.

Keywords: rape; Covid-19; pandemic; SCPV model; noise and human disturbance.

1 Introduction

Rape is the abuse of humanity and personality trait to the victims and society at large. It is a sexual
assault that involves sexual intercourse or other forms of sexual penetration being carried out by
physical force or coercion against the person’s consent. Rape is an element of the crime of genocide
when committed with the intention to destroy a targeted ethnic group partly or completely. It can be
notable in various form as child rape and abuse, incest rape, sexual slavery, gang rape, prison rape,
marital rape, acquaintance rape, war rape and statutory rape, [16,18]. Rape is predominantly committed
by male factors against females. Globally, rape occurs in all continents of the world and the female
partners are always helpless when involved according to [20, 21, 22] stated that about 35% of women
worldwide have been raped in their life time.
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Several reasons have been identified for the causes of rape in a society. Thus, it can be caused by
some of these factors drug abuse and alcohol addicts, lack of sex education, rape myths by men
against women, the desire to control, parental negligence, Peer and family factors, Societal factors
and poverty. Drug facilitated sexual assault is also known as predator-prey rape [12]. it is a sexual
assault carried out after the victim has become incapacitated due to having consumed alcoholic
beverages or other drugs, [13]. Alcohol has used to play an activating role during sexual assault,
when the rapists must have taken some drugs like Cocaine, Marijuana and Tramadol which
contributed to psychological havoc or trauma on the victims, [10,11, 14]. The major cost of rape
is risk of being caught, punished, convictions and jailed. Nevertheless, the probability of being
caught depends on the effectiveness of security and legal system of such countries, [15]. One may
wish to read the detail article on rape and its possible mode of control in [1].

The various body of literature existing on the social, political and management aspects of rape and
attempt to provide policies to curb rape. Scientifically, several attempts have been made to use
mathematical models to study the dynamics of rape in a population. Amongst others were [9,17]
used elementary model of population growth first order differential equation to study the growth
rate of domestic violence and predictions using differential equations in a population;
consideration was given in a community full of individuals prone to rape as case study. The work
done by [7] studied rape as a disease epidemic process and used [5] classical SIR epidemiological
mathematical models for modelling the spread of rape. He considered the population as made up
of individuals susceptible to rape (S), rapists (I) and individuals who recover and are immune to
rape (R) where the notations for the state variables were adjusted differently in [6]. [13] examined
the impact of chaos theory in social systems afflicted with rape.

Currently, this study presents a new deterministic model that studies the population dynamics of
rape in a population at covid-19 pandemic under the influence of human disturbance and noise.
The model treats rape as a disease as was done by [19], thus, the model could fit well for an
epidemiological setting even at covid-19 pandemic. In this present study, instead of having just
three classes used by [7, 21], a modification of the SIR models to SCPVR models was made and I
proposed dividing the population into five classes which includes the rape culprits (C), rape victims
ot prey (P) and individuals who are convicted and jailed for rape they committed (V). Also, the
model considered human disturbance and noise factors. Hence, this paper is organized as follows:
the model formulation is section 2 and section 3 provide discussion and conclusions.

2 Model Formulation

The total population at time t, denoted by N(t) is subdivided into five mutually exclusive
compartments of susceptible individuals to rape (S(t)); individual for rape culprit (C(t)); individuals
who are victims of rape or prey to rape (P(t)), rape individuals who are convicted and jailed (V(t))
and individuals who recover from rape (R(t)) respectively. So that the total population becomes

N(t) = S(t) + C(t) + P(t) + V(¢) + R(v).

Rape interaction in the population is modelled using a standard incidence function. The population
of individuals who are susceptible to rape S(t) is increased by the recruitment of a proportion p,
(0 < p £1) of immigrants (who are susceptible) into the population at a rate y, ‘recovered’
individuals who become susceptible to rape again at a rate T and convicted individuals who after
their release become susceptible to rape again at a rate Y. The susceptible population is decreased
by rape at a rate A that is the rape force of infection, where
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1=-L<

N-V ’
and 3 is the rape transmission rate. The susceptible population is further decreased by natural

death at a rate y; natural removal occurs in all the compartments at this rate. Thus,

ds
d—tzpy—AS—uS—rtR—lpV.

The population of rape culprit individuals C(t) is increased by the rape interaction that effects the
subsequently infects susceptible individuals at the rate A. Because the human disturbance or
predation is negative on the culprit and positive on the victim or prey, so that it becomes a; = Eq
(q is the predating coefficient and E is total effort applied on predating on the population of the
culprit). The noise term is assumed to be sinusoidal with amplitude A and frequency is w of the
noise, and phase shift ¢. The population is decreased by trial, conviction and subsequently jailing
which leads to removal from the society at a rate ¥, recovery at a rate @ and natural death y. In
this study, the noise term from culprit is called black noise. This is colored noise because it does

not last long in the culprit and it shifts per time from when it was conceived and ends at the time
action has been executed by the culprit; gives

dc
P AS— (@ +a+pu)l —qEC + Asin(wt + @).

The population of rape victims or prey individuals P(t) is increased by the rape interaction, that
effects subsequently infect susceptible individuals at the rate A. Because the human disturbance or
predation is positive on the victim or prey, so that it becomes by = Eq (q is the predating
coefficient and E is total effort applied on predating on the population of the culprit as to stop the
action). The noise term is assumed to be sinusoidal with amplitude A and frequency is w of the
noise The population is decreased by trial, conviction and subsequently trauma and sickness
which leads to removal from the society at a rate §, recovery at a rate @ and natural death p. In
this study, the noise coming from the victims or prey is called green noise. This green noise is a
limiting case of the black noise because it last long in the victims-prey; gives

dP
E: AS — (6 + a+ uw)P + Asin wt.

The population of convicted and jailed individuals V(t) is increased by culprit individuals who are
caught and convicted at the rate 7 (this population is in a form of isolation and without interaction
with the outside world) and decreased by such individuals who are later become susceptible to
rape after their release. Considering the period spent in jail at the rate €, convicted individuals who
after serving their become resistant to rape at rate & and natural death p. This gives

dV— C—-CE+Q+pVv

The population of rape individuals who were not caught and convicted but recover due to
counselling and public enlightenment programmes on the need to shun rape considering that the
society is an imperfect one where not all persons who commit rape face convictions. R(t) is
increased by rape individuals who abandon a rape lifestyle at a rate . This population is decreased
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by developing resistance to rape environment at a rate @, becoming susceptible to rape again after
some time at a rate 77 and natural death y, yields

dR

EzaC—((Z)+7T+,u)R.

Based on the above formulations and assumptions, the model for the dynamics and spread of rape
at covid-19 in a population consist of the following system of nonlinear (deterministic) differential
equations. Table 1 describes the associated state variables and parameters in the model.

%:py—,lS—yS—T[R—l/)V, 1)
%= AS =y +a+w)C — qEC + Asin(wt + @), @
dp :
E=AS—(5+a+,u)P+Asmout, 3
d

T=NC -G+t @
Z—IzzaC—(®+n+M)R, ()

with initial conditions

S(0)=So, C(0) = Co, P(0) = Py, V(0) = Vo, R(0) = Ro.

Some of the assumptions and features of this model are below.

1.

&

Assume that we are dealing an imperfect society whereby not all culprit individuals are
caught and convicted.

Assume that the culprit individuals who likely recovered due to counseling and
enlightenment campaigns abandon their rape lifestyle and recover from rape tendencies.
Assume that the culprit individuals are not rape victims or prey

Incorporating a class of convicted individuals who are jailed and are in complete isolation
from the outside.

Assume that the human disturbance is negative on the culprit and positive on the victim
or prey; hence it was ignored on victim class.

Assume the noise term (white and colored noise) to be sinusoidal with amplitude A,
frequency is w and phase shift ¢.

Table 1 shows the variables and parameters description.
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Dependent Interpretation
Variables
S Population of individuals susceptible to rape
C Population of culprit individuals
P Population of rape victims or prey individuals
\ Population convicted individuals who are jailed (isolated)
R Population of individuals who recover from rape
Parameters Interpretation
p Recruitment rate
y Proportion of immigrants who are susceptible to rape
A Susceptible population is decreased by rape
U Natural mortality rate in all the compartments
T Rate of the ‘recovered’ individuals become susceptible to rape

Convicted individuals become susceptible to rape after release

Rape recovery rate

Rape transmission rate

q Predating coefficient by human beings

E Total effort applied on predating the population of the culprit

A Amplitude of the noise from culprit and victim individuals

w Frequency of the noise from culprit and victim individuals

1) Phase shift of the noise from culprit

0 Rate at which the victim individuals are removal from the society
Q Conviction rate

& Rate at which convicted individuals become resistant to rape

n Rate at which culprit individuals caught and convicted

)} Rate of developing resistance to rape environment

125

Table 1: Variables and parameters description

IIMAM, Vol. 5, Issue 2 (2022) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



C. Nkuturum and M.N. Onwubuya

2.1 Basic properties

For model (1-5) to be meaningful, it is important to prove that all the state variables are non-
negative for all time t. thus, the solutions of model (1-5) with positive initial data will remain
positive forall t = 0.

2.1.1 Well-posed model and positivity of the solutions

Model (1) controls and monitors human population therefore all the state variables and parameters
of the model are non-negative. Considering the domain

p={s,C,PVR ERS:OSNS%}. ©)
It can be shown that the set of D is a positive invariant set and a global attractor of this system.

That is any phase trajectory initiated anywhere in the non-negative region R of the phase space
eventually enters the region D and remains in D thereafter.

Let So Co, Py Vo, Rp = 0,50 + Cy + Py + Vi + Ry = Ny. Then, there exists solutions S(t), C(t),
P(t), V(t), R(t) for the dynamical system (1) with initial data at t = 0, that defined for all t = 0. In
fact, S(t), C(t), P(t), V(t), R(t) are non-negative and

S(t) + C(t) + P(r) + V() + R(t) =N(¢) for all t. if C, =0, Ry =0, V;, =0, then C(t) = 0 and V (t) =
0.

Since N =8 + C+ P + V + R, it follows that the rate of change of the total population is given
by

dN
<t = PY —UN, )

therefore, that N(t) — i—y as t = o0, That is the total population is asymptotically constant. The

well-posedness of the model follows a straight forward application of the classical theory in [11].

Lemma 2.1 The region D is positively invariant for the model equations (1-5) and if Cy > 0, then S(t) > 0,

R(0) > 0, P(0) > 0 and C(0) > O for allt > O and 1 is bounded by V = max {VO, #_I_:Z_'_Q}.

Proof. The right hand side of system (1-5) is continuously differentiable and hence it is locally
Lipschitz and therefore there exists a unique solution S(t), C(t), P(t), V(t), R(t) to system (1-5) with
the initial data So Cy Py, Vp, Ry that is defined on a maximal forward interval of existence, [11].
Consider the set D € R}, since C(0) = 0 from system of equation (1-5), yields

C(t) = Cyexp fooo [% — Eq + Asin(wt + @) — Kl] dt (8)
P(t) = [PO + fot nC(f)eKZ(f‘tO)dE] eX2(to=) (A sin wt) ©)
V() = Vo + Jy nC(§)es -t dg | eXs(to=0 (10)
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R(t) = |Ro + [y aC(§)e6-t0)dg | ekalto=0), (11)

So that S(t) = 0,C(t) = 0,P(t) =0,V(t) =20,R(t) =0,Vt>0,whereK; = y+a+u,
Ky=6+a+pu, Kz3=+Q+pu, Ky, =0+m+ p.

To show that V is bounded by V = max {VO, IHWW}, is to show whether V(t) < w,Vt = 0 and

that w = Kl if Vo < w. Suppose that the above inequalities do not hold, then there exists a time,
3

t1, with V'(t1) > 0 and V'(t;) > w. Using the equation for V in (1), gives

dVd(ttl) =nC(t) — K3V (¢) <n(C(t) — 1) <O. (12)

Since (C(t;) —1) < 0 andn > 0. This is the contradiction which implies that V(t) < w, V t =
0. Suppose that V(0) > w = Kl In order to show that V(t) < V(0)-V t = 0, we assume that

3
the last inequality does not hold. Hence, there exists a timet, > 0 such that V(t,) = V(0) and

V'(t,) > 0.

Since V (t,) > Kl Then
3

) = 50 (t;) — K3V (£2) < (C(E) — 1) < 0, but V') > 0. (13)

Hence, we reach a contradiction and V(t) is bounded from above by V, where
7 — I

V = max {VO’K3} .

End of proof.

Lemma 2.1 guarantees the positivity of the different groups of individuals making up the total
population, S, C, P, V and R for all time, t = 0.

3 Asymptotic stability of rape-free equilibrium (RFE)
The rape-free equilibrium of the model (1-5) is given by
By = (5%,¢%, PV, R) = (££,00,0,0) (14)

Setting A = 0, depicting no noise and no rape action.

The linear stability of Eo can be established using the next generation operator method on the
model equ (1-5), [5,2,10]. Using the notations in [4], it follows that I and V, which stands for the
new rape infection terms and remaining transition terms respectively are given by F = pf8 and
V=a+u+y.
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It follows that the effective rape reproduction number of the model equation (1-5) denoted by

_ -1 _ PB
R, =FV " = p——

The result above follows from theorem 2 in [4].

Lemma 3.1 The CFE (Ey) of the model equ (1-5) is locally-asympiotically stable (1.AS) if Ry < 1 and
unstable if Ry, > 1.

The threshold quantity, R, is the rape reproduction number. It represents the average number of
secondary cases of rape generated by a typical rape individual in a population that is completely
susceptible to rape (using a typical language in epidemiology, [14]. The implication of Lemma 3.1
is that when R.. is less than one (R, < 1), rape can be eliminated from the population if the
initial sizes of the sub-population of the model are in basin of attraction of the rape-free
equilibrium (Ej). Hence, a small influx of rape-infected individuals into the country will not
generate large outbreaks of rape and it dies out in time completely.

3.1 Backward Bifurcation Analysis

To describe the bifurcation type in the model equations (1-5), it will go a long way to help in
determining the factors that could hinder efforts in tackling rape in the population. Hence, the
following results were assumed.

Theorem 3.1 That the model equation (1-5) exhibits a backward bifurcation at R,,, = 1 whenever
a bifurcation coefficient denoted by a, is positive.

Proof.

Let E; = (8™, C™, P™,V* ,R™) represents any arbitrary endemic equilibrium of the model; that
is an equilibrium in which at least one of the infected components is non-zero. The existence of
backward bifurcation will be explored using the Manifold theory, [2,3]. To apply this theory, it is
appropriate to carry out the following change of variables. Let: S = x1, C = x5, P = X3,V = X4,

. . T . .
R = x5. By using the vector notation, X = (xl, Xg, e x5) , the model can be written in the form

‘;—f = F(X), with F = (1, fo ... fs)T, yields:

X1 = f1=Yp — Axy — uxq + x5 + Px, (15)
X =fo=Ax—(M+a+wx, (16)
X3=f3=Ax— (0 +a+wx;+ (17)
Xy = fa=nx — (§+Q+p)xy (18)
Xs=fo=ax, — (@ + 1+ p)xs (19)

where K1 =n+a+u+qE, K =60+a+u, Kz3=+Q+u, K, =0+mn+u, Ks =qE
and the force of infection is given by
/1: .sz

—=—and N = x; + x; + x3 + x4 + x5.
N—x4
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Put B = [ as a bifurcation parameter. Solving for f = B* from R, = 1, gives
. K
p=p =" 20

The Jacobian of the transformed model equation (15-19) evaluated at the rape-free equilibrium
(Eo) with B = B* is given by

(ool D00 |

J"=]E)p-p-=]0 «a -K, 00 21
0 0 O —-—n 9
0 7 00 —Ks

The matrix |* has a right eigenvector as w = (Wy, Wy, ..., Ws)T, where

_ ~PBwatnwsz i yw,

Wi=— "
W2 = Wé > O,
W3 EWZ > O,
_ Pa yn
Wy = 1o + ks W2 >0, (22)
Wg = 2 wy, >0

Thus, [* has a left eigenvector v = (v, Uy, ..., Vs) satisfies that v.w = 1, with

V1 =V3 =V =V =0,and v, > 0.
This follows from Theorem 4.1 in [2]. To compute the associated non-zero partial derivatives of
F(x) evaluated at rape-free equilibrium, Ey by defining the associated bifurcation coefficients, a
and b, giving by:

5
9%fk 5 0%fx
= E VU, Wi Wi - (0,0), and b = 1 U W 0,0),

k,i'jzl kWi ] aXiaxj ( ) Zk,l,—l kWi axiaﬁ* ( )

when computed gives
_ 2B*wvowi (1-p (maKs+néKp\  ((1-p)Ky | n¥ | Pa | a
= o () - (R B e 1)) @)

a

and
b = Uszp > 0 (24)

Hence, the bifurcation coefficient 4 is positive, it follows from Theorem 4.1 in [2] that the model
equation (1-5) and the transformed model (15-19) will undergo a backward bifurcation if the
backward bifurcation coefficient @, given by equation (23) is positive.

The occurrence of backward bifurcation has been observed in numerous disease transmission
dynamics as in [2,3] showed a typical case of co-existence of a stable rape-free equilibrium and a
stable rape endemic equilibrium when the associated rape reproduction number of the model is
less than one. This implies that the model equation (1-5) is the typical tool of having a rape
reproduction number (R,,) less than one, while the jailed equation is to deteriorated rape in the
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population where it is common. Putting © = ¢ = 0 in (23) and setting all parameters of the model
(1-5) positive and * > 0, the bifurcation parameter « reduces to;

* 2 —
a:_Z.BMUzWZ((l P)K1+M+®_“+i+1)<() (25)
% I KKz~ pKy  Kp

with > 0 and w, > 0.

From Theorem 4.1 in the model equation (1-5) does not undergo backward bifurcation, i.e. if T =
¢ = 0. Then it shows that the rate at which individuals ‘tecovet’ from rape practices due to cettain
interventions like public enlightenment, counseling, jail e.t.c and previously convicted individuals
become susceptible to rape for w # 0 and &# 0 are the causes of backward bifurcation in the rape
transmission model. Therefore, the mathematical analysis in shows that previously convicted and
recovered individuals becoming susceptible to rape will make it difficult to have rape eradicated
from the population.

3.2 Global Asymptotic Stability: Special Case &t =& = 0.
Considering the model equation (1-5) is with T = & = 0.

Theorem 3.2 The RFE of the model (1-5) with m = & = 0 is globally-asymptotically stable (GAS)
in D whenever R, <1.

Proof. Consider the model (1-5) with © = y = 0 and linear Lyapunow function F = pC(t).
By Lyapunow derivative with respect to t.

F=pC
pBSC ]
N_BV (a—u-m)|C
_ c o] S
- a+u+n [a+,u+n N-V 1] (26)

From (26),S (/ < N(t) — V(t) in D for all t > 0, then

. 1
F <
a+mu+n

(R — 1)C 27)

Thus, FF'< 0 i Ro < 7 with F= 0, if and only if C=0. Therefore, Fis « Laypnow function in D
and it follows from LaSalle’s Invariance Principle [8], that every solution to the equations in (1-5)

with © = ¢ = 0 with initial conditions in D converges to E, as t — ® i.e.

(C(v), R (1), V(t) =(0.0,0) as t = oo. Substituting C =R =V = 0 into equation (1-
5) gives S (t) = % as t = o. Hence (S,C,P,V,R) — (p—J, 0,%, 0, O)as t = o for Ry, <1,
so that the RFE, Eo, is GAS in D if R,, < 1 for the case 1 = £ = 0.

The above result signifies that in the absence of recovered individuals and persons previously
convicted and jailed for rape becoming susceptible to rape again, rape will be eliminated from the
population of the society if the rape reproduction number or threshold Rrn <1.
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3.3 Ecxistence and stability of rape endemic equilibrium

To create the existence of the rape endemic equilibrium of the model equation (1 -5), let
E, = {S7,C",P", V", R"} represents any arbitrary rape endemic equilibrium of the model (1 -5).
The equation (1-5) are solved in terms of the rape force of infection at a steady state to give

w1 NEKLC™ +pyKyK3
§'= = [ (29)
C** — ﬂ**KszpY (30)
K1 KoKz 2" +1) =27 (K3 an+Kng)
o aC** 1 KoBo C**+ynK, C**+K, K3 (1-p) c**
R ' T** - = [ 2 YNk, 2123 p V] ' V** — 77_ (31)
Kz H KzKj3 K3

Recall, that the rape force of infection at steady state, 1, is expressed as

BC**

ﬂ** —

HA™*~ 2" (pPrK,K3) = 0

where H=oc[(p — 1)m + p(p + B)]K; + [y((p — De + pw) + (1 — p)K1)K;3]Ky, and further

reduces to

o K;1K2K
1 = “2{# (Ry — 1) (33)

Hence, a unique rape endemic equilibrium exists (i.e. A~ > 0) when Ry > 1 as far as H > 0.
Cleatly, if t = € = 0, then H > 0 and there exists a unique rape endemic equilibrium for this case.
Thus, the following result is established.

Theorem 3.3 The model (1-5) has a unique endemic (positive) equilibrium when T = ¢ = 0
whenever Ry > 1.

The possibility of the existence of a rape endemic equilibrium exists even Rg < 1. This occurs
when H < 0 which is possible when m#0 and €#0 since 0 < 1 . This further proves the
possibility of a backward bifurcation when Ry < 1 whereby the rape free equilibrium will co-exist
with a rape endemic equilibrium. Therefore, the general implication of this as stated before that
individual who ‘recover’ from rape after an intervention programme and previously convicted
individuals should strive not to become susceptible to rape again. The relevant government
agencies may determine and formulate polices that could help with preventive strategies cum
corrective measures.

3.4 Local Asymptotic Stability of the Rape Endemic Equilibrium

Since the total population is asymptotically constant, the result in [2] guarantee that the following
system of equations from (34-38).
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%:py—AS—uS—T[R—l/)V (34)
== 15— (v +a+u)C — qEC + Asin(wt + ¢) (35)
Z—iz)lS—(6+a+u)P+Asinwt (36)

av
- =n1C—-E+a+pv (37)

dR
Z-aC—@+m+wR (38)

C . . . .
where y = Nﬂjwuh N = /;_y, has the same asymptotic qualitative dynamics as those of system.

Putting K, = —qEC + Asin(wt + ¢), K, = Asin wt

The Jacobian matrix for system (34-38) at the endemic equilibrium, € is

—-A—u B 0 —-D+y T
( A 0 B—-K;+Kg 0 0 \
J(E)) = A 0 0 B—Ks+K, 0
0 n 0 — K, 0 /
0 a 0 0 —K;
where A = f}iv**’B = Nﬁiv and D = ESI:SI‘—TC)Z

Hence, the characteristic equation associated with the local stability of ] (&;) are:

Ay (@)Q" — A3 (@)Q° — Az (0)Q* + A1 (@)Q+ Ag =0 (39)

where
A, =1,
As=B+u+K, +K, + Ky
A, = —Dy—Bu+ (A—B + pK; + Ky (A-B+u+Kj3)
+K; (A + u+ K, +K3),
A; = —Dyu+ Ay + Aar+ (—Bu+ (A + K )K;
+K,(=Dy—Bu+ (A—B+ w)K3; + K (A+ pn+Ky),
Ay = +AanKs + K, (y(Du+ AS) + (Bu— (A + 1DK1)K3)

and Q; represents the eigenvalues of the Jacobian with @ is the model’s parameter vector.

The local stability of the rape endemic equilibrium is geared towards the roots of equation (39).
Therefore, the rape endemic equilibrium point is locally asymptotically stable if the roots of
equations (39) are negative real roots.
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4 Numerical Simulations
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Figure 1: Graph of Susceptible Individuals to Rape cases in a Population. Parameter Values are:
1=3.142, P=0.5, 6=0.90, 0=0.45, 3=0.72, ki=0.75, k,=0.75, p=0.005, ©¢=0.67, ¢=0.81, y=0.80,
¢=0.45, with initial condition (S(0), P(0), V(0), C(0), R(0)) = (100, 50, 50, 20, 10).

Figure 1 above showed that the susceptible population or individuals reduces slowly with respect
time and move to either the culprit-victim individuals asymptotically.
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Figure 2: Graph of Rape Perpetrator-Victim cases in a Population. The parameter values are:
1=3.142, P=0.5, 6=0.90, 0=0.45, 3=0.72, ki=0.75, k,=0.75, u= 0.005, $=0.67, $=0.81, y=0.80,
§=0.45, with initial condition (S(0), P(0), V(0), J(0), R(0)) = (100, 50, 50, 20, 10).

In figure 2, the graph depicts that rape victims do not go to extinction because in the natural the
stigma lives with them mostly females, while the perpetrators or culprits
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sometimes vanishes as a result rape control measures and if the culprit are males.
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Figure 3: Graph of Recovered Individuals from Rape cases in a Population. The parameter
values are: 1=3.142, P=0.5, 8=0.90, 0=0, $=0.72, k;=0.75, k,=0.75,

u= 0.005, =0, $=0.81, y=0.80, 1=0.45, with initial condition

(S(0), P(0), V(0), C(0), R(0)) = (100, 50, 50, 20, 10).

Figure 3 above showed that the recovered individuals reduce to annihilation asymptotically with
respect time through natural death or migration to another environment.

4.1 Discussions of Findings

The study designed and discussed the asymptotic behavior of a new deterministic model for the
dynamics of rape in a population with noise and human disturbance. The model equation (1-5)
has a locally-asymptotically stable rape free equilibrium whenever the associated rape reproduction
number (R:) is less than one. This model undergoes the phenomenon of backward bifurcation,
where the stable rape-free equilibrium co-exists with a stable rape endemic equilibrium. The
analysis showed that this phenomenon is caused by the rates at which individuals who previously
recovered from rape, following some intervention programme and individuals who previously
were convicted and jailed for rape revert to being susceptible to rape.

It is also shown that the model has a globally-asymptotically stable rape-free equilibrium (DFE)
when individuals who recover from rape and those previously convicted and jailed for rape never
become susceptible to rape but have developed total resistance to rape. The Jailed model was
identified as the general measure to curb and control rape, both at Covid-19 and other crisis
respectively. To restrain rape globally, an SCPVR models was developed which implies Susceptible
to rape S, Culprit C, Prey P, Convicted and Jailed because of rape committed V and recover from
rape R, models. The study identifies two equilibrium points such as Pandemic free equilibrium
state Py and the rape free equilibrium state, Re. The MATLAB ODEA45 software was used for the
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simulations. However, the graphs show that the susceptible class increases with time in a ratio of
1:1 and the recovered class goes into extinction with the presence of human disturbance and jail
class which is the control measure of rape cases in any given population. The results and
simulations mean that the rape culprit goes to life imprisonment because of the action. The
simulation of this study with noise showed a sinusoidal and an exponential increase; which implies
that the action of the rape culprit was high on the victim.

We can see from the line graph that the recovered class tends to zero with respect to time. We can
also affirm that the model is a good for the control of rape cases in a population within a stipulated
time. The numerical simulation graph of this is depicted in rape cases with respect to time. The
perpetrator-victim classes decline with respect to time also. This shows that the proposed model
can be used to control the high rise in number of rape cases during the Covid-19 which is realistic
to real life situation.

5 Conclusion

In conclusion, the findings from the model analysis, shows that the convicted and jail for life
imprisonment is the only possible measure to mitigate and control the impact of rape cases in any
rape society. This study could be extended to multiple rape scenarios that led to pregnancy.
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The transmission dynamics of Lassa fever virus

I.D. Ofem” and H.O. Adagbaf

Abstract

Lassa fever Virus (LFV) is a rare, acute arena viral hemorrhagic fever caused by Lassa
virus, which is often fatal if untreated. In this research work, we developed a model that
describes the dynamics of Lassa fever Virus (LFV) disease in human population
compartments involved with vital dynamics (birth and death rates), incorporating exposed
quarantine individuals of 6 to 21days window period and treatment of infected individuals
of 21days (" of infectious period in the trends of infection progression which are influenced
by public health education campaign. A system of Nonlinear differential equations was
formulated for the transmission dynamic of Lassa fever virus (LFV). The model has the
Basic Reproduction Number (R,) and effective reproductive number (Re), the Stability
analysis of the model indicated that the local and global disease-free equilibrium (DFE) is
stable and indeed when (Ro) < 1 and unstable when (Ro) > 1. Numerical results show that
the infected individuals should be quarantined and given health education campaigns before
treatment, because both complement each other in reducing the spread of Lassa fever virus
as well as increasing the rate of recovery of the infected individuals.

Keywords: 1assa fever virus; transmission dynamics; human population compartments

1 Introduction

In this chapter we reviewed works done by other researchers on mathematical modeling, especially on
Lassa fever Virus (LFV). According to (World Health Organization, 2017) Lassa fever Virus (LFV) is
an acute, hemorrhagic viral disease that occurs mainly in West African countries and was first
discovered in the town of Lassa in the North-East Nigeria in 1969. Though it was first described in
the 1950s, but the virus was not identified until 1969, when two missionary nurses died from it in the
town of Lassa in Borno, Nigeria (Richmond and Baglole 2003). Lassa fever is a zoonotic disease, i.e.,
it can be transmitted from an infected animal to a human. Multimammate rats of the genus Mastomys
is the reservoir host of the virus (Walker ez a/, 2019). It is associated with acute and potentially fatal
haemorrhagic illness caused by Lassa virus (Hallam ez a/, 2018). The Lassa fever virus is a zoonotic
disease that is primarily transmitted to humans from contact with infected animals; usually a rodent
of the genus Mastomys commonly known as multimammate rat (World Health Organization, 2017 &
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2018). The Mastomys rats infected with Lassa fever do not become ill, but can transmit the virus to
humans and other primates through the shed of their urine and faeces (World Health Organization,
2017). Lassa fever is known to be endemic in Benin, Ghana, Liberia, Mali, Sierra Leone, and Nigeria,
but probably exists in other African countries as well (World Health Organization, 2017 & 2018). The
Lassa fever virus usually last for 2-21 days in humans, but because the clinical course of the disease is
so variable and nonspecific, clinical diagnosis of the disease in affected patients at early stages has been
difficult (World Health Organization, 2017; Sulaiman & Ibrahim, ez a/, 2018), and confirmatory
laboratory diagnosis is not within the confines of many centers in West Africa (World Health
Organization, 2017; Andrew, ef al. (2013). About 80% of people infected with Lassa fever are
asymptomatic (World Health Organization, 2017). The incubation period of the disease ranges from
6-21 days and the onset of the disease, when it is symptomatic, is usually gradual, starting with fever,
general weakness, and malaise (World Health Organization, 2017).

After few days of infection, follows headache, sore throat, muscle pain, chest pain, nausea,
vomiting, diarrhea, and abdominal pain (World Health Organization, 2017). In severe cases of the
disease, facial swelling, fluid in the lung cavity, bleeding from the mouth, nose, vagina or
gastrointestinal tract and low blood pressure may also occur (World Health Organization, 2017).
Protein may also be noted in the urine of an infected person (World Health Organization, 2017).
However, shock, seizures, tremor, disorientation, and coma may also be seen in the later stages of
infection (World Health Organization, 2017). Deafness occurs in 25% of patients who survived the
disease (World Health Organization, 2017). In half of the infected cases, hearing returns partially after
1-3 months of recovery, and transient hair loss and gait disturbance may occur during recovery (World
Health Organization, 2017). Death usually occurs within the first 14 days of onset in fatal cases (World
Health Organization, 2017). It is reported that, 1 out of each 5 infections results in severe disease case,
where the virus affects several vital organs such as the liver, spleen and the kidneys (World Health
Organization, 2017).

The disease is especially severe in late pregnancies with maternal death and or fetal loss occurring
in more than 80% of the cases during third trimester (World Health Organization, 2017). The overall
case-fatality rate is 1% and observed case-fatality rate among patients hospitalized with severe cases
of the Lassa fever is 15% (Wotld Health Organization, 2017). However, when the presence of the
disease is confirmed in a community, prompt isolation of affected patients, good infection prevention
and control practices, and rigorous contact tracing can stop outbreaks (World Health Organization,
2017). Early supportive care with rehydration and symptomatic treatment of the infected persons
improves survival and chances of recovery (World Health Organization, 2017). The antiviral drug
ribavirin seems to be an effective treatment for the Lassa fever virus if given eatly in the course of
clinical illness (World Health Organization, 2018). There is no evidence to support the role of ribavirin
as post-exposure prophylactic treatment for the Lassa fever (World Health Organization, 2018).
Generally, there is no licensed vaccine for Lassa fever virus (World Health Organization, 2018;
Thomas, et al., 2005), opined that no experimental vaccine has completely protected non-human
primates against Lassa fever.

The Lassa fever virus is usually transmitted to humans via contact with food or household items
contaminated with rodents’ urine or faeces (Wortld Health Organization, 2017). Humans become
infected with the Lassa fever virus from exposure to urine or faeces of an infected Mastomys rats
(World Health Organization, 2017). The Lassa virus may also be transmitted among humans through
direct contact with the blood, urine, faeces or other bodily secretions of an infected person with Lassa
fever (World Health Organization, 2017). Currently, there is no epidemiological evidence supporting
aitborne spread of the Lassa fever virus among humans, but, person-to-person infections and
laboratory transmission can also occur, especially in hospitals lacking adequate infection prevention
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and control measures (World Health Organization, 2017). Person-to-person transmission occurs in
both community and healthcare settings where the virus may be spread by contaminated medical
equipment, such as re-used needles (World Health Organization, 2017). Sexual transmission of the
Lassa fever virus has also been reported (World Health Organization, 2017). Infections in humans
typically occurs by direct or indirect exposure to animal excrement through the respiratory or
gastrointestinal tracts (Okuonghae D. et al, 2006). Inhalation of the tiny particles of infectious material
(aerosol) is believed to be the most significant means of exposure (Okuonghae D. et al, 2000). It is
possible to acquire the infection through broken skin or mucous membranes that are directly exposed
to infectious materials and so, transmission from person-to-person has been established (World
Health Organization, 2017; Okuonghae D. et al, 2006). Outbreaks of the ILassa fever virus occurs
regularly in West Africa with the most recent one in Nigeria (Vanguard News, 2018). From 1 January
2018 through 18 March 2018, about 1495 suspected cases and 119 deaths have been reported in
Nigeria from 20 States of the Federation including Anambra, Bauchi, Benue, Delta, Ebonyi, Edo,
Ekiti, FCT Abuja, Gombe, Imo, Kaduna, Kogi, Lagos, Cross River, Nassarawa, Ondo, Osun, Plateau,
Rivers and Taraba (World Health Organization, 2018).

During this period, 376 cases were confirmed, 9 were classified probable, 1084 were reported
negative and 26 are pending; awaiting laboratory results (World Health Organization, 2018). Among
the 376 confirmed and the 9 classified probable cases, 95 deaths were reported giving a case-fatality
rate of the confirmed and probable cases to be 24.7% (World Health Organization, 2018). Similar
reports about the current ongoing Lassa fever outbreaks and fatality cases in Nigeria can be found in
(Ayodemola, 2018; Vanguard News, 2018). Since 1 January 2018, the number of Lassa fever cases
increased from 10 to 70 weekly reported cases (World Health Organization, 2018). However, since
mid-February 2018, there has been a downward trend in the weekly reported number of cases (World
Health Organization, 2018). The Nigeria Center for Disease Control NCDC has built a laboratory in
Ebonyi State that has the equipment needed to identify the Lassa fever virus, which is the fourth of
its kind to be established by the institution in the country (Vanguard News, 2018).

Mathematical modeling in epidemiology provides an understanding of the mechanisms that
influence the spread of diseases, and suggests control strategies. For some diseases, it is found that for
a period of time, a part of the infectious class does not show the symptoms (Mohammed, AL-Smadi
and Ghaleb, 2014). For modeling such diseases SEIR models are used (Mohammed, AL-Smadi and
Ghaleb, 2014). A general SEIR model with vertical transmission for the dynamics of an infectious
disease was studied by El-Sheikh and El-Marouf (2003), where a fraction p and ¢ of the offspring from
the exposed and the infectious classes, respectively, were assumed to be infected at birth. This study
shows that some part of infectious class manifest symptoms. The work of El-Sheikh & El-Marouf
(2003) showed that once the disease appears, it eventually persists at the unique endemic equilibrium
level. They finally used mathematical tools of differential analysis, persistence theory, Hopf-
Andronov-Poincaré bifurcation, and linear system theory to deduce the existence of a family of
periodic solutions that bifurcate from a positive interior equilibrium.

A mathematical model for the transmission dynamics of Lassa fever virus can also be found in
the work of Faniran (2017). In developing the model, Faniran (2017) neglected the latency/exposure
period in the successive trends of infection progression in both humans and the animals. They also
neglected human-to-human transmission of the virus in the human host and considered only animal-
to-human transmission. This work will add knowledge to this model on human -to -human
transmission of Lassa fever virus (LFV). Okuonghae and Okuonghae (2006) formulated a SIS model
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coupled to a population of rat species, for the transmission of Lassa fever disease. The equilibrium
states of the model were obtained and examined the endemic and epidemic situations. They further
calculated the basic reproductive number and gave conditions for disease outbreak. Onuorah et al
(2016) developed a Lassa fever model using the sex structure approach. Their model represented the
transmission dynamics of the Lassa fever disease using a set of ordinary differential equations. They
obtained the disease-free equilibrium. Their computation of basic reproduction number is 0.129 which
is less than the one.

Akinpelu and Akinwande (2018) formulated a mathematical model for Lassa fever and
Sensitivity analysis. The model was divided into five compartments susceptible (§), latent (L),
infected (I), isolated (Is) and recovered (R) classes. The equilibrium states, basic reproduction
number were obtained using generation matrix and their stabilities were analyzed using Descartes’
rule of sign and comparison test. However, their work lacked global stability which this study has
covered. In the work of Nwasuka et al (2019) A mathematical model is formulated and analyzed
to study the controllability of Lassa fever incorporating separation of infected individuals and
treatment measures. The model assumes that humans susceptible acquired the Infection via
interaction with the infected rodent populations at a constant rate and also the model assumes that
treatment is only given to separated human population without quarantining of exposed
individuals. Therefore, this work covered quarantining of exposed individuals of 6 days to 21 days.
Another mathematical model for the transmission dynamics of the Lassa fever infection was
developed by Omale and Edibo (2015). In the development of the model, they also neglected the
latency/exposure period in the successive trends of infection progression in both humans and the
animals and considered re-infection after recovery from the treatment intervention in the humans.
They considered linear incidence transmission in the animals and the force of infection in the
model did not account for animal-to-human transmission. This work will cover latency/exposute
period in the successive trends of infection.

A deterministic mathematical model for transmission dynamics of Lassa fever with
quarantine policy was constructed in the work of Tolulope, Akinyemi and Bamidele (2015). In
their work, they divided the infectious human population into two; the quarantined and un-
quarantined humans and considered both as contributing to human-to-human transmission of the
virus in the human host. They subdivided the animal population into adults and infant reservoirs
and assumed only the adults contributes in animal-to-human transmission of the Lassa virus. In
the model, they assumed humans recover with permanent immunity. This work assumed that
human recovery is not with permanent immunity. The work of Onuorah et al (2016) subdivided
the human host into males and females and the animal reservoirs into active and inactive reservoirs
when developing their model. They incorporated sexual transmission of the virus among sexually
active humans as one of the means of transmitting the disease in humans. Sensitivity analysis of
parameters in the basic reproduction number of their model revealed that, the reproduction
number is most sensitive to parameters representing human birth, condom efficacy and
compliance rates. However, their work lacked a qualitative and numerical analysis which this study
has covered. In the work of Adewale et al (2016), they developed a mathematical model for the
transmission dynamics of the Lassa fever virus with proposed isolation of infectious humans as
control strategy on the spread of the disease among humans. Most importantly, they showed that
the disease free equilibrium is stable while the endemic equilibrium may or may not be stable
depending on the model parameters. This model is important to this study, however, the
researchers intend to use a different model which is the S, E, Eg, I, It, R model to determine the
transmission dynamics of Lassa fever virus (LFV).

The model in James et al (2015) studied the transmission dynamics of Lassa fever virus in
animal and humans. The SIR model in their work did not consider the exposed quarantining of
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individuals between the 6 to 21 days window period in the transmission dynamics of the virus
which this study covered. In Ojo et al (2021), the authors developed and critically analyzed a six
compartmental model to study the effect of control variables on the control of Lassa fever in
Nigeria. The population is stratified into the human population of susceptible, exposed, infectious,
and recovered individuals, and also the rodent population of susceptible and infectious rodents.
The model in Mark N. C. e @/ (2015) which is the bases of this work, studied a mathematical model
on the dynamics of Lassa fever Virus (LFV) in human population. The model in their work
consists of only five (5) compartments. They considered quarantining of infectious treated
individuals after window period (i.e. 21 days ") and neglected exposed quarantine individuals of 6
to 21days of window period of the model which this study covered. A number of gaps have been
revealed in the foregoing literature, but it is not clear enough about the extent to which the Lassa
tever virus (LFV) disease was analyzed. The study attempted to investigate the transmission
dynamics of Lassa fever virus (LFV) whose numerical results show that the infected individuals
should be quarantined and given health education campaigns before treatment, because both
complement each other in reducing the spread of Lassa fever virus as well as increasing the rate of
recovery of the infected individuals.

1.1 Aims and objectives of the study

The aim of this paper is to examines the transmission dynamics of Lassa fever Virus (LFV), and
other specific objectives of the study are;
1. Carry out a detailed study of Lassa fever Virus (LFV)
2. Investigate the existence and stability of the equilibrium state of the model.
3. Interpret numerically, the results of the analysis.
4. Use the study in providing useful contribution that will aid in the awareness of the
dynamics and possible control measures of the disease.

2 Model formulation

The population (N) is divided into six (6) compartments; susceptible individuals (S), Exposed
individuals (E), Exposed quarantine (Eq) , infected individuals (1) , Infectious Treated (l;) , and
Recovered individuals (R), So that, N(t) = S(t) + E(t) + E, (t) + 1(t) + I () + R(t).

S/N | PARAMETERS PARAMETERS DESCRIPTION
1 S(t) Number of susceptible at time t
2 E(t) Number of exposed at time t
3 (Eq) Number of exposed quarantine at time t
4 N Number of infected at time t
5 (1;) Number of infected treated at time
6 (R) Number of recovered at time t
7 N (t) Total population at time t
Table 1: Description of variables
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~

VARIABLE VARIABLE DESCRIPTION

Recruitment rate into susceptible class

T
A Rate at which susceptible individuals move to exposed class

Rate of maturity from exposed to the infected class

~| & U] A~ W [\)'—*ZU)
m

2] Rate at which the recovered individuals move to susceptible class
T Rate at which exposed-quarantine individuals move to susceptible class.
T, Rate at which exposed-quarantine individuals move to infectious class
v Rate at which infected individuals move to infectious treated class for
treatment.

8 P Rate at which Exposed individuals move to quarantine class

9 f Rate at which treated infectious individuals recover from the disease

10 | u Natural death rate

11 | p contact rate between the susceptible and infectious individuals

12 o Rate at which untreated infected individuals died due to infectious

13 0> Rate at which infected individuals died during treatment

14 |« proportion from S to I (fast progression)

Table 2: Description of Parameters

2.1  Assumptions of the model
The following assumptions were made during the study:

1. The mixing of individual is homogeneous, meaning that all individuals have equal
likelihood of getting infected if they come in adequate contact with infectious individuals
and the transmission of infection occurs with a standard incident (3SI)

2. Individuals in each group have homogeneous susceptibility but the susceptibilities of
individuals from different groups are distinct and different.

3. We assumed that all recruits are neither infected with Lassa fever virus (LFV).

The rate at which recovered individuals become susceptible (@) is negligible.

That some infectious individuals under treatment died as a result of the disease, while

some recovered from the disease

6. That some individual died natural death

v
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Model diagram of Lassa fever virus
0
R
’ \

/ f p

f— Jsb——c— |— I,

Y\ 0 T U
\ 4
n H+0 H+0 2
Eq

Figure 1. Schematic Diagram

Extended Model Equations
S
%zﬁ—(i+u)+9R+rlEq

%:/IS—(y+e+p)E

OE,
— =pE—(u+7,+7,)E,

ot

ol
Eze E—(V+(IU+51))I +T2Eq
1)

ol
ET:VI —(f +(u+3,)I,

%:fh—(wem
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3  Model analysis

In this section, the model equations (1) will be analyzed quantitatively in order to understand the
transmission dynamics of Lassa fever virus (LFV). We will therefore, consider the following proof;
invariant region, positivity of solution, disease free equilibrium (DFE), endemic equilibrium (EE),
basic reproduction number, effective reproduction number, local and global stability analysis of
the model.

3.1 Invariant region

In this section, we think of the solutions as having six dimensions, so that at any instance of time
(t), we have a vector of solutions with six elements (representing the state variables), real and
positive solution. First, we established the positivity of invariant region or set to the above

biological model (1) using the total populationas N=S+E+E, +1+1; +R.

Theorem 3.1
The solutions of the system (1) are feasible for all t > 0, if they enter invariant region Q.

Proof:
Let Q:(S, E, Eq, 1, R) IS |:\’6+ be any solution of the system (1) with non-negative initial
conditions. Using the total population of our model as N =S + E + Eq +1+1; +R.
Hence,
ON o0S oE OE, ol o, ©¢R
= — Ty

ot ot ot ot ot ot ot

Considering the force of infection A = BSI in our model equation (1), the above equation becomes

oN
—=x—uN-dl, 2
P H 2
so that,
—TS%—,UN

OoN

—+uN<r

a M

where the integrating factor is given as;

LE = ol
|LF =0

Thus, the above differential equation become;

0
— (N < o™
at( )<7

144 IIMAM, Vol. 5, Issue 2 (2022) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 2, September 2022, Pages 137 — 170

O(Né"t) < z/*dt
ja(w) s;zjwduc
The above integral becomes
Nt < Zgm o C
u
N@E)<Z+cor, 3
u

where C is the constant of integration. Given that at time t = 0, N (t) = N (0), then

T
N(O)<—+C
(0) N

c=N@©O)-Z
7

Hence, equation (4) becomes
N() <(1-£) T+ N . )
u

We therefore, apply Birkoff and Rota™ theorem on equation (5) as t—> 0, we obtain

N(t) < z , hence all the feasible solutions of the model (2) enter the region or set of

Q= [(S, E, Eq, I,1;,R) <= | which is positive invariant, attracting and its sufficient to consider
U

solution in Q. Thus, in this region or set of our model is biologically feasible whenever N > z ,
7

OoN X ) . ) )
then E < 0 which mean that the population reduces asymptotically to the carrying capacity and

whenever N <2 every solution with initial condition in Q in that region for t >1, so the model
u
is well posed to Q and biologically meaningful. This ends the proof.

3.2 Positivity of solution

For the system S,E, Eq, l |T R to be biologically meaningful, it is important to prove that all

solutions with non-negative initial conditions will remain positive. Here, we will take each
differential equations of the dynamical system (2) to illustrates that the corresponding solutions
are positive.
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Theorem 3.2
Let the initial data be

{5(0),E(0),E,(0),1(0),1,(0),R(0) =0} € R®, . Then, the solution set
{S(t), E(t), E,(t), I (1), I; (t), R(t)}of the system (1) is positive for all t > 0.
Proof:

From the first equation of the model system (1)

%:ﬂ—(ﬂhu)s +0R+1,E,

= é:ﬁ+t9R+z'1Eq—(/1+,u)S

S>7+0R+7,E, —(A+ u)S

§2ﬁ+6’R+TlEq—(ﬂ,+,u)

After integrating we have,

S(t) > 5(0) (ﬂ ‘“*")"‘) >0

Then, (A+u)=0

Using the second equation of system (2), we have

Z—Ez/tS—(,u+e+p)E

= I.E:lS—(,u+e+p)E

m|me

=AS —(u+e+p)
After integration we get,

E(t)> E(O)(EI etk j >0

Then, (u+e+p) = O'

Again from the third equation of system (2), we have

oE,

?sz—(,u+2'1+fz)Eq
= E=pE-(u+7,+1,)E,

E,
E_:pE_(/H'Tl‘H'z)
q
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After integration we have

E.q (t) > Eq (O)(KJ‘_(/I+T1+12)dtj >0

Then (,u+rl+rz)20'

From the fourth equation of model (1), we get

%:e E+7,E,—(v+(u+0))l
= =c E+r,E, —(v+(u+o))l

i
T:e E+7,E, —(v+(u+0))

After integrating we have

1(t)>1 (0)(5j Serladd ) >0

Then,
v+(u+0,)=0

From the fifth equation of our model (2)

D

v (F 4 (S,

U o

I =vl—(f +(u+8)I,

— .

=vl—(f +(u+9,))

T

After integrating we get

Ir>1 (0)(@1“”“‘*52’“) >0

Then, (#4820,

From the sixth equation of model system (1)
oR

—=fl; -(+6)R

ot r—(u+0)

R=fl, —(u+O)R
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|0

= fl; —(u+0)

After integrating we have,

R> R(O)(fJ R j >0

Then,

(,u+t9)20'

Therefore, all the solutions of the equations (2) are positive for all t > 0 which ends the proof.
3.3 Existence of diseases free equilibrium (DFE) points

Equilibrium state in our model represent the absent of Lassa fever virus in a given susceptible
population. Thus, all the infected classes will be set to zero and the entire population will comprise
of only susceptible individuals over those who died natural death.

Theorem 3.3
The disease-free equilibrium point of our model exist at the point where

«= (S,E.E 1, 1;,R)=(%,0,0,0,0,0)
7

Proof:
At equilibrium state the rate of change of each variable is equal to zero, that is;
S_E_% _a_d _R_,

o0 ot o ot ot ot
Lﬁ,GLEEMJPR)zwﬁEREjJQHRR%

Then from the first equation of our model (2)

%zﬁ—(/l+y)8+t9R+rlEq

The rate of change of R, Eq is equal to zero, therefore, taking R = Eq =0
— 7 (A+u)S’ =0

so—_"

=lu+l.

Taking A = BSI as the force of infection we have,
0 T

SN

Taking the rate of change of (I) to be equal to zero i.e. I = 0, we have
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S%=

=N

®)
Also taking the rate of change of E, E, I, Ir, R of our model (2) to be equal to zero i.e. E=E4=

I= Iy = R = 0, then the 2™ to sixth equations of our model become zero (0).

Hence,

& =(S.E.E,I IT,R)=[%,O,O,O,O,OJ. ©)

) q ) 1

Therefore, equation (6) represents the state in which there is no infection in the population and it
is known as the disease-free equilibrium point (DFE).

3.4 Existence of endemic equilibrium (EE) points

The endemic equilibrium state of the system (1) is the state where the disease cannot be totally
eradicated but remains in the population. For the disease to persist in the population, the
susceptible class, exposed class, exposed quarantined class, infected class, infected treatment class
and Recovered class must not be zero at equilibrium state. In order to obtain the endemic
equilibrium state, we solve equation (1) of our model simultaneously taking into account of the
fact that

(S, EEI",1;,R) #(0,0,0,0,0,0).

Theotrem 3.4
If (S',E, Eq’*l J |T*, R) is equilibrium state, then

(S EE, 1", 1;",R") #(0,0,0,0,0,0)

Proof:
From equation two of our model (1)
oE

—=AS—(u+e+p)E

o (ute+p)

= 1S —(u+e+p)E =0

0
£ AS

" (ute+p) ,

We substitute equation (8) into (9) to have thus;

PR
- H
(ute+p)
L ®)
u(u+e+p)
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We substitute (8) into (3) of our model (2) thus;

OE,
EZPE_(IJ-FTI-FTZ)Eq
:>pE—(,u+rl+rz)Eq =0
E*_ pE’
! (u+7+7,)
PAT
g Mutetp
T (utr )
Eq* _ PAT " 1
plute+p) (u+7+1,)
« PAT
¢ = : ©)
ulute+p)(pu+t,+7,)

We substitute (8) and (9) into fourth equation of model (1) to yield

gt—lze E-(v+(u+o))l+1,E,
=eE-(v+(u+o)l+7,E, =0
. € E*+z'2Eq*

T v+ (utd)

(een) ~resmtrnin)

el ——— |+71,

= u(ut € +p) ulure+p)(pu+7+7,)

(v+(u+o)

*_e/lﬂ(,u+rl+z'2)+z'2p/17zx 1
plpre+p)u+n+7,)  (v+(u+0))

- Are (u+1,+1,) +1,p]
plut e +p)u+7,+7,)v+(u+8))

(10)

We substitute (10) into fifth equation of our model (2) to yield

%zvl —(f+(u+0)l;
=vl-(f+(u+5,)l; =0
"= vl
t(f(uts,)
V[ Ar[e (u+1,+7,) +1,p] J
. p(pr e +p)(p+7,+7,)(v + (1 +6))
(f+(u+9,)

150 IIMAM, Vol. 5, Issue 2 (2022) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 2, September 2022, Pages 137 — 170

. viz[e (u+1,+1,)+1,p]
T pure+p) )+ (ut )+ (u+6,)

(11)

We substitute (11) into sixth equation of our model (2) to have

oR

=M (urOR

= fl, -(u+0)R=0
.l

R" =
(u+0)

pu(ut e +p)(u+1 + 1) (v + (u+ o ))(f +(u+35,))

(u+0)
. fv}m'[e (,u+rl+rz)+r2p]

~ ulut e +p)(utr,+ ) v+ (ur O(F +(u+8,))(u+6) | 12)

f[ V/liz[e (,LI+T1+T2)+T2p] ]
R

Finally, we substitute (12) into first of our model (1) to yield

%zﬂ—(l+,u)+9R+rlEq

7—(A+u)S +6R +rlEq* =0
- T+6R +rlEq*
(A+ 1)

ﬂ+9[ fviz[e (u+1,+1,)+7,p] JJF ( PAT j
5 _ plu+ e +p)u+t,+1,)v+(u+S)(f +(u+8)w+0) | u(u+ e+p)u+1,+1,)
(A+ p)
r+0fvir|e(u+1,+1,)+1,0] . T, PAT
g o Mt etp)ut i+ )+ (u+ 8)(F +(u+5,))u+0) pute+p)ut +1,)
(A+p)

T Ofvid|e (u+1,+1,)+1,p] N T,PAT

(A+p) plute+p)v+r+0)v+(u+ ) +(u+8,))(u+0)  pu(d+p)(u+e+p)(u+7,+1,)

mu(u+e+p)(u+r,+7,)v+u+o))(u+60)+0fvile (u+r7,+7,)
~_+0p+npAn(v+ (1+6))(u+06)
 u(A+ ) e +p) A+ 7+ )+ (u+ D)+ (u+8,))(w+6)
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mu(p+ e +p)(u+r, +rz)(v+(,u+52))(,u+6?)+9fvﬂ,[e (u+7 +rz)+rzp]
g = +Tl,072'[l/ +(u+o)(f+ (y+52))(y+6?)]
H(A+ p)(u+ € +p)(u+7,+7,)(v + (u+ 6))(f + (1 +6,))(u +0)
g+ O) (gt € +p) (e + 7, + 1) (v + (e + S))(F + (e +8,)) + 7pAz [(v + (1 + 8))(f +(u+6,)) ]
g - +¢9fwzﬂ[e (u+7,+7,)+ rzp]
H(A+ w)(u+ e +p)(u+ 1+ 1)V + (1 + S))(F + (1 +6,)) (e +0)

(13)

Hence, equations (8), (9), (10), (11), (12) and (13) represents the state in which there is an infection
in the population and it is known as the endemic equilibrium point (EE).

3.5 Basic reproduction number (R;)

The basic reproduction number denoted by Ry is an important parameter used to determine how

long an infectious disease will prevail or can last in a given population, when Ry <1. Tt means an

average infected individual produces less than one new secondary case during the infectious period
and this implies that with time the disease will die out of the population, thereby giving it a clean

health bill. But if Ro >1 it means the disease will persist in the population. So, for the disease to

die out of the population, Ry must be less than one. Therefore, reproduction number represents
the rate of spreading of an infection in a given susceptible population, hence considering model

system (1) without control measures, the infectious classes are E, Eq, I |T .

To derive the basic reproduction number Ry of the disease-free equilibrium (DFE), we employ the
next generation operator technique described by Diekmann and Heesterbeek (2000), and which
was subsequently analyzed by Vanden and Watmough (2002). This method is described as follows;
assuming that there are n compartments so that the first m compartments correspond to infected

individuals. Let f;(X) be the rate of appearance of new infectious in compartment i and V,"(X) be
the rate of transfer of individuals into compartment 1 by all other means, other than the endemic.

Also let Vif(X) be the transfer of individuals out of the compartment 1. The disease transmission

model consists of the system of equation Xil = f.(X)=V." (X) whereV,"(X) =V."(X) = V."(X).

One other important step is to obtain the disease-free equilibrium point X, we therefore, compute

matrices F and V which are mXm matrices, where m represents the infected classes, define by

OX

]

F = I:%(XO):I and V = I:% (XO):I With I1=1,) =m, and F is a non-negative and V is a non-
J_ 4

singular M matrix, (a matrix with inverse, belong to the class of positive matrices). Since F is non-
negative and V is non-singular, then V s non-negative and FV s also non-negative. We then
compute matrix FV ™| defined as the next generation matrix (Diekmann et al., 1990). This is given
as Ry = p(K) , where K = FV ™ Computing reproduction number, we rewrite equations (1) of our
model starting with the Exposed compartment of the population: E, qu , |T ,S,R and then

followed by the uninfected classes, then the model equations become;
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oE
—=AS—(u+e+p)E
o (ute+p) \
oE
#sz—(,u+z’l+rz)Eq
(14
ol
a=eE—(v+(,u+51))l+r2Eq
ol >
a—thvl—(f+(y+52)lT
0

Eszﬂ—(/1+y)+HR+rlEq

%:fh—(we)R

Considering our model (14) and only the infectious classes (E, Eq|, I;) only, we then define f;

and V; to compute Ry as follows;

SSI
0
fle:
0
0
So that
0 0 pS O
of. 00 0 O
—g=F= .
OX; 00 0 O
00 0 O
Also
[(u+e+p)E ]
-pE+(u+7,+17,)E
V V= P (u+t7,+1,) q
—eE+,E +(v+(utd))l
| v+ (f +(u+0)l;
where,
K, =pute+p
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K,=u+1,+7,
Ky=v+(u+6)
K, =1 +(u+)

We take the partial derivative of v with respect to E, Eq, I,1; we have

K, 0 0 O
. - K, 0 0
ﬁgo —v=| P ™ .
OX; -e -1, K, O
0 0 —-v K

4

We form the matrix of the co-factor of the determinant

KKs —pK; —pr,+eK, KK,
V< 0 KK, K.z, 0
0 0 K.K, 0

KKy oKy —pr+eK, KK,

We take the adjoin of the matrix V to give

K,K, 0 0 K,K,
VT = PK; KKy 0 PK;
pr,+eK, Kz, KK, pr,+eK,|
K,K, 0 0 K,K,
We form the inverse of the matrix V
1 o o L
K, K,
P 1 P
v 1 _ KK, K, KK,
KKK; | pr,te 7, 1 pr+e
KK, KK, K, KK,
1 1
0 0
L Kl Kl i
Furthermore,
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pSp 5 0 pS
KiK2K, K K2K,
FV - 21| = 0 0-4 0 0 |=0 (15)
0 0-1 0
i 0 0 0-4 |
A8 [ﬂ - ,1} =0
Then, KKKy )
Therefore, either A*=0o0r A = PSp ,
K.K;K,
. . . . .. _PSp
rom (15), we obtain four eigenvalues which atre by; 4, = ,
K. KoK,

A,=0, 4;= 0 and /1420

Cleatly, A, is the dominant eigenvalue and it becomes the basic reproduction number of our model

(2). Therefore, the basic associated reproduction number is

(Ry)) = p(FV™) _ PSP s

1273
3.6 Effective reproductive number (R,)

We incorporate quarantine, health education campaign and treatment as control or intervention
strategy to eliminate Lassa fever virus (LFV) disease. When these control measures are deployed
to a model, the basic reproduction number of the infectious

disease becomes the effective reproduction (R,), [27]. Considering our model (14) and the

infectious classes (E, qu 5) only, we compute R, as follows;
BA-¢)SI
0
fl = F =
0
0
So that,
0 0 pA-¢)S O
of, 0 0 0 0
—80 = F = .
OX; 00 0 0
0 0 0 0
Also,
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(u+e+p)(1-9)E
—p(L+PE +(u+7,+7,)1+)E,
! —e L+ AE+7,(L+ PE, + (v + (u+ )1+ ¢)]

v+ +(F +(u+6)A+ ),

where,

K, = (u+e+p)1+4)

K, =(u+7+70,)A+¢)  K;=v+(u+6)1+¢)
K,=f+(u+35,)1+9) '

We take the partial derivative of v with respect to E, Eq, I, 1 we have;
K, (1+¢) 0 0 0
-p(l+¢9) K,1+¢) 0 0
—e(l+¢) -1,(1+¢) K (1+9) 0

gixij‘% _y_L O 0 —v(l+¢) K,1+9)

We form the matrix of the co-factor of the determinant
K,K,(1+9) —pK,(1+¢) —pr,(l+9)+eK,(1+¢) K,K;1+¢)
0 K. K;(1+¢) Kz,(1+¢) 0
0 0 K.K,(1+9) 0
K,K,(1+9) pK,(1+¢) —pr,l+9)+eK,(1+¢9) K,K;1+¢)

We take the adjoin of the matrix V to give

K2K3(1+¢) 0 0 K2K3(1+¢)

: pK,(L+¢) KKiL+¢) 0 PK,(L+¢)

T pnrhreKrg) Kr(+d) KK,(A+¢) pr,L+d)+eK,1+4)
K2K3(1+¢) 0 0 K2K3(1+¢)

We form the inverse of the matrix V

156 IIMAM, Vol. 5, Issue 2 (2022) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 2, September 2022, Pages 137 — 170

_1 0 0 _1
K1+ ¢) K.d-¢)
pL-¢) 1 P
L1 | KKa+g K@+ 9) K.K;
KKK A+g) | prl-g)rel-9) rl-¢) 1 prA-g+el—¢)
K K;(1+9) K K;(1+9) K;(1+¢) K K;(1+¢)
_1 0 _1
K1+ ¢) K3+ ¢)
Furthermore, )
BSpl-¢) BSA-¢)
KK, K; (1 +¢) KK, K;(1+¢)
[FV—4l|= 0 0-4 0 0 =0 (16)
0 0 0-4 0
| 0 0 0 0-1 i
; ( BSp(L-4) ‘lJ 0
Then, K, KK (L+¢)
Therefore, either 1> =0or A = M ,
KiK,K;(1+¢)
. . . ., _ _BSpl-9)
From (16), we obtain four eigenvalues which are by; A= Kle K3 (1+ ¢) ,

A,=0, 4;=0and /1420
Cleatly, 4, is the dominant eigenvalue and it becomes the effective reproduction number (Re) of
our model (2). Therefore, the basic associated reproduction number is
Sp(l-
(R,)= M: 0.85 < 1.
KiK,K;(1+¢)

Hence, this implies that, since R. = 0.85 < 1, therefore, quarantine, health education campaigns
can reduce the spread of Lassa fever virus (LFV) disease. However, when quarantine and health
education campaigns are given to all individuals to reduce the spread of Lassa fever virus, it
increases the effectiveness of the treatment given to the infected individuals, hence increasing the
recovery rate (@), also reduces the rate of getting infected (), reducing the rate at which

untreated infected individuals died due to infectious (51) and the rate at which infected individuals

died during treatment (J,) Thus, the effective reproduction number with quarantine and health

education campaign R. = 0.85 < 1 and is less than the basic reproduction number
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R = 1.20, i.e. (R, <Ry), it implies that Lassa fever virus (LFV) can be controlled in a complete
susceptible population (see figure 4.2).

3.7 Local stability analysis of Lassa fever disease free equilibrium (DFE)

Local stability of an equilibrium point means that, if a system is put somewhere near the point,
then the system will move itself to the equilibrium point in some time. Epidemiologically, this

implies that Lassa fever virus (LFV) will be eliminated from the population whenever Ry <1 if the

initial size of the sub-populations is in the basin of the disease-free equilibrium (DFE), that is a
small influx of Lassa fever virus (LFV) infectious individuals into the community will not generate
a large Lassa fever virus outbreak, and the disease will die out in time.

Theorem 3.7
Lassa fever Virus free equilibrium of system (2) is locally asymptotically stable if

Ro < 1 and unstable if Ro > 1.

Proof:
To analyze the local stability of the disease-free equilibrium (DFE) and established theorem (3.8.7),
we obtain the Jacobean matrix of the Lassa fever model (1) becomes.

fi=r-(A+n)S+OR+7E, )
f,=AS —(u+e+p)E
fy=pE—(u+7,+7,)E,

> (14)
f,=eE-(v+(u+o))! +1,E,
fo=vl—(f +(u+3,))I;
fo=fl, —(u+0)R
J

The Jacobean matrix of our model (14) is describe as follows

of, of, of, of of éf
&S OE oE, o al; OE
of, of, of, of, o, o,
o ¢E OE, ol a; @R
of, of, of, of, of, o,
oS OE o, a al, R

J(DFE) =
of, of, of, o, of Oof,
oS OE OE, ol od; R
of, of, of, of, of, of;
S E o, d o R
of, of, ofy of, of, of
s E o, d o R
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[—(BS + 1) 0 7, 0 0 0
SS —(u+e+p) 0 0 0 0
3(DFE) = 0 P —(u+7,+1,) 0 0 0
0 € 0 -(v+(u+0y)) 0 0
0 0 0 0 —(f+(u+9,) 0
0 0 0 0 f —(u+6,) |
where,
A =—(BS+ 1)
A =—(u+ e +p)
A =—(u+7+1,)
A =—(v+(u+d)
A =—(f+(u+5,)
Ay =—(u+96))
A -2 0 7, 0 0 0 |
pS -A -4 0 0 0 0
joFe)=| ° poA-A O 0 0 1o (15)
0 € 0 -A -1 0 0
0 0 0 0 -A -1 0
0 0 0 0 f -A -]
where

e e
I
|
e i AN 2

Jo=-A,

The characteristic equation is therefore given by

A=A -ADEA=DEA-ACEA-AEA =) =0, where Ay, Ay Ay As, 4
corresponding to A j, j=1,2,...6are the eigenvalues. From [15], since all the roots are negative
sign that is 4 ] <0. We conclude by Routh Hurwitz stability ctitetion that states that any system

can be stable if and only if all the roots of the first column have the same sign. Hence, the model
(1) is asymptotically stable.
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3.8 Global stability analysis of the disease-free equilibrium (DFE)

By global stability, we mean stability relative to initial states in which the number of each species
is positive. It follows that if a perturbation shifts the state of the system from a feasible equilibrium
to a feasible state and the system is thereafter left alone, the natural dynamics of the system will
drive the state of the system into a neighborhood of the equilibrium. It also means that the system
will come to the equilibrium point from any possible starting point (i.e., there is no nearby
condition).

Theorem 3.8
The disease free equilibrium is globally asymptotically stable if Ry <1 and unstable if Ry >1.

Proof:

Other methods like Lyapunov function can be used to proof global stability, which many authors
have used in their various works. We adopt the Comparison theorem to prove the global stability
of the disease free equilibrium (GAS), we have to make use of F and M matrices used in calculating

the reproduction number (Ry) of our work. The rate of change of the variables of infectious

classes of our system (14) (E,E,, I, 1;,R ) can be written as:

q’ H
OX OX
E:(F—V)X—JX,X :(E,Eq,I,IT,R) E:(F—V)X—JX,X :(E,Eq,I,IT,R)

At the disease free equilibrium (DFE), (S,E, Eq, I,1;,R) = (Z,O, 0,0,0,0),
7

consequently, equation (14) becomes;

E E
Eq EcI

(E,E,,1,1;,R)=| I |<(F-V)| I (16)
I, I,
R R

From [15], all eigenvalues of the matrix F —V have negative real parts. i.e. |(F -V)-A1l | =0

—A-4 0 7, 0 0 0 ]
BS -A-1 0 0 0 0
E-vy-an-| ° p -A-i 0 0 0
0 c 0 -A-41 0 0
0 0 0 0 -A-1 0
0 0 0 0 f o A2

The characteristics polynomial of the above matrix was found and can be written as;

gx)=A°+FL +FA*+EA +F A2 +FA+F, =0
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Since, Fl >0, F2 >0, F3 >0, F4 >0, F5 >0, Fe > 0, from our local stability result, where
p(FV _1) <1 ifRy <1, which is equivalent to (F —V) having eigenvalues with negative real parts

when R; <1, it follows that the linearized differential inequality system (16) is stable when Ry <1.

Consequently, (E, Eq, l |T, R )—(0,0,0,0,0) as t —oo. Thus, by the compatison theorem,
(E, Eq, I,1:,R)—(0,0,0,0,0) as t —> o0 Substituting E = Eq =l=1,=R=0in(2) S(t) >
as t—o0. Thus, (S(t), E(t), Eq(t), [(t), 1;,R(t)) —)(SO,O, 0,0,0,0) as t—>oofor Ro <1, thus,

our Lassa fever disease free equilibrium is globally asymptotically stable.

4 Numerical simulations of Lassa fever model

In this paper, we give illustration of the analytical results of the work by carrying out numerical
simulation of the model using epidemiological parameters given in Table 3. Parameters were
obtained from different literature and those unavailable were assumed based on the available
information. Some numerical solutions of the model for different initial population sizes is
presented using the various values of the parameter and to validate that these solutions are in

agreement with qualitative behaviors of the model population: N= S (t) = 123600, E,(t) =
263840, E,q(t) = 185000, 1(t) = 182700, l1(t) = 215000, Ry (t) = 290574, the units of values
are per day.

Parameters | Parameter description Approx. values/days | Source

V3 Recruitment rate 7342 Assumed

A Rate at which susceptible move to exposed class 4.377%10"(-10) Assumed

€ Rate of maturity from exposed to infected class 1076 James T. et al,
2015

0 Recovery rate to susceptible 0.01 James T. et al,
2015

7, Rate of exposed-quarantine to susceptible class 0.42 James T. et al,
2015

7, Rate of exposed-quarantine to infected class 0.05 James T. et al,
2015

1% Rate of infected class to infectious treated class 0.006 James T. et al,
2015

P Rate of exposed class to exposed-quarantine class 1/24 James T. et al,
2015

f Rate of infectious-treated to recover class 0.05 James T. et al,
2015

2 Natural death rate 0.0182 James T. et al,
2015

Y] Contact rate between susceptible and infected 0.5 Assumed
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) Lassa fever infected death rate 0.197 James T. et al,
2015

5, Those who died by LFV during treatment 1/30 Assumed

o Level of re-infection 0.08 Assumed

Table 3: Parameters values of the model

The graph of the basic and effective reproduction numbers are plotted and interpreted as follows:

1.25 T T T T
RO=1
1.2 — Re<1 -
RO>1 _—
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Rate of Transmission of LFV

Figure 2: Effect of the rate of contact () on the Reproduction Numbers

Figure 2 shows the effect of rate of contact ( £) on the basic and effective Reproduction Numbers.

Figure 2 gives the following relationship; Ro = 1, means if care is not taken the disease may invade
the susceptible population in case of a backward bifurcation. Ry > 1, means even if the infected
individuals are treated, effect of the treatment might be very small. Hence, gives little or no
recovery to the infected individuals. R. < 1, means quarantine and health education campaign
measures reduces the rate of spread of virus and increases the effectiveness of treatment given to
infected individuals which also increases the rate of recovery. From the above scenario, it would
be observed that when the susceptible are affected with Lassa fever virus, then the basic
reproduction number (Ry) increases from Ry = 1.00 to Ry = 1.20 and when they are considered for
quarantine and health education campaigns, then the effective reproduction number (R.) decreases
from R.= 1.00 to R. = 0.85. This implies that, when many susceptible individuals are getting
infected due to the rate at which the virus is spread, it increases the basic reproduction number
(Ro). Also, when few susceptible individuals are getting infected because of the introduction of
quarantine and health education campaigns, this decreases the effective reproduction number (Ro).

Simulation of different Epidemiological classes with different parameter values of Lassa
fever model

In this section, graphs of different epidemiological classes are plotted to show the transmission
dynamics of Lassa fever Virus (LFV) disease.
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From figure 3, the diagram shows the change in the dynamics of population with respect to time
by varying the rate of spread of LFV model of susceptible population.

Figure 3a, it would be observed that the susceptible population at time (t) = 0 day is p = 20,000
individuals, the population then increases from p = 20,000 individuals to p = 290,000 individuals

at time (t) > 60 days, this is caused by the influx from recruitment rate (7 ), recovery rate (6 ),

x 10° @

3 T T T T T

251 -

151 -

Susceptible population

O r r r r r

0 10 20 30 40 50 60
Time (days)
Figure 3a

non-manifested symptom, individual’s rate (7;), the rate (4) of movement of those who atre
exposed and those who died natural death (). This is because most individuals are now aware of
Lassa fever virus (LFV), its mode of transmission and ways of quarantine and treatment for
infected individuals. It is very important to control the recruitment rate into the susceptible
population as well as encouraging sufficient behavioral change among them so as to effectively
control and eradicate the LFV epidemic from the population/community. Although most of the
infected persons under-went treatment and recovered, thereby reducing the spread of the virus to
possibly Re< 1.

Finally, it will be observed that the lower the rate of spread of Lassa fever virus among the
susceptible population, the slower the rate of progression to exposed population and the higher
the rate of spread of LIV, the higher the rate of progression of the disease to exposed population,
because time keeps reducing as the rate of spread of the Virus increases. Hence, the transmission
rate of LFV infection reduced and thereby reducing the susceptible population.

From the figure above, the diagram shows the change in the dynamics of population with respect
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to time by varying the rate of spread of LFV model of exposed population.
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Figure 3b, it would be also observed that the exposed population at time (t) = 0 day is p = 260,000
individuals, the population then decreases from p = 260,000 individuals to p = 10,000 individuals
at time (t) <60 days, this is caused by the influx of exposed rate (A4) from the susceptible
population to exposed population and the going out of infected rate (€ ) from exposed population
to infected population, quarantine rate (o) and those who died natural death (). This implies
that the exposed population decreases as the day increases with the help of quarantine and health
education campaigns given to individuals. This is because individual awareness about virus and its
methods of prevention has gone a long way to reduce the spread. This is in line with Okuonghae
and Okuonghae (2006) who opined that the most effective way to reduce the virus epidemic
infection is to carry out quarantine exercise and to educate the people who will go for checkup in
order to become aware of their status. We also observed from the graph that if the days are
increased further than 60 days, we would be discovered that at time (t) = 70 days to t = 100 day
the population of exposed individuals would be asymptotically tending to zero (0) tolerant of the
virus.
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From the figure above, the diagram shows the change in the dynamics of population with respect
to time by varying the rate of spread of LFV model of exposed-quarantine population. Figure 3c,
depicts the exposed-quarantine population at time (t) = 0 day and p = 180,000 individuals, the
population then continuously decreases from p = 180,000 to p = 10,000 individuals at time (t) =
60 days, this is caused by the influx of quarantine rate (p) and going out of non-manifested
symptoms individuals rate (7;), manifested symptoms individuals rate (7,) and those who died
natural death (). This implies that quarantine, public health education campaigns and treatment
as control measures are sufficient for the timely control and eradication of the disease. Hence,
these control strategies have significantly reduced the contraction and spread of the virus in the
population/community. It can also be observed that if the days are increased further than 60 days,

it would be discovered that at time (t) = 70 to t = 100 days the population of exposed-quarantined
individuals would be asymptotically tending to zero (0) tolerant of the virus.

X 10° ©
2 T T T T T 1
————— Eq
181 b
n
1
1
161 i
1
c 1
kel \
g L4}y y
= \
a \
g 12 |
Q ‘\
£ \
g \
2 0.8- \ .
° \
0] \
0 N
g 06 \ i
a .
\\
0.4 N -
0.2 T 1
0 r r r r ---F --------
0 10 20 30 40 50 60
Time (days)
Figure 3c

Figure 3d depicts the population of infected individuals over time, it would be observed that the
population of infected is (p) = 180,000 individuals at time (t) = 0 day, the population then
decreases constantly from p = 180,000 individuals to p = 10,000 individuals at time (t) = 60 days

due to the influx of virus exposed individuals rate (€ ), manifested symptoms individuals rate (7,
) after 21 days of quarantined and going out of infectious rate (V) individuals to undergo treatment,
those who died by the virus (0,) and those who died natural death (). This implies that health

education campaigns facilitate good movement of infectious individuals to undergo treatment.
This is in line with World Health Organization, (2017) who opined that prompt isolation of
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affected patients, good infection prevention, control practices and rigorous contact tracing can
stop the virus outbreaks. It is seen that figure 3d is similar to figure 3c respectively.
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Figure 3d

From the figure above, the diagram shows the change in the dynamics of population with respect
to time by varying the rate of spread of LFV model of infected-treated population. Figure 3e,
depict the population of infected-treated individuals over time, we observed that the population
of infected is (p) = 220,000 individuals at time (t) = O day, it would be also observed that the
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population then decreases constantly from p = 220,000 individuals to p = 70,000 individuals at
time (t) = 60 days due to the influx of infected individuals rate (v ) undergoing treatment, recovery

rate ( f), the rate (1) of those who died natural death and the rate (6,) of those who died by

Lassa fever virus. This implies that quarantine and health education campaigns yielded an effective
treatment on infected-treated humans within the possible shorted time of the day. This is in line
with World health organization (WHO, 2018) who reported that timely quarantine of exposed and
infected individuals should be observed and also a test to know their virus status be carried out.
From the figure above, the diagrams show the change in the dynamics of population with respect
to time by varying the rate of spread of LFV model of recovered population.

Figure 3f, depicts the population of recovered individuals over time, it will be observed that the
population of recovered is (p) = 300,000 individuals at time (t) = 0 day, it then increased gradually
to its peak as (p) = 340,000 individuals at time (t) = 10 days and subsequently decreases from p =
340,000 individuals to p = 11,000 individuals at time (t) = 60 days. This is because of the
availability of all the control strategies employed to eradicate the virus. Here, many infected
persons were given proper awareness about the virus, some were quarantined, treated and
recovered to susceptible population while some infected persons died by the virus. Hence, the
three control strategies should always be implemented to reduce the spread of the virus.

From the figure above, the diagram shows the change in the dynamics of population with respect
to time by varying the rate of spread of LFV model of the total population. Figure 3g, is a summary
of all the population of figures 3a to 3f. It will be observed here that the graphs intercept with each
other at some points, this really showed the transmission dynamics of Lassa fever virus (LFV).
The graph here still contains the same information of figure 3a to 3f. The points of interception
of the graph are labelled A, B, C, D, E, F, G, H and interpreted as follows. The point of intercept
A: This shows the interception between Susceptible population (S) and Exposed population (E).
It is observed here that the number of exposed individuals and susceptible individuals are (p) =
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240,000 individuals at time (t) = 32 days. This implies that the exposed individuals are to be
quarantined beyond 32 days to avoid more spread of the virus.
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The point of intercept B: This depicts the interception between exposed population (E) and
infected-treated population (Ir). It is observed that the number of exposed individuals who were
quarantined before treatment are (p) = 220,000 individuals at time (t) = 3 days. This implies that
the combination of quarantine and health education campaigns enhance positive and sufficient
behavioral changed on individuals who under-went treatment. This is because there is a good turn-
up of individuals who responded for treatment at time (t) = 3 days. The point of intercept C: This
shows the interception between susceptible population (S) and infected-treated population (Ir).
This depicts that the number of susceptible individuals who contacted the virus and under-went
treatment are (P) = 180,000 individuals at time (t) = 24 days. This is because the level of individual
awareness of the virus is very high. The point of intercept D: This shows the interception of
exposed population (E) and susceptible population (S). This depicts that the number of exposed
individuals with the virus from the susceptible population are (P) = 120,000 individuals at time (t)
= 12 days. It’s implied that this number of exposed individuals were injected with Ribavirin vaccine
(antibody) within 12 days of exposure to the virus and the vaccine is only for a short-term
protection.

The point of intercept E: This shows the interception between infected population (I) and
exposed-quarantine population (E). It is observed from the graph that the number of infected
individuals who were quarantine due to the virus are (p) = 170,000 individuals at time (t) = 1 day.
This is because the infected individuals were controlled at early stage (window period) of the virus
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through quarantined. The point of intercept F: This depicts the interception between the
susceptible population (S) and infected population (I). It is observed here that the number of
susceptible individuals who were infected with the virus are (p) = 100,000 individuals at time (t) =
10 days. This is because some of these susceptible individuals do not practice safety and healthy
life style like maintaining a standard community hygiene to control the rat population by regular
hand washing, storing foods in rodent proof containers, keeping pet cat at home, avoiding blood
and other body fluids when caring for sick people. The point of intercept G: This shows the
interception between susceptible population (S) and exposed-quarantined population (Eg). It is
observed that some of exposed-quarantined individuals who did not manifest symptoms of the
virus during quarantined period, later returned to susceptible population (P) = 90,000 individuals
at time (t) = 8 days. This means that the susceptible individuals were not infectious, since they did
not manifest symptoms of the virus at time (t) = 8 days.

The point of intercept H: This depict the interception between exposed population (E), infected
population (I) and exposed-quarantined population (Eg). It is observed here that the number of
the sub-populations are asymptotically tending to stability with (p) = 10,000 individuals at time (t)
= 40 days to time (tf) = 60 days. This implies that exposed and infected individuals were
quarantined, treated and healed, thereby reducing the spread of the virus because health education
campaign was given to them.

5 Conclusion

In this work, the transmission dynamics of Lassa fever virus is formulated and rigorously analyzed.
The epidemiological and mathematical findings of this work are summarized and concluded below:
Based on the results of this work, we conclude that Lassa fever virus (LFV) is a dangerous virus
that does not respect individual or a community if not dealt with. Not keeping to Lassa fever virus
(LFV) protocol reduces the rate of recovery in infected individuals under treatment as seen in
figure 7.2e. Quarantine and health education campaigns reduced the rate of spread of the disease
as described in figure 7.2f, therefore infected individuals must be encouraged to take health
education to understand very well why they must be quarantined and take their treatment as
advised, because these increased their rate of recovery as described in figure 7.2f.

It may be hypothesized that the most effective way to reduce the rate of spread of Lassa fever
virus and the prevalent rate is to give people health education in all classes as described in figure
1. Therefore, education programs must reach all communities at all social levels, to increase the
awareness about Lassa fever virus (LFV).
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A Bayesian analysis and estimation of random
censored data: application to pharmacovigilance data
on Malaria drugs

Y.S. Jackson™, S.C. Nwaosu#, N.P Dibal*, and Z. Wudiri’

Abstract

In this study, we propose and derive a new Hierarchical Bayesian Weibull Regression
model on random censored data using the Jeffrey’s prior. We derive the posterior density,
marginal and obtain their kernels. The model parameters were estimated using Integrated
Nested Laplace Approximation (INLA) and assess the model performance using Kulback
Leibler Divergence and Deviance Information Criterion. The data is obtained from a
pharmacovigilance study conducted by NAFDAC in collaboration with World Health
Organization in Federal republic of Nigeria across six geopolitical zones. The shape
parameter O , were selected in the closed interval between zero and one with their
respective priors distributions 7 (8). Tt is evident that choice of prior ¥’(8) = 0.9
results in the posterior for  to be 2.52 for model I. In model II, we use the prior 7 (8) =
0.001 and obtain the posterior estimate of 2.514. We obtain the parameter estimate for
model III using classical Integrated Nested Laplace Approximation with shape parameter
2.673. For choice of prior 7(8) = 80, the posterior for 0 is 3.007 in model IV. When
we tune the prior to higher density region the posterior distribution for 8 increases. For
model I, II and 111, the density is Rayleigh, but model IV tends to Normal for 6 = 3.007.
It implies that higher prior change the shape of the posterior distribution. The predictors
on recovery are not sensitive to low priors. The DIC and KLLD show that the posterior
converges to the real density with KLLD of zero for all the models but model IV has the
minimum DIC, which will perform better.
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1 Introduction

Latent Gaussian models are class of hierarchical models with some good number of
hyperparameters. The response variable in the model is assume to be non-Gaussian and the
latent field have Gaussian density with non-Gaussian hyperparameters. There are quite good
approximate methods for performing Bayesian analysis for hierarchical structured models such
as the MCMC method, Lindley’s approximation, Tierney-Kadane, Lindely-Smith, some can be
approximated to Gaussian distribution using Laplace approximation method. In this paper, we
proposed a new hierarchical Bayesian Weibull regression model with using Jeffreys prior on
random censored data. In Bayesian, statistics there is more concern on the elicitation of prior
distribution..

In this study, we use Jeffreys prior for the shape parameter of Weibull density and normal
priors for regression parameters and frailty parameter was assign a gamma prior distribution. A
Weibull regression model with accelerated failure time was discussed [1]. Accelerated failure time
regression model is a linear function of covariates and extreme value distribution. In [2] Weibull
regression model was used on time to first and second recurrence of kidney infection with
covariates for survival function and inclusion of additive random effect using Bayesian method.
They analyze time to first and second recurrence of infection for kidney patients on dialysis.
Using the Cox model with multiplicative frailty parameter for each individual. The survival
distribution used is a truncated Weibull due to the censored observations. They used the non-
informative prior for the regression co-efficient and the precision of random effect.

Bayesian method was used to analyzed data on photo carcinogenicity in four groups of
mice each containing 20 mice with [3], they recorded a survival time of death event and the
survival distribution assumed a Weibull with failure time and covariate vector with base line
hazard function due to censored observations and implemented a truncated Weibull regression
model with lower bound corresponding to the censoring time, and regression co-efficient
B, whete assumed a priori distribution to follow independent normal distribution with zero mean
and vague precision of 0.0001. The shape parameter is distributed as Gamma(1, 0.0001) which
coincides with the work of [2]. Bayesian analysis in the presence of covariates for multivariate
survival data was developed by [4] and used different frailties (latent variables) to capture
correlations among the survival times for the same individual. They use the Weibull and
generalized gamma distribution considering right censored lifetime data and the MCMC method
for Bayesian analysis and use gamma prior for the scale parameter and gamma prior for the
latent parameter resulting to a hierarchical Bayesian model with two levels due to the hyper-
parameters in the model.

In determining the best estimator of the two-parameter Weibull distribution, [5] adopted
the frequentist maximum likelihood estimator, least squares regression estimator and the
Bayesian estimator by using two loss functions, which are, the quadratic loss function, and the
linear exponential loss function. The Bayes estimates were obtained using the Lindleys
approximation, the comparison was made through simulation to determine the performance of
these methods. From the result, they found the Bayesian estimator with linear exponential loss
function (LINEX), is found to be the best compared to the conventional MLE and Least
squares method. [5] used the similar approach on censored data using the Lindleys
approximation for the Bayesian approach with a standard non-informative prior and proposed
generalization of the non-informative priors. The Bayes estimator using LINEX loss function
with the proposed prior gives better result. They study also coincides with the work of [6] but
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the difference is that they use Jeffreys prior and the extension of Jeffreys prior for the Bayesian
paradigm on censored data. The parameters, was estimated using the Lindleys approximation.

The Bayesian with extension of Jeffreys prior gives better result compared to the MLE. A
two-parameter Weibull density considering the properties of Bayes estimator with different loss
functions was estimated in [7], the simulation scheme was done using non-informative priors and
informative prior such as gamma prior, exponential-gamma prior, gamma-gamma prior and
finally determine the prior and posterior predictive distributions. The parameters were estimated
using the quadratic loss, weighted loss, square error loss, and square logarithmic loss functions.
Numerical integration was tool for parameter estimation. The posterior risk of joint exponential
gamma prior along with quadratic loss are most appropriate for the shape parameter while the
joint lognormal-gamma prior with quadratic loss function are suitable for the scale parameter [§]
use similar method but used the modified Weibull density. [6] Compared the Bayesian method
on interval-censored data for Weibull distribution. The study considered the MLE and Bayes
estimates. The Bayesian estimation method cannot solve for the parameters analytically instead,
the MCMC method. The full conditional distribution for the scale and shape parameters are
obtain using Metropolis Hastings Algorithm (M-H Algorithm), and Lindley’s approximation to
determine the shape parameter. The result shows that the Bayesian using the M-H Algorithm for
estimating the shape and scale parameter based on interval-censored data is the best.

The work in [9] Performed approximate Bayesian inference in a sub-class of structured
additive regression called the latent Gaussian models. They use integrated nested Laplace
approximation on structured model and assume the response variable belong to the exponential
family. The mean is linked to a structured additive linear predictor through a given log-link
function and account for effects of various covariates in an additive way. They also provide
accurate and fast deterministic approximations to all posterior marginal for the latent field and
posterior marginal for the hyper-parameters. Model comparison, was obtained using the
marginal likelihood and Deviance Information Criterion (DIC) also [10] investigates the use of
INLA to solve Bayesian inferential problem in Bayesian survival analysis, the study uses the
exponential and Weibull distributed lifetimes with and without censoring and frailty. Cox model,
was fit with piece wise linear baseline hazard and express the model as latent Gaussian model so
that INLA proposed by [11] can be a good tool for computation of posterior marginal. The
model was tested using time to infection of kidney dialysis patients.

The work in [12] developed a Bayesian Semi-parametric model for occurrence of Asthma
attacks in respiratory trials; they decompose the intensity function into product of various terms,
first is the baseline intensity and second is the covariate and lastly the frailty term to take care of
heterogeneity among different individuals with ability to have quick response to the event. The
computations, was done using the INLA and the result turns out that this method has the
highest speed and accuracy compared to Monte Carlo based inference.
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2 Methods: Bayes theorem for Parametric Inference

Consider a general problem in which we have data y and we require inference about a
parameter 0. In Bayesian analysis, 0 is unknown and viewed as a random quantity. Thus, it
possesses a density function Y (8). Using Bayes theorem, the marginal distribution for 6 given
the data y is

Y(y16)Y(6)
YOly) =————— Y]
b(y)
where Y (0|y) is the posterior density, () is the prior density, P (y|0) is the likelihood, P (y)

is the marginal for the data (Congdon, 2003).

3 Non-Informative Prior Distributions

Jeffrey’s prior is a non-informative prior that is invariant under reparameterization [16]. The
invariance property makes the prior distribution to be more formal than the application of
uniform prior distribution. There are so many formal rule for selecting prior but we restrict to
the Jeffreys prior. [13], explicitly define Jeffrey’s prior in terms of lebesgue measure on the
parameter space. Consider a density function ¥;(t|0) with respect to o-finite dominating
measure U(dt) on a sample space (X,B). © is a non-empty open subset of k-dimensional
parameter space R¥ The function In L(11(¢]0)) is a well-defined differentiable function of 6.
We construct a well-defined score function S; (t]6) and its covariance exist. The score function,
is given by the expression

2

26,6;

S,(6) ={ InL(f(t|0)),i,j = 1,2,...,n} 2)

The Fisher Information is derive from the covariance of the score function.
The Jeffreys prior with respect to the parameter 6 is

() o (det(l;(§))"/?.

4  Hierarchical Bayesian model

Bayesian statistics assumes that the parameters of a given distribution are random hereby having
a probability density. Hierarchical Bayes model is a complex Bayesian model that consist of a
sampling distribution (Data model) conditional on the parameter 0 and the parameter has a
distribution ¥(6|y) conditional on hyper-parameter y. Finally if y has a distribution making the
model in different layers or levels. Such analogue in Bayesian modeling is termed as the
hierarchical Bayes model. Example of a Hierarchical Bayesian model equation is

Y(©».0,v) =IO @Y {y) . (3)

It is full joint distribution of all quantities. The inference about 0 and y is simply obtained
through their joint posterior distribution
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YOy YOl

0, = = .
VOY =0y T Treie @t dedy )
And inference about y is given by its marginal posterior

WO) = [ $O.119)d0 < p () [ wr1op@INID. (5)

We notice that y is un-identifiable. The likelihood involves only 8, so prior belief about y is
influenced by the data y only through 6.

5 Model Formulation

Let T be a recovery time with density function ¥ and non-recovery function S,. Define a
random censoring time C with distribution function G having probability density function g and
non-recovery function Sg. Fach unit has a recovery time T; and a censoring time C;.We define n

independent and identically distributed random pair (Y;, @;), where
Y; = Min(T;, C;) (6)

_(LforT; < ¢
N {O,for C; <T; ™)

The times T; and C; are assumed to be independent [14]. Let ¥ and S, be distribution and non-
recovery function. By independence assumption, it easily follows that the non-recovery function
is

S, ) = [S:M[Sy )], (8)

The distribution function of Y is
v(y) =1-5()S;(). 9

The likelihood function for the n independent and identically distributed random pairs (Y;, @;) is

L= [l_[[sg (1* [g(yo]l-%] [ﬂw)(yi)]% 15, ()] (10)

If C, is not parameterized, then the first factor plays role in the maximization process, hence the
likelihood function can be taken to be

n
L= [rwonreds.oor-e (1D
i=1
175 IIMAM, Vol. 5, Issue 2 (2022) ©NSMB; www.tnsmb.org

(Formerly Journal of the Nigerian Society for Mathematical Biology)



Y.S. Jackson, S.C. Nwaosu, N.P Dibal, and Z. Wudiri

It has the same form as the likelithood derived for right and left censoring [10]. The joint pdf for
the pair,(Y, @) is given by

P(Y, ) = [(@ONES-ONI LGS O] (12)

6 Weibull Regression Model

The time Tj for recovery, is distributed as Weibull with density function
V(t]0,2) = 6 At%texp(—at?), (13)

where t > 0, the shape parameter 8 > 0, and A > 0, is the scale parameter. For Weibull density,
we have a vector of covariate that affect t. Let the covariate be Z, where Z' is a (p X 1) vector

Ai = exp(B1Zy + B2Zy + -+ + BpZy) = exp(z{ B). (14)

Density function for modeling event time is the product of the hazard function and the non-
recovery function. The parameterization require modeling function for the mean of the
distribution through A. Covariate is link through A and the parameter 6 provides the shape of
the distribution. Considering the change of parameter, we define the density for the recovery
time with covariate Z as

Y(t:10,2,B) = 0 exp(Z] B) t9~" exp(— exp(Z] B) t9), (15)

where the vector B is the co-efficient of regression parameters for covatiates Z, t is the recovery
time, and 6 is the shape parameter. The hazard function, is given by
Oexp (Z/B) t°'exp (—exp(Z{ ) t%)

h(t) = (16)
" exp (exp(Z] B) t9)
The non-recovery function for each person at time ¢ is express as
S, (tlz;, 0) = exp(—exp(z{ B) t%), (17)

after substitution, we obtain the non-recovery function as we link equation (15), (17) into
equation (12) the joint distribution becomes

Y(tlz, B,0) = 0%exp @(z] B)t?®~V exp(— exp(z] B) ¢?). (18)

7  Constructing Jeffreys Prior 77 (0) for Bayesian HW-R Model

We have two methods for constructing prior for the shape parameter of Bayesian HW-R model,
in first method, we modified the work of [6]) and in the second method, we establish another
method for constructing Jeffrey’s prior for the shape parameter of a Weibull distribution.
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Method I

Jeffrey’s prior as derived in [6] shows the joint distribution of both the scale and shape
parameter. We will modify the prior, adopting some assumptions. Jeffreys prior for the shape
parameter 6 is obtained by determining the Marginal density from the joint Jeffreys prior
distribution for scale and shape parameter (8, 1) , secondly we assume Independence between
the shape and scale parameter (6, 1). The joint prior for two-parameter Weibull distribution is

W70, 2) x \[detl (6, 1) (19)

[aZmL(zp(tw,A) 82 In L(y(t]6, 1)

_ 262 2001

16,) = =E@n 02InL(yp(t|6,1) 82InL@(t|o, )|’ (20)
200 FYE |

where 1(6,1) is the Fisher Information matrix (covariance of the score function), we derive
Jeffreys prior as follows. Since we are considering the model with correction for censoring, we
will determine the Jeffreys prior from the general representation with likelihood function

L(p(t12,6)) = ﬂ(eue—lexp (—2t9))* (exp (—1£9)) . (21)
i=1

Before we determine the prior, we need to form Fisher’s Information matrix. We derive Fisher’s
Information matrix from equation (21) by taking the second order partial derivative of log-
likelihood function for each parameter forming the matrix

1 Ing +I'(2)
_| 62 o1
16,2) = mo+r'(2 Y@+ UnB)?+T"(2)+2n6r'(2)
01 22

Y+ (0?2 +T"(2) +2mIr'(2) [mo+r')°
- (46)> - l 62 l

X+ - T'(2)* Yo+

- 617 = e o

where

I'(2) = ;" yIn(y) exp(—y) dy,T"(2) = [, yIn?(y) exp(—y) dy
r=T"(2) - I'(@2)>

Since we are only interested in the value of the prior for 8 we ignore the constant term and use
the kernel function for the prior distribution

B /Z(pi+r 1
Y7 (6,0) = WOC o (23)

We will derive the density for the shape parameter 8 by looking for its marginal distribution.
Using Bayes theorem for parametric inference

7 (8,1
MCINE : 24
YOI = = 24
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where 17(0,1) s the joint prior distribution in equation (23), and (1) is the marginal
distribution for scale parameter, 1/1, since the distribution of the parameters are conditionally
independent. The distribution of %7 (8) given by

PO (25)

k
HOEES (26)
Finally, Jeffreys prior for shape parameter of a Weibull density is Bernoulli distribution with
parameter zero and one ‘B (0,1)’.

Method II
On expanding equation (42), the log-likelihood function, is given by

InL(p(t]0,1,¢) = (i cpl-) log6 + (i <pi> log — li ti;

i=1 i=1 i=1
m m
=) G- @)+ (0~ De; ) logt; 27)
i=1 i=1

The Fisher Information for this likelithood, is obtained by taking the expectation of the second
order partial derivative of the log-likelihood function with respect to each parameter, which is
shown as

9% In L(£(¢]8, A m o
19) = —E[ n g];(zﬂ ) — _f [_Z ez(P l
_ <— k. )> o (28)

Before we continue with the derivation, we need to establish a theorem that will enable us to get
the expected value of the indicator variable ¢;

Theotem 1
Let {y,}74; be a finite sequence of sampled patients having attribute d with survival
times {t,}y=q, and random censoring times {c, };—; with censoring indicator{@, }y=,. We define
a probability space D = {Q, ¢, P(p)}, with P (), a probability measure satisfying 0 < P(@) <
1, and ) P(¢) = 1. For m number of patients there will be n censored patients and (I — n)
uncensored patients with the following characterization.
E(@) = (m—n)P

Var(p) = (m —n)P(1 — P).
Proof:
Let P(¢,) be the probability that y" individual is censored and (1 - P ((py)) be the
probability of being uncensored. @, , is distributed as Bernoulli with the parameter P with
probability mass function

P(@p, =7)=P®(1—P)""% forr,¢ =0,1 (29)
The first characterization is the mean which ism derive as follows
E(¢y) = Z @ P(@, =T1). (30)
y=1
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Since there are n number of censored observations and (M —n) number of uncensored
observation the indicator variable assumes values

_ {1, if uncensored

10, ifcensored

Equation (30) becomes
m
E@@) = ) @yP(9y =7) = (m—mP, (31)
y=1

where
v, x=12,..,m, for B, =P,

The second prove is obtain directly using the variance of a Bernoulli distribution
2

V(o) = ) @3P(9y) - <Z cpyP(cpy)) = (m —n)P(1— P). (32)

Applying Theorem 1 to equation (28) we get

tiE(@) Xt (m-m)P, k
Vi) === =" x5 0<k<h (33)
h=m+n
The Fisher information 1(0) is finally, 1(0) « k/6? and Jeffreys prior becomes
k1Y% kY2 1
10 [_] _ = 34
Vo <[z == g (34)

This result is the same with the modified version of Alomati et al (2012)

8  Analysis of Bayesian HW-R Model using Jeffrey’s prior 7’ (0)

In Bayesian analysis, the basic concept is the determination of posterior density using the Bayes
method of parametric inference. The posterior density for Bayesian HW-R model using Bayes
theorem is given by

P(0,B, dle) o< L(t16,B,m) Y(BIY’ (O)y(d) (35)

__ Lp(tle, Bm) p(Blu, 2)¥’ (0)f () (36)
JIL@p(E16,B,m) Y(Blw, PP’ (6)(P)dodB’

With prior specification for hyperparameters. The first one is the gamma prior for parameter ¢

with density function
a

Y(9) = ez exp (o). (37)

Secondly is the normal or Gaussian prior distribution for the parameter of predictor vatiables f3.
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exp— (3(B—BTO (B~ B)

Y(Pp) = L

(38)

Finally, the prior distribution for the shape parameter of Weibull distribution, which is derived

using Jeffreys rule. It is given, as
k1/2

The posterior density and marginal in equation (35) after substitution and
Simplification becomes

(0, B,dlt) o< 67 exp (Z (0 + 278 + 96 = Din(t)) = tf exp(z] B)
i=1
1 ~ ~
~SB-Be(B - B) - ad). (40)

8.1 Kernel for posterior and marginal densities

Kernel for Posterior density

W(0,B, plt) < 6" exp <Z (28 + 916 = Din(t)) —tf exp (2] B)

=1

1
-(36-preG-B)-ad). (41)
Posterior marginal for 0 in Kernel form
m
W(OIB ¢, t) x 8" Lexp [(6 -1) z @;Int; — tiee(ziTB)] : (42)
i=1
Posterior Marginal for ¢ in Kernel form
(I, 6,t) o exp(—ad) (43)
Postetior Matginal for § in Kernel form
1 ~ _ ~
W(BIO, §,t,2) o exp {3 (B~ B)T®7(B - B) + Lz B}. (44)

9 Parameter Estimation

Parameter estimation is one of the most difficult aspect Bayesian analyses more especially
complex models that the prior distribution is not conjugate and class of hierarchical models
which sometimes MCMC method and Numerical Integration cannot give accurate estimates due
to the hierarchical structure. Lindley (1980) developed a method for approximating posterior
distribution for integral of the form

_JU@, ) explin L(Y(4,0)) + p(4,0)] d6
B [exp[InL(A,0) + p(,0)]do ’

| (45)
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where U(4,0), is the function of Adand 6 only, InL(¥(4,0)) is the log likelihood and
p(4,08) =InL[Y(4, 0)]. Lindleys method evaluates this form of integral.

9.1 Laplace Approximation

The Laplace method approximate the log-likelthood of the posterior density as a quadratic form

with mode (8). The method approximates equation (45) using the Taylor’s series expansion
on P*(0).The expansion yielded

1 T -
In[L(y*(O))] = b — > (6 —0) Hy(6-0) (46)

L(l/)*(H)) , is the likelihood function for density 1*(0) evaluated at 8, b is a constant and Hj
is defined as

2 *
0 ln[La(Hll; )] _ —v2, In[L(*(0))] at 6 = 8.

The posterior density f*(8), is approximated by an un-normalized Gaussian density

V2 AT R
Y(0) = Y*()exp (—7ln[L(l/J*(0))] (6-0) (6 - 9)). (47)

The normalizing constant for Gaussian density is approximated using normalizing constant of
this Gaussian:

c= (0 o 48
= o) v2In[L(F(®))] (48)

9.2 Quasi-Newton Optimization

Quasi-Newton method is one of the ideas in solving non-linear optimization problem. It is like
the steepest descent that require only the gradient of the objective function that is good enough
to produce super-linear convergence. It can solve unconstraint, constraint and large scale
optimization problems. The Quasi-Newton method is performed using the following steps.
Consider a non-linear objective function

YO, w)=ab,” +b0," '+ -+ qgt+uwt +vet T+ -tz (49)
where @, b, ...€ R, and 8, w are variables

Given a starting point 8oy € domain  for 6 = (6,5, w)
Compute the Quasi-Newton direction AQ = —H 2 W' (0 -1)
Determine the step size ty

Compute 0y, = 0,1 + t;, W' (6y)

Compute Hy,

Broyden, Fletcher, Goldferb, and Shanno (BFGS) for updating Hessian (H,)
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BFGS is the popular Quasi-Newton method; it is use for updating the Hessian Hy,. Following the
model of the objective function at the current iterate 8j , we use the finite difference
approximation method

Y(O +A0) = Y(6x) + A0, 0" (6x) + 21 H AGy + - (50)

Hy, , is a n X n symmetric positive definite matrix and is revised or updated at every iteration.
The function value and gradient of this model at Af, = 0 match Y}, and Ay, the minimizer
ABy, of this convex quadratic model is written as  Af = —Hk__lllIJ'(Hk_l) , will be use as search
direction and new iterate is

T

Or+1 = Ok + L' (6, (51)
where tj is the step length, satisfying the Wolfe condition.
The approximate Hessian Hy, is used in place of the true Hessian and is updated using
T T
v Hy_1ss"Hy_4

v
H,=H,_{+ - , 52
k k-1 UTS STHk_ls ( )

where

s =0k =01, v =200(6k) — YA(k-1)
The inverse update is obtain for vTs > 0 and strictly convex function s
is given by
. svT\ | vTs\ ssT

The BFGS update satisfies the secant condition as HiS > v ie.
Hk(Hk - Hk—l) = Adj(@k) - L|JA(9k_1) s and 6k+1 is obtain as

(6
Or+1 = O — lplskk) (54)
_Y(6) =¥ (Bk-1)
H, = 0. — 0 . (55)

10 Integrated Nested Laplace Approximation (INLA) Method

Numerical approach in Bayesian analysis for Latent Gaussian models is discussed in [11] and
[15]. This approach makes the Laplace approximations very accurate when applied to Latent
Gaussian Model (LGM).

Numerical computation of the Latent Gaussian Model
The posterior density P (x, w|t) for Gaussian Latent Field x and hyperparameters w conditional
on t is given by the expression

n
W wle) < ppew) | [wiedno, (56)
i=1
Y (x;|t) : The postetior marginal for Latent Gaussian Field for all i
Y (w;|t): Posterior for the marginal, for hyperparameters, which is not Gaussian.

Numerical computation of posterior marginal
The posterior marginal for the hyper-parameters, conditionally on time t is express as
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Y(x, t,w)

Pwlt) « DG w)

(57)

We locate the mode in log scale and the posterior marginal will be interpolated, and we use the
Gaussian Approximation to the conditional for the marginal for hyper- parameters

Y(wlt) o« % at x = xmode(w). (58)

For the Latent field, the marginal for x;|t we do similatly

N Y(x, tlw)
PY(x;lt) = N, Ye Ce_;|x;, t,w)

at x_; = xmode(w, x;). (59)

Taking Ys (x_;|x;, t, W) as the Gaussian Approximation which gives us Laplace Approximation

Y(x|t,w) < exp <—%de>x + Z In L(lp(tilxi)))

1
We(xlw, t) ~ exp (— S Ge— T (@ + diag(d)) (x - u))- (60)

Implementing INLA for Bayesian HW-R model
Consider the linear predictor of a structured additive model

n=2B0+PB1Z1+ - BnZn+ do+eg (61)

where Z’s are the covariates

Bo = Intercept for the linear predictor model

B's = linear effects of covariates Z (fixed)

0 = The variable accounting for frailty term in the linear predictor

¢ = is the co-efficient for frailty term in the model.

€ = is an unstructured term accounting for unexplained variation in the model

Computing Posterior marginal for P(0, ¢|B, t,) using Quasi-Newton method

In computing the posterior marginal for the kernel (6, d|B,t,), we first, locate the mode
for In (6, B, t,), by optimizing with respect to 6 using Quasi-Newton method which build
up to an approximation to the second derivative of In (8, $|B,t,) using difference between
successive gradient vectors and the gradient is obtain using finite difference.

The kernel is

$(6, $IB, ) o« 67 exp {(e — 1)) @elnt - tfe? - ag (62)
k=1

I8, dlB,t,) = (r — 1)In6 + Z 0x(6 — 1) Inty —tfe — ad.
k=1
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We locate the mode for 8y and ¢y by using the Quasi-Newton method. The quadratic model
for the objective function, is given by the second order approximation

- - ~ . D, ~
M (86;) = W(6y) + A6y’ (6,) + oy MO + - (63)
where 8 = (0,$), A9 = (0 — 6) and M, (Aék) is the objective function.

Using finite difference, the Hessian is obtain using the formula

(a In (9, ¢lB,t,) 9 y(Ber, B¢, ))

36, 00,_,
H,(0) = (64)
¢ Ok — Or—1
For ék
~ m
dIn (0, ,t, r—1 3
V(0 dlB.t) 7 - +Z<pk1ntk—t,fk1ntke". (65)
20, 0
R k=1
For Hk—l
~ m
Olny(6,_4, Lt r—1 3
¥ el dlp.t) =— +Z(pklntk—t,f"‘1 Int, e™. (66)
00— T
Using this we compute the Hessian for the objective function to be
{r -1 (i - ) — e (tf" Int, + tf"'l In tk)}
Ok Ok
H, = — = . (67)
Ok — Ok-1
The value of ék can be iterated to get new value for §k+1 using
~ ~ dIn w(ék, (I)lB, t,)
Or+1 = Ok — A /H ’ (68)
a0,
r—1 m Ok n
A—+2k=1(pklntk _tk lntke
1 =0 d: (69)
fer1 = Yk 1 1 9 Br_ '
r—1 (Z - ék—1> — el (tkk Int, +t,*"In tk)
Ok — Ok-1

We routinely get new values of Hessian and compute new values for 8 .Finally; we construct an
interpolant and compute the marginal using numerical integration from this interpolant. We

standardize values by converting 8 using
~ ~ 1
0(z)=0+A1217, (70)

1
where A2 | A are obtained from Eigen decomposition of inverse Hessian obtained from the
finite difference approximation and Z~N(0,I) which corrects for scale and rotation.
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Computing postetior marginal for latent variables Y (x;|t)
We use numerical integration to obtain the posterior marginal for X;

WOlD) = D (el ) W(Bil A (71)

iet

which is the sum over the values of 8 with area weight Ay, we then use laplace approximation

to provide the accurate approximation using the set of weighted points {Hk} to be use in the
integration.

11 Assessing Model Performance
11.1 Deviance Information Criterion
The models, will be assessed using the deviance Information Criterion (DIC), the DIC is given
by the expression

D(6) = =2LnL(0) + C, (72)
0 is the vector of unknown parameters of the model, £L(8) is the likelihood function of the
model and C is a constant that does not need to be known. The DIC define by [17] is well
applied in the Bayesian model comparison, it has the form

DIC =D(0) + 2nyp, (73)

where D(é), is the deviance evaluated at the posterior mean and 7iq is the effective number of
parameter for the model.

11.2 Kulback Leibler Divergence (KLD)

Kullback and Leibler introduce another information measure aside the Bayesian information and
Akaike Information criterion to assess the distance between the true and approximated Bayesian
posterior distribution. Let f(8]y) be the posterior density for the true model and g(6]y) be the
probability density for the approximated model on the measurable space. The Kullback Leibler
Divergence, is defined by the relation

TS w(6ly)
1W9)=E (9|y]J l<9|

ld)(@ly)dy. (74)

1(4, g) is non-negative and it reach 0 when Y(8]y) is the same as g(0|y) almost surely, and is
interpreted as information lost when g(0]y) is used to approximate Y (6|y). The smaller values
of I(y, g) we consider the model g to be closer to the true distribution Y (6]y)
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12 Results
Distribution Plot
Weibull, Thresh=0
time to recovery
Figure 1a: Density Plot for Weibull distribution with Scale A = 2 and
Shape Parameter 6 = 2, Scale 4 = 3 and shape 8 = 3
Distribution Plot
Weibull, Shape=2, Thresh=0
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08 .
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0.0
time to recovery(t)
Figure 1b: Density Plot for Weibull distribution with Scale parameter
A =1, A = 2.5 with shape parameter 8 = 2
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Figure 2: Density plot for Jeffrey’s prior for shape parameter 0 in the close interval [ 0, 1]
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Specification for the drug precision ¢

Variables  Mean S.E 0.025 Quant  0.5Quant  0.975 Quant Mode
Bo -4.6920 0.4306 -5.5479 -4.6881 -3.8584 -4.6754
B(sex) 0.0093 0.1247 -0.2350 0.0091 0.2546 0.0087
Bagey  -0-0039 0.0063 -0.0165 -0.0039 0.0083 -0.0037
Bwghyy 0.0081 0.0052 -0.0020 0.0081 0.0182 0.0081
O (shape) 252 0.1272 2.277 2.518 2.777 2.515

Table 1: INLA estimate for Bayesian HW-R using Jeffreys prior, 17 (8) = 0.9 and no prior

Variables Mean S.E 0.025 Quant  0.5Quant  0.975 Quant Mode
Bo -4.6815  0.4304 -5.5372 -4.6776 -3.8482 -4.6696
B(sex) 0.0095  0.1247 -0.2348 0.0092 0.2548 0.0088
Bage) -0.0039  0.0063 -0.0165 -0.0038 0.0084 -0.0037
Bwght) 0.0081  0.0052 -0.0020 0.0081 0.0182 0.0081
O(shape)y 2512 0.1272 2.271 2.512 2.771 2.509

Table 2: INLA estimate for Bayesian HW-R using Jeffreys prior, 17 (8) = 0.001 with Gamma
(1, 0.001) prior specification for the drug precision ¢

Variables Mean S.E 0.025 Quant  0.5Quant  0.975 Quant Mode
Bo -4.9686  0.4339 -5.8309 -4.9647 -4.1285 -4.9567
B(sex) 0.0061  0.1247 -0.2382 0.0059 0.2514 0.0054
Bage) -0.0042  0.0063 -0.0168 -0.0042 0.0080 -0.0041
Bwght) 0.0085  0.0052 -0.0017 0.0085 0.0186 0.0084
0 (shape) 2.673  0.1273 2.425 2.671 2.934 2.668

Table 3: INLA estimate for Bayesian HW-R with no prior specification for 0.

Variables Mean S.E 0.025 Quant  0.5Quant  0.975 Quant Mode
Bo -5.5796  0.4429 -6.4593 -5.5758 -4.7217 -5.5681
B(sex) -0.0029  0.1248 -0.2472 -0.0031 0.2426 -0.0035
Bage) -0.0049  0.0063 -0.0175 -0.0048 0.0074 -0.0047
Bwght) 0.0092  0.0052 -0.0010 0.0092 0.0194 0.0092
O(shapey  3-007 0.1334 2.752 3.005 3.276 3.001

Table 4: INLA estimate for Bayesian HW-R using Jeffrey’s prior Jeffrey’s prior 1’ (8) = 80
with Gamma (1, 0.001) prior specification for the drug precision ¢.
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Variables Mean S.E 0.025 0.5Quant  0.975 Quant Mode
Quant

1 18643.4 1.842E+04 1282.9 13233.4 67312.8 3490.4

11 976.60 938.94 75.43 705.00 3563.90 211.35

111 18691.46  1.840E+04 1286.54 13258.45  67500.76 3500.54

v 992.14 957.67 77.717 714.82 3529.05 217.49

Table 5: Hyper-Parameter (Random effect component) for drug precsion ¢ , using
Gamma (1, 0.001) Prior for Model I, II, IV and No prior for Model II1.

Marginal
Model Log-likelihood DIC Rank KLD
I -642.38 1122.23 3 0
11 -652.98 1122.72 4 0
111 -596.55 1116.17 2 0
I\ -576.73 1111.35 1 0

KLD: Kullback Leibler Divergence DIC: Deviance Information Criterion

Table 6: Assessing Model performance using the Deviance Information Criterion, Marginal
Log- likelihood and Kulback Leibler Divergence

13  Summary and Conclusion

The study proposed a Bayesian HW-R model using Jetfreys prior on random censored data. The
model was tested using data for recovery times of patients tested positive of malaria and where
administered drugs. The study, also determine the posterior density for the proposed model and
established a new method for obtaining Jeffreys prior for random censored data. Also, modify
the work of Alomari [6] and obtain the Jeffreys prior for shape parameter since the scale
parameter is an exponential function of the predictors, which was thus, incorporated forming a
structured additive model for the linear predictor through log link function.

The predictor’s influence the recovery time only through the predictor. The model used is
termed the Latent Gaussian Model. Consider the result in Tablel, ¥?(8) = 0.9, the posterior
mean with this prior yield an estimate of @ = 2.52, also the result in table 2 for prior ¥Y?(8) =
0.001, has postetior mean of 8 = 2.514. The prior in table 1 is higher than the prior in table 2
as such the posterior estimate for 8 was influenced by the choice of 8 in the 8-coordinate. When
the prior is non-informative, the likelihood takes part in maximizing the posterior density. Table
3 has no prior specification for the shape parameter 8 , the estimated value is @ = 2.673. It is
clear that the prior in table 2 decreases the posterior estimate from 2.673 to 2.52 for 7 (0) =
0.9 and 2.514 for Y’ (0) = 0.001, but the distribution is Rayleigh for value of 6 within the
range of 2, the estimate without prior specification uses only the data at hand that’s why the
estimate is 2.673. Table 4 is exceptional because when we specified the prior to be high in 8-
coordinate, 7 (8) = 80, the posterior for @ increases suddenly to the peak with posterior
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estimate @ = 3.007 which approximately changed the density to normal, while the other three
follows the Rayleigh density as shown in figl and figl.b.

When the value for 17 (8) in 8-coordinate increases, the posterior estimate for 6 increases
and change the shape of the distribution. For prior density Y’ (0) with censoring, the posterior
density attains normality with increase in prior for shape parameter 6 in 6-Space. The
assessment of covariate effect with normal prior shows small ignorable differences in the
parameter for table 1 and 2. Table 4 shows a very large difference because of high prior
updating. In addition, the random component of the predictor, 1 of the structured additive class
of Latent Gaussian Model assumes gamma (1, 0.001) prior. The posterior for drug precision ¢ in
model I and III is not large and model II and IV shows no large difference in estimating the drug
precision estimate. Finally, assessing model performance, the Jeffreys prior with increase in
Y7 (0) in B-space increases the posterior estimate for 6. Performance evaluation was done using
the deviance Information Criterion (DIC) and Kullback Leibler Divergence (KLD). Using this
two approaches model IV is the best with minimum DIC and KLD shows that the posterior
density converges to the true density with KLD=0.
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Modelling heat and mass transfer of a CO, binary
mixture: a mathematical approach

R.O. Olayiwola™, A.T. Cole*, M.D. Shehu®, F.A. Oguntolu®, E.E. Iyeme*, and
A.W. Abubakar$

Abstract

This paper presents an analytical solutions for describing heat and mass transfer
between a droplet of organic solvent and a compressed antisolvent taking into consideration
the viscous energy dissipation and heat and mass transfer between the surface and the
droplet by convection. The solvent and antisolvent are assumed to be fully miscible and
have the same temperature. Both the initial temperature of the mixture and the initial carbon
dioxide concentration are also assumed to depend on the space variable. The governing
equations formulated based on the conservation of total mass, chemical species, momentum
and energy were solved analytically using polynomial approximation method. The results
obtained are presented graphically and discussed. The results revealed the effects of
operating parameters on droplet lifetime. These results might be used for interpretation or
experiments planning of the more complex real supercritical antisolvent process.

Keywords: carbon dioxide; drug particles; polynomial approximation method; precipitation; solvent;
supercritical fluid.

1 Introduction

Particle formation technologies are important in the pharmaceutical industries, and in the production
of photographic materials, ceramics, explosives, and dyes. The focus in drug formulation is to develop
techniques that give more consistent and controlled particle size, morphology, and uniformity [4]. In
current drug delivery technology, very small drug particles are of interest since they can travel faster
to the target organ and distribute more evenly in the body [7].

Conventional methods for manipulating pharmaceutical particles include jet milling, spray drying,
and emulsion techniques [2]. Jet milling uses particle-to-particle impact forces to break up the products
into smaller pieces [10]. However, the jet milling process generally does not produce a uniform particle
size distribution and running the process consumes a lot of energy [2]. Freeze drying results in particles
of broad size ranges and usually require subsequent milling and sieving [12]. Spray drying usually gives
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particles of controllable size, but the extreme temperatures used during the operation can denature
biological materials [17].

Conventional drug particle precipitation uses organic solvents as antisolvents for precipitation or
as emulsifiers for emulsion process [18]. Traces of residual organic solvents, such as methylene
chloride, that may still be in the drug particles have motivated researchers to find alternative methods
for particle formation [16]. An alternative to reduce this problem is to use supercritical carbon dioxide

(CO,) as an antisolvent to precipitate drug particles from solution since CO, is nonflammable, non-
toxic, inexpensive, renewable, and environmentally benign [11].

A supercritical fluid is any substance at a temperature and pressure above its critical point, where
distinct liquid and gas phases do not exist. It can effuse through solids like a gas, and dissolve materials
like a liquid. Carbon dioxide and water are the most commonly used supercritical fluids [14].

In order to successfully design a CO, antisolvent process, it is important to understand the effects of

the operating parameters on particle characteristics. However, Bristow ez a/. [3] explained experimental
particle size and morphology results in light of current hydrodynamic, kinetic and thermodynamic
theories.

In the face of experimental difficulties, mathematical modeling appears as a useful tool to
determine important parameters of the process. In view of this, Kumar ¢ a4/ [9] developed a
mathematical model of the droplet moving in a supercritical carbon dioxide environment. The solvent
chosen in their study is ethanol. They solved the equations using MATLAB software. Chong e7 al. [5]
presented a numerical procedure of mathematical model for mass transfer between a droplet of
organic solvent and a compressed antisolvent which is applicable to the supercritical antisolvent (SAS)
method of particle formation. Their model equations were put into the form that allowed the
application of the MATLAB standard solver pdepe. Wu ¢ a/ [19] modelled the mixing of a
hydrocarbon droplet, containing a mixture of toluene and either n-decane or tetralin, in a reservoir of
supercritical or near-critical water. Their study provided microscale information, such as multi-
component partitioning, and insight into large scale mixing in applications. Almeida ez a/. [1] used a
three-dimensional mathematical model to study the development of a jet of solution (ethanol and
minocycline) expanded in pressurized carbon dioxide in order to interpret the process of development
of regions of supersaturation of the solution. The commercial code ANSYS FLUENT was used to
solve the model relating the impact of the flow of solution in the mixing chamber of the precipitation
process.

In this paper, a mathematical model capable of predicting the composition of hydrocarbon and
carbon dioxide in SAS process is presented. We assume constant density, diffusivity and thermal

conductivity. The droplet is moving through CO, continuum and heat and mass transfer take place

to and from the droplet which led to the supersaturation and then fine particle of solute. To simulate
the flow analytically, we assume that the medium is not stagnant so the convective flux can be
considered.

2 Model formulation

A ‘pseudo’ droplet of solvent (hydrocarbon droplet) immersed in a compressed antisolvent (carbon
dioxide) in miscible conditions is considered. The space variable is r, 0<r <R, and timeis t, t >0

The state variables depending on (r,t) are the mixture temperature T , carbon dioxide mole fraction
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X, , solvent mole fraction X, , radial velocity of droplet U and pressure p. The formulation of our

model is guided by the following assumptions:
1. The solvent and the antisolvent are fully miscible so only one equation is needed to describe
the mass transfer.
2. The medium is not stagnant so the convective flux can be considered.
The radial velocity (velocity of droplet) is non-zero because of temperature change and mixing
of carbon dioxide and hydrocarbons.
The heat and mass transfer between the surface and the mixture take place by convection.
The spherical symmetry is considered, making the problem one-dimensional.
The viscous energy dissipation is considered.
There is no heat source.

»

Ntk

The diffusive flux is assumed to be proportional to the concentration gradient as described by Fick’s
law:

N, =-pDVX_ + X N. 1)
The mass balance on carbon dioxide reads:
%(pXC)JrV-(—pDVXC+XCN)=O. ©)

The continuity equation required to find the convective flux N is:

% ,v.N=0. 3)
at

Multiplying (3) by X, and combining with (2) yields:

a;% +NV- X, =V-(pDVX,). )

Yo,

In a similar manner, momentum and energy conservation equations can be obtained respectively as:

ou op 0 ou 2
—+NVu=——"+—|24——-—4V-u 5
" ox ax( Hax 3" j ©)
oT 10008X, oT ou) 2(ou)
C|p—+NV-T|=V-AVT )+ pc D———+ 4y 2l — | —=|—| |. 6
”(pat ] (AVT )+, M  0x ox ﬂ[ (axj 3(8ij ©

Introducing an apparent flux to replace convective flux (i.e., N = pu) yields in one-dimensional
Cartesian coordinates:

—r 5 () =0 )
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ey 2o
e B B T T
We can eliminate the continuity equation (7) by means of streamline function (see, [13]),

nxt)=(p?) 2 [ (s t)ds (11)

The cootrdinate transformation becomes,

9 _,00n_20 (12)
ox onox 0On
0,009 0__,0. 0 (13)

ot om ot ot on ot

We make the additional assumptions that Cps A, u and pD are constant. Although these

assumptions could be relaxed in the future, they considerably simplify the equations. The equations
can be simplified as

ou 1 op ou 2au
M__ 1R, 0, 2 (14)
ot pon 877 on 30n
oX

c_p 2% (15)
ot on\ on
T A 0 (aT) 100D X, aT o fau) 2(au)

+ —+—| 2 — | == | (16)

ot pcp 877 677 M  onadn c, on 3\ on
In spherical coordinates system (see, [0]), (14) — (16) become
u__1d,,0 (za—u—gizﬁ(rzu)) (17)
ot p or or\ or 3r°or
oX oX

: =223 r’—= (18)
ot ror or

p

oT A o ,aT) 1000D&X, aT o[ (eu) (u) 2(eu 2uY’
—= s | T — |+ —+—| 2 — | +4 = —=|=+—| |, (19
ot pe,reor or M or or c or r 3lor r

where U is the radial velocity (velocity of droplet).
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The mole fraction of the solvent (hydrocarbon droplet) is directly deduced by the relation:

X, =1-X, (20)
Darcy’s law
K op
Uu=-——. 21)
u or

To avoid potential convergence problems, the initial and boundary conditions is formulated as follows:
Initial condition:

Att=0and Vr,

u=U,, T- %Tw (L+tanh(a(r-R)), X, = % X (1+ tanh (a(r - R))) 22)
Boundary conditions:
a_u — 0’ 6_u — q
or |, or|,_g
oX . X
el =0, D" el —k X , 23
or | ol . °|r:R (23)
oT .oT
o0, L =hT| L, T,>T
or| o, s 0 7 Tho
p|r=R = pout

where X_ is the mole fraction of the carbon dioxide, X, is the mole fraction of the solvent
(hydrocarbon droplet), D is the diffusion coefficient of the solvent in the carbon dioxide, p is the
density of the binary mixture, A is heat conductivity of the mixture, K is the permeability, R is the
droplet radius, T is the temperature of the mixture, M is the molecular weight, T, is the initial
temperature of carbon dioxide, Ty, is the initial temperature of hydrocarbon, X, is the initial
concentration of carbon dioxide, X, is the initial concentration of hydrocarbon, P is the pressure,
U is the radial velocity of droplet, Uy is the surface velocity, 4 is the dynamic viscosity, C, is the
constant pressure specific heat, I is the radial coordinate, K is the permeability, D" is the effective
diffusion coefficient, A is the effective heat conductivity, K

n 1s the convective mass transfer

coefficient, h is the convective heat transfer coefficient, P, is the outlet pressure, ¢ is constant.
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3 Method of solution
3.1 Dimensional analysis

Dimensionless variables for space and time is been introduced as:

=L =L . (24)
R t u

Dimensionless variables for radial velocity of droplet, mixture temperature, carbon dioxide mole
fraction and hydrocarbon mole fraction is been introduced as follows:

T X X , u ,
0=_; ¢: Ca l//=_h> Uu=-—, p: p2 (25)
TcO XcO XcO Us pUs
where t” is reference values for time.
Using (24) and (25), and after dropping the prime, equations (17) - (23) become
2
oy _ 6p 41 a_g_l(ﬁ_u_ﬂj (26)
ot or 3Re orc r\or r
_110(.0 -
ot P, reor or
2

20_110(,00) £ 0420 4 E(2 u -
El Per or or) P,oror 3 R/\or r
y(r.t)=oc—¢(r,t) (29)
o__ 1, (30)
or D,R,
u(r,0)=1, u, (0,t) =0, u (Lt)=7y
#(r,0)= ;(l+tanh 1)), 4(0t)=0, 4 (Lt)=-Shg(Lt) (31)
6(r,0)= ;(1+tanh ) = 6, (Lt)= —-Nud(1t)
p(Lt)=5
where

. U, . PC,RU;
R, = * is the Reynolds number, P, = TS is the Peclet mass number, P, =——— is the

v
2 1000X
Peclet energy number, E_ = Y; is the Eckert number, o zi, p= o =aR,
ngTO XO M
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R
D, = % is the Darcy number, Sh= D,[“ is the Sherwood number, NuU = ilj is the Nusselt

Rq

number, y=—, 5=M

U, P

3.2  Solution via Polynomial Approximation Method

Here, we assume polynomial solution of the form (see, [15]):

A(rit)=ag(t)+a (t)r+a(t)r (32)
u(r,t)=by(t)+b (t)r+b,(t)r’ (33)
O(r.t)=cy(t)+c, (t)r+c,(t)r?. (34)

Applying the boundary conditions as given in (31), we obtain

Sh Nu
A)=80)=6(0=0 al)=-T¢.. b0)=2 cO=-"2d,
(35)
Ot R N CER REOR (3
Then, equation (32) — (33) become
Sh Sh
¢(r’t):(1+?]¢|r—l_?¢|r—l r’ (36)
—ul —LiZy2
u(r’t)_u|r:1 2+2r (37)
o(r,t)= (1 Mjﬂ —%ﬂ LT (38)
For long spherical shape (see, [8]), we have
3 :3j01r2¢dr (39)
o= 3J'01r2udr 40)
0 = BI:rzadr 41)

where ¢ is the average mole fraction, U is the average velocity, @ is the average temperature.
Equations (39) — (41) give the relations

— Sh _ 2y ~ Nu

¢ :(1+7j¢|r—l’ u :u|r:1_?’ ¢ :£1+7j0|r—1 (42)
and

25:(1+S—hj2¢ : O5=2, : ﬁé—(uMJﬁe (43)
ot 2)ot |, ot o O 2 =

Integrating (26) — (28) with respect to I', yield the following equations
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Oguntolu, E.E. Iyeme, and

0
a¢ r=1 " a¢|r:1 = 0 (44)
0
au r:l_bu|l’:1 =C (45)
a —al
EQH"‘(A—Be t)9|r:1:D(I:—Gebt_|_E262bt) (46)
Solving (44) — (40) gives
1 —a
¢|r:1 = Ee ' (47)
d.o~{(Era)e-g) ’
1 ( . e(mgem)J )
A
FD i B _
E[(e(AHae ‘j _e(l—A)tJ_’_ B\/; e—(Ang— xjerf {.\/E (eit _1)]J
A —aB a
L)
A+b
6|, =| DG B | +
B {(e(AHaEa‘j _e(l—A)t} B\/; ei(Ang*ljerf ( B ( . _1)jj
A+b —= :
1 o2t _e*[Augef r] )
A+2b
DE? B |
B [e(Aﬁae;] _ e(l—A)t] B\/; ei(AHEei 1Jerf [\/E (eit _1)J}
A+2b — :
,[AHEefatj .
+h (1) e a
Substituting equations (47) — (49) into equations (36) — (38) give
_l S_h —at _S_h 2 _at
- Z(H 2 je 4" (50)
U(r’t):((gﬂjem_Ej_hgrz (51)
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Nu Nu
49(r,t)=(1+7)0|r_1—79|r_1r2 (52)
1 Sh Sh
rty=c—=|1+— [e®*+—r%™® 53
pir=o=3 (1 e+ 5
p(r.t)=56+ ! (E+1Jeb‘—E _r|e_ (Ejtlje'“‘—E LTy, (54)
DaR, b b) 3) DaR, b b) 2 6
where
T (T S PR YE NS
( Shj R Da R,\ 3 5Da
1+— [P, e e
5
_ I:u . B- ,BN;Sh | D~ 4g|\IlEc 7
(1+“jpe 10(1+“jpem 3(1+“)Re
5 5 5

2

E:(E+1j, Fo| A, A7) G=E(4—7+£j,

b 3 9 3 b

B B B

/p| t1-e e |-Bea—1||-Da| -1 |1-e= |--B

A A A+b A+b

B B

DE?| 1 [1-e¢a|-—B |eagq

A+2b A+2b

The computations were done on equations (50) — (54) using computer symbolic algebraic package
MAPLE 2021.

)
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4 Results and Discussion
4.1 Analysis of Results

The transport and mixing processes are simulated analytically for a droplet of solvent (hydrocarbon)
and a compressed antisolvent (carbon dioxide) in miscible conditions using polynomial approximation
method. Analytical solutions given by equations (50) - (54) are computed using computer symbolic
algebraic package MAPLE 2021. The numerical results obtained from the method are shown in
Figures 1 to 18.

4.2 State Variables Dynamics

We performed the numerical simulations of the system of differential equations of the state variables
to determine the changes in the various state variables with time and space. There seems to be a
continuous increase in the mixture temperature, droplet velocity, hydrocarbon concentration and
pressure as the carbon dioxide concentration decreases with time. Our findings showed an inverse
relationship among the mixture temperature, droplet velocity, hydrocarbon concentration, pressure
and carbon dioxide concentration as shown in Figures 1 — 5.

Figure 1 depicts the graph of mixture temperature H(I’,t) against time t for different values of

droplet radius r. It is observed that the temperature of the mixture increases with time and this
mixture temperature is higher at the centre of the droplet than at the end of the domain.

Figure 2 shows the graph of carbon dioxide concentration ¢(I’,t) against time t for different values

of droplet radius r. It is observed that the concentration of carbon dioxide decreases with time and
this concentration is higher at the centre of the droplet than at the end of the domain.

Figure 3 displays the graph of hydrocarbon concentration y/(l’,t) against time t for different values

of droplet radius r. Itis observed that the concentration of hydrocarbon increases with time and this
concentration is higher at the end of the domain than at the centre of the droplet.

Figure 4 manifests the graph of droplet velocity U ( r, t) against time t for different values of droplet

radius . It is observed that the velocity of droplet increases with time and this velocity is higher at
the end of the domain than at the centre of the droplet.

Figure 5 depicts the graph of pressure p(r,t) against time t for different values of droplet radius r

. It is observed that the pressure increases with time and this pressure increase throughout the domain
except at the end of the domain where it constant.
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Figure 1: Mixture Temperature
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Figure 2: Carbon dioxide Concentration
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Figure 4: Droplet Velocity

202 IIMAM, Vol. 5, Issue 2 (2022) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 2, September 2022, Pages 191 — 215

plr i)

[ )& = = 2 = 2. 2 s, 2 = o = s 8 2 8 8 8 2 %82 8.2 8 5. 8 20

0 0.002 0.004 0.006 0.008 0.010

Figure 5: Pressure

4.3  Effects of Nusselt Number, Nu

Numerical analysis of the Nusselt number was conducted to see whether or not the Nusselt number
contribute significantly to the mixture temperature.

Figure 6 discloses the graph of mixture temperature H(r,t) against time t and droplet radius I for

different values of Nusselt number NU. It is observed that the temperature of mixture increases with
time and decreases along droplet radius but this temperature increases as Nusselt number increases.
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Figure 6: Effects of Nusselt number, NU on mixture temperature

4.4 Effects of Peclet Energy Number, P,

e

Numerical analysis of the Peclet energy number was conducted to see whether or not the Peclet energy
number contribute significantly to the mixture temperature.

Figure 7 depicts the graph of mixture temperature 6’(!’,'[) against time t and droplet radius I' for

different values of Peclet energy number P, . It is observed that the temperature of mixture increases

with time and decreases along droplet radius but this temperature increases as Peclet energy number
increases.
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Figure 7: Effects of Peclet energy number, P, on mixture temperature

4.5 Effects of Eckert Number, E

c

Numerical analysis of the Peclet energy number was conducted to see whether or not the Peclet energy
number contribute significantly to the mixture temperature.

Figure 8 shows the graph of mixture temperature 9(r,t) against time t and droplet radius I' for
different values of Eckert number E. It is observed that the temperature of mixture increases with

time and decreases along droplet radius but this temperature increases as Eckert number increases.
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Figure 8: Effects of Eckert number, E_ on mixture temperature

4.6 Effects of Darcy Number, D

a

Numerical analysis of the Darcy number was conducted to see whether or not the Darcy number
contribute significantly to the mixture temperature, droplet velocity and pressure.

Figure 9 shows the graph of mixture temperature O(F,t) against time t and droplet radius I' for

different values of Darcy number D, . It is observed that the temperature of mixture increases with
time and decreases along droplet radius but this temperature increases as Darcy number decreases.

Figure 10 displays the graph of droplet velocity u(r,t) against time t and droplet radius I for
different values of Darcy number D, . It is observed that the velocity of droplet increases with time
and increases along droplet radius but this velocity increases as Darcy number decreases. Figure 11
displays the graph of pressure p(r,t) against time t and droplet radius I' for different values of

Darcy number D, . It is observed that the pressure increases with time and decreases along droplet

radius but this pressure increases as Darcy number decreases.
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Figure 9: Effects of Darcy number, D, on mixture temperature

Figure 10: Effects of Darcy number, D, on droplet velocity
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Figure 11: Effects of Darcy number, D, on pressure

4.7 Effects of Sherwood Number, Sh

Numerical analysis of the Sherwood number was conducted to see whether or not the Sherwood
number contribute significantly to the mixture temperature and carbon dioxide concentration.

Figure 12 shows the graph of mixture temperature e(r,t) against time { and droplet radius I' for
different values of Sherwood number Sh. It is observed that the temperature of mixture increases

with time and decreases along droplet radius but this temperature increases as Sherwood number
decreases.

Figure 13 displays the graph of carbon dioxide concentration ¢ ( r, t) against time t and droplet radius

I' for different values of Sherwood number Sh. It is observed that the concentration of carbon
dioxide increases with time and decreases along droplet radius but this concentration increases as
Sherwood number increases.
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Figure 12: Effects of Sherwood number, Sh on mixture temperature

o(r. 1)

Figure 13: Effects of Sherwood number, Sh on Carbon dioxide concentration
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4.8 Effects of Peclet Mass Number, P

em

Numerical analysis of the Peclet mass number was conducted to see whether or not the Peclet mass
number contribute significantly to the carbon dioxide and hydrocarbon concentrations.

Figure 14 shows the graph of carbon dioxide concentration ¢(I’, t) against time t and droplet radius

I for different values of Peclet mass number P, . It is observed that the concentration of carbon

em *°
dioxide decreases with time and decreases along droplet radius but this concentration increases as
Darcy number increases.

Figure 15 displays the graph of hydrocarbon concentration ly(r,t) against time t and droplet radius

I for different values of Peclet mass number P, . It is observed that the concentration of

hydrocarbon increases with time and increases along droplet radius but this concentration increases
as Darcy number decreases.

Figure 14: Effects of Peclet mass number, P, on Carbon dioxide concentration
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Figure 15: Effects of Peclet mass number, P, on hydrocarbon concentration

4.9 Effects of Reynolds Number, R,

Numerical analysis of the Reynolds number was conducted to see whether or not the Reynolds
number contribute significantly to the mixture temperature, droplet velocity and pressure.

Figure 16 shows the graph of mixture temperature Q(F,t) against time t and droplet radius I' for

different values of Reynolds number R,. Itis observed that the temperatute of mixture increases with
time and decreases along droplet radius but this temperature increases as Reynolds number decreases.
Figure 17 displays the graph of droplet velocity U (r,t) against time t and droplet radius I' for
different values of Reynolds number R,. It is observed that the velocity of droplet increases with time

and increases along droplet radius but this velocity increases as Reynolds number decreases.

Figure 18 displays the graph of pressure p(r,t) against time t and droplet radius I' for different

values of Reynolds number R,. It is observed that the pressure increases with time and decreases

along droplet radius but this pressure increases as Reynolds number decreases.
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Figure 16: Effects of Reynolds number, R, on mixture temperature

Figure 17: Effects of Reynolds number, R, on droplet velocity
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Figure 18: Effects of Reynolds number, R, on pressure

It is worth pointing out that the effects observed in Figures 1 to 18, are important for designing and
optimizing different CO, antisolvent processes for the formulation of small crystalline drug products.

5 Conclusion

This research work developed a model describing heat and mass transfer between a droplet of solvent
(hydrocarbon) and a compressed antisolvent (carbon dioxide) in miscible conditions taking into
consideration the viscous energy dissipation and transfer of heat and mass between the reservoir
surface and the droplet by convection, in order to investigate the role of operating parameters on
droplet lifetime. This model which relies on several assumptions is based on the conservation of total
mass, chemical species, momentum and energy written in transient state mode of operation. The

governing parameter of the problem are the Eckert number (E,), Peclet energy number (P,),
Reynolds number (R,), Peclet mass number (P, ), Darcy number (D, ), Nusselt number (Nu) and
Sherwood number (Sh).The study revealed the following:

The mixture temperature, hydrocarbon concentration, pressure and velocity of droplet are increasing
function of time.
The CO, concentration is a decreasing function of time.

The mixture temperature is higher at the centre of droplet than at the end of domain.
There is higher concentration of CO, at the centre of droplet than at the end of domain.

There is higher concentration of hydrocarbon at the end of domain than at the centre of droplet.

213 IIMAM, Vol. 5, Issue 2 (2022) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



R.O. Olayiwola, A.T. Cole, M.D. Shehu, F.A. Oguntolu, E.E. Iyeme, and
A.W. Abubakar

The velocity of droplet is higher at the end of domain than at the centre of droplet.
The pressure is higher at the end of domain than at the centre of droplet.

The results highlighted above showed that the particle formation in drug production could be
controlled by the governing parameters involved. These results are useful in pharmaceutical industries
for achieving very small drug particles of interest. The results of this study may be of importance to
engineers and scholars attempting to develop programming standards and to researchers interested in
the theoretical aspects of computer programming.
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A stochastic analysis of stock price variation
assessments in Oando Nigeria, Plc

I.U. Amadi’ and M.]J.O. Vivian"

Abstract

This paper applied stochastic analysis of Markov chain in the closing stock price data
of Oando Nigeria Plc (2017-2021). The stock prices were transformed into 3-steps
transition probability matrix solution for each independent year. The criteria of obtaining
future stock price changes of the year were considered. From the analytical solution of
stochastic analysis, showed that the closing stock price of 2017 has the highest mean rate
of returns and growth rates respectively: 2.4112 and 69%. Also stock prices of 2018 has
the best probability of price not changing in the near future: 26% , which is a guide to
investor for proper decision making. In all, the impact of future price changes were
assessed which shows various levels of pricing effects on the aspect of percentage increase
and decrease as it affects the original prices, Oando Nigeria PLC is profit making
organization, hence the growth rates are all indexed in millions of naira.

Keywords: stock prices; stochastic analysis; Markov chain; Oando Nigeria Plc

1 Introduction

Stock market prices are highly violated; hence they are highly affected by some unforeseen
circumstances. For instance, the rise and fall of dollar exchange rate political crisis and flooding etc .

The impact of the activities can result to unstable nature of stock market price which causes panic
buying of goods and services. So, it is worth developing a mathematical model which can enhance
realistic result for the purpose of practical findings. Therefore, Markov chain is adopted to examine
the closing stock price of Oando Nigeria Plc; since stock price is a formation of stochastic process.
The stochastic analysis of these data of Oando Plc will aid investors to find prospects on the
independent years of stock prices throughout the trading days.
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Nevertheless, a lots scholar has written extensively on the modeling stock price using Markov chain
and results obtained in various ways. For instance, [8] examined stock market prices due to its
fluctuations and influences in financial lives and economic health of a country. Their findings
showed that stock price is a random work and no investor can alter the fairness and unfairness of a
stock price as defined by expectation. [12] studied Markov process of stock market performance. In
their result oil, India exhibits a higher chance of being stable with no significant increase or decrease.
[9] considered Markov chain model on share price movement. Result showed GT Bank shares
change hands more than the FB Bank. [2] examined the Markov chain model on forecasting of
stocks prices in Nigeria. In their result Markov chain model was determined based on probability
transition matrix. [4] Explored the stochastic analyses of Markov chain in finite states. Their work
replicated the use of 3-states transition probability matrix which enables them to proffer precise
condition of obtaining expected mean rate of return of each stock. ,[13] considered stochastic
analysis of share prices. Results showed precise condition of determining expected mean return time
for stock price; improving investment decision based on highest transition probabilities. In the same
manner, [5] studied the behavior of stock market using Markov chain. The study reveals that
regardless of bank’s current share price steady state probabilities of share price remain the same all
through the iteration. [8] Studied long run prospects of security prices in Nigeria where the data
were collected from the randomly selected banks from the banking sector of Nigeria. The analysis
suggested that the price level of Nigerian bank were likely to remain relatively stable in the long run
irrespective of the current situations.[14] examined the long run behavior of the closing price of
shares of eight Nigerian banks using Markov chain model. They computed limiting distribution
transition probability matrix of the of share price and found that despite of the current situation in
the market there is hope for Nigerian bank stocks. It was concluded that the results derive from the
study will be useful to investors.

More so, because of unstable nature of stock price movements; which can be linked as
stochastic processes. Therefore, the method of Markov chain was used to study the closing stock
prices of Oando Nigeria plc for the period of 2017-2021. The stock price data replicated 3-states
transition probability matrix solution for each independent year and the last three months of each
year were used as row vector to determine the future stock price changes. From the analytical
solution of stochastic analysis the mean rate of returns, growth rates and other price changes were
considered. This paper extends the [5] by assessing the investment of Oando Nigeria independently
for the period of (2017-2021), stating the future stock price changes and their investments growth
rates of different years.

This paper is aimed at presenting transitions probability matrix solution of Oando Nigeria PLC
for five independent states, to obtain the expected mean rate of returns, Growth rates, and the
transition probability future changes of stock prices.

This paper is arranged: section 2 presents mathematical preliminaries, the problem formulation
is seen in subsection 2.1, Results are pressed in section 3 and the paper is concluded in section 4.
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2 Mathematical preliminaries

A stochastic process X (t) is a relations of random Variables{Xt (7),'[ eT,ye Q}, Le, for each t in

the index setT, X (t) is 2 random variable. Now we understand t as time and call X (t) the state of

the procedure at time t . In view of the fact that a stochastic process is a relation of random
variables, its requirement is similar to that for random vectors.

It can also be seen as a statistical event that evolves time in accordance to probabilistic laws.
Mathematically, a stochastic process may be defined as a collection of random variables which are
ordered in time and defines at a set of time points which may be continuous or discrete.

Definition 1: A stochastic process X is said to be a Markov chain if Markov property is satisfied:
P(Xoa = 1/ Xos Xy X, ) = P(Xpa = §/ X, ) (1.1)

Forall n>0and i, j € S(state space) .

It is sufficient to know that the Markov property given (1.1) is equivalent to easy of the following for
each je§$S .

P(Xml = j/an1Xn2"“’Xnk): P(Xn+1 = J/Xnk) (12)
(forany n, <n, <,---,n, <n)

Assuming X, =1 implies that the chain is in the ith state at the nth step.it can also be said that the

chain’ having the value i’ or ¢ being in state 1’. The idea behind the chain is described by its transition
probabilities:
P(X =j/X :i) (1.3)

n+1

They are dependent on 1, j and n.

Definition 2: The chain X is said to be homogeneous if the following are stated below
P(Xpu=1/X,=1)=P(X,=j/X,=i) (1.4
for all n,i, j.

The transition matrix P = (F’IJ ) is Nx N matrix of transition probabilities.

P =P(X,.=J/X,=i) (15

n

Hence, the transition probabilities with homogenous Markov chain are always stationary at a point.

218 IIMAM, Vol. 5, Issue 2 (2022) ©NSMB; www.thsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



I.U. Amadi and M.J.O. Vivian

Theorem 1: Suppose P is a stochastic matrix which implies the following:

i) P
(W) D P =2 P(Xpa =0/ X, =0)=2 P(X, = j/X, =i

which is stationarity or point of convergence.

has non-negative entries or P. >0

Proof:( i) each associated entry in P is a transition probability P; and being probability B, > 0.
@) Y P =2 P(X, =il X, =i)=D P(X,=j/lX,=i)
j i i

which is stationarity.

P(X, eS/X,=i)=1.

Theorem 2 :( Chapman-Kolmogorov Equations).
n

Piminy = ZF’ir(m) Pim SinceP =P P andsoonP =P" the nth power of P .
r=i

Proof:
P

ij(m+n)

=P (Xpn = j/ X, =1)

m+n

D P (X = 3 Xy =11 X, =)

D P(Kpay = J1 Xy =11 Xy =1)P(X,, =r1X, =i)

Using the following in probability rule:
P(AnB/C)=P(A/BNC)P(B/C) and setting
A={X,..=1i},B={X, =r},and C={X, =i}
Using Markov property yields
Pimen) =Y P(Xp = §1 X, =1)P(X, =r/X, =i)

ZP,j(n)Pi,(m)

Z I:?Lr(m) I:)rl(n)
Hence P, =P P, and so P, =P" the power of P.
219 IIMAM, Vol. 5, Issue 2 (2022) ©NSMB; www.thsmb.org

(Formerly Journal of the Nigerian Society for Mathematical Biology)



International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 2, September 2022, Pages 216 — 228

2.1 Problem formulation

let S, (t) (i =12,..,N,t :1,2,...,n) be the of daily closing stock prices in naira of five different
selected years of Oando’S 1 —th asset at time t be defined as three state Markov processes in finite
states. Let N x N data matrix associated with S, (t) be X, . We consider N closing prices over n

months, time hotizon. For each X, we use the last three closing stock prices of each year (Oct.-Dec.)
as row vector which measures the change in stock prices at time t ;wheret=0,1,2,---,N and t is

measured in weekly intervals,t €[l . Therefore, the vector is defined such that
O = (9i01’90i2’90i2""’60in) (1.6)

To obtain an estimate of the transition probability as follows
Ry =P(X, = /X, =i), for j=0123,N
Pif j=1+]
P,=19=1-Pif j=i—]
0 otherwise

where K +1 is the number of states.

n; = >_ P, forij=0,2,3
i=1

(1.7
N -
—L forij=0,1,---k
n;
However, for K =3 is an estimate of the transition matrix.
Fo Fu P
Pij(0and0) 17 =| B R: Py (1.8)
20 Fa M
Setting 1 ] =0,1,2 for k=3
o T Foz
R; (Oando:price changes) = (Bn By, Bl3) 0 1 M |T (¢11 ¢, ¢13) (1.9)
20 T P
Assuming X, has state space and transition probability matrix of (1.9) becomes
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s ¢ 0
P=|1-¢ B, 1-a. (1.10)
1-0 o B
Also from where the transition matrices of independent years of Oando Nigeria, PLC is derived.
Following the method of [5] The best three prices are chosen in terms of minimum value criterion

B =min(e, a,,....,a,)
B, =min(¢,d,,...4,) (1.11)
ﬁa :min((pl’(ozi"-’@n)

Thus each minimum value will be used as estimates, in order to determine the value of an economic
asset such as stock; consideration should be made to identify some aspect of random variability
which is the expected rate of returns and price of the underlying asset, [1]. Hence to determine the
expected rate of returns for each stock for the period of trading days the following are defined as

179 129 ind l_“} (1.12)
ﬂl IBZ 133

However, the Growth rates of Oando Nigeria PLLC were determined by considering the maximum
and minimum value of each closing stock prices of associative years denoted as Sy (t) , Sy (t)

respectively. Therefore, we define Growth-rates,GR, as:
Sy () =S, (t
6R = 2005w ® 10005 113)
Su (©)
From (1.9) the behavior of stock market, each is categorized as no-change in price, increasing in

price and price decrease in near future. Also the impact of percentage increase and decrease of (1.9)
were determined.

3 Analysis and results

To demonstrate the closing stock market price performance of Oando investments in finite states
using Markov chain model. The daily prices covers from 2017-2021 retrievable from Nigeria Stock
Exchange (NSE). From Jan.-Sept. of each year were used to form transition probability matrix while
from Oct.-Dec. of each year were used to form a row vectors all for both companies.

Therefore, the 3-Step transition probability matrix and row vector of Onando Nigeria, PLC-2017.
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0.3503 0.3107 0.3390
—| 0.3398 0.3582 0.3021 |V, ;) =(6.0L 598 5.94)
0.3727 0.3239 0.3034

Pij — Oando(

2017)

0.3503 0.3107 0.3390
Pij — 0800 5,7 1y cpmgey =(6.01 5.98 5.94)(0.3398 0.3582 0.3021 |=(4.5591 4.4144 4.5328)
0.3727 0.3239 0.3034

The 3-Step transition probability matrix and the row vector Onando Nigeria, PLC-2018
0.3562 0.2762 0.3676

Pij(Onando) ,,,, =| 0.2467 03979 0.3554 | V, 0 =(5.01 3.79 47)
0.3576 0.3056 0.3368

0.3562 0.2762 0.3676
:(5.01 3.79 4.7) 0.2467 0.3979 0.3554 :(4.5591 4.4144 4.5328)
0.3576 0.3056 0.3368

Pij (Onando)(

2018-Price Changes)

The 3-Step transition probability matrix and the row vector Onando Nigeria, PLC-2019
0.3263 0.3338 0.3340

) =|0.2645 03881 0.3474 | V4 =(5.99 599 599)
0.3846 0.3293 0.2861

Pij (Onando)(

2019

0.3263 0.3338 0.3340
Pij(ONando) u.g nie crmges) =(5:99 599 5.99)| 0.2645 0.3881 0.3474 |=(5.9547 5.9900 5.9900)
0.3846 0.3293 0.2861

The 3-Step transition probability matrix and the row vector Onando Nigeria, PLLC-2020
0.3333 0.3333 0.3333

Pij(Onando)(zozo): 0.4268 0.2972 0.2760 ,V3:(2019):(5.45 4.7 5.00)
0.4923 0.3292 0.3138
222 IIMAM, Vol. 5, Issue 2 (2022) ©NSMB; www.thsmb.org

(Formerly Journal of the Nigerian Society for Mathematical Biology)



I.U. Amadi and M.J.O. Vivian

0.3333 0.3333 0.3333

Pij (ONando) s, wie crmges) = (5:45 4.7 5.00)| 0.4268 02972 0.2760 |=(5.0495 51029 5.7993)
0.4923 0.3292 0.3138

The 3-Step transition probability matrix and the row vector Onando Nigeria, PLLC-2021
0.2983 0.3616 0.3401

Pij(Onando) ,,,, =|0.3768 0.3333 0.2899 | Vyyy =(3.31 3.75 4.00)
0.3246 0.3421 0.3333

0.2983 0.3616 0.3401
Pij(ONaNd) 5 pre cramgey =(3-31 375 4.00) 0.3768 03333 0.2899 |=(3.7038 3.6567 3.6905)
0.3246 0.3421 0.3333

Company | pg, Pos Po2 Puo Pus Pi P20 P2 P2
b ¢ 0 1-¢ b, l-a |1-6 a i

(2017) 0.3503 0.3107 0.3390 0.6893 0.3398 0.6418 0.661  0.3582 0.3034
(2018) 0.3562 0.2762 0.3676 0.7238 0.2467 0.6021 0.6324 0.3979 0.3368
(2019) 0.3263 0.3338 0.334  0.6662 0.2645 0.6119 0.666  0.3881 0.2861
(2020) 0.3333 0.3333 0.3333 0.6667 0.4268 0.7028 0.6667 0.2972 0.3138
(2021) 0.2983 0.3616 0.3401 0.6384 0.3768 0.6667 0.6599 0.3333 0.3333

Table 1: Transition probability matrix of stock market prices of different years

Following the method of [5] gives the following conditions:

B, = Min(0.3503,0.3562,0.3263,0.3333,0.2983) = 0.2983
B, = Min(0.33981,0.2467,0.2645,0.4268,0.3768) =0.2467
B; = Min(0.30341,0.3368,0.2861,0.3138,0.3333) = 0.2861
Hence wehave g, =0.2983, B, = 0.2467 and S, = 0.2861
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Table 2: Expected mean rate of return for each stock

Companies 1-¢ 1-6 1-a Mean
b I Py

Onando(2017) 23108  2.6794 22433 | 2.4112

Onando(zm) 24264 25634 21045 | 2.3648

Onando(zmg) 22333 2.6996  2.1388 | 2.3572

Onando(zozo) 2.235 27025 24565 | 2.4047

Onando(ml) 2.1401  2.6749 23303 | 2.3818

Table 3: The Growth-rates and summary of stock price changes of Oando Nigeria, PLC

Year | Maximum | Minimum | Growth(%) | Summary  Stock Changes
Stock Stock of price
price Price
2017 18.97 5.94 09 5.9769 5.9787 5.9790
2018 7.5 3.14 58 4.5591 4.4144 4.5328
2019 8.48 4.8 43 5.9547 5.9900 5.9900
2020 10.05 4.7 54 5.0495 5.1029 5.7993
2021 6.06 3.751 38 3.7038 3.6507 3.6905

Table 4: Onando transition probability matrix of limiting distribution of various years

Onandoy,,,,, 03503 03107  0.339
Onandoy,,,, 0.3562 02762 0.3676
Onandoy,,, 0.3263 03338 0334

Onando,,,, 03333 03333 03333
Onando,,,,, 0.2983 03616 0.3401

Table 5: Assessing percentage increase in future price changes in Oando Nigeria, PLC.

Year | % Future | Variation of Changes
Changes | Prices price

2017 | 0.05 5.9769 | 0.2988 0.2989 0.2981
0.10 5.9787 | 0.5977 0.5977 0.5979
0.15 5.9790 | 0.8965 0.8968 0.8985
0.20 1.1954 1.1957 1.1958
0.25 1.4942 1.4947  1.4948

2018 | 0.05 4.5591 | 0.2280 0.2207  0.2266
0.10 4.4144 | 0.45591  0.4414 0.4533
0.15 4.5328 | 0.6839 0.6622  0.6799

224 IIMAM, Vol. 5, Issue 2 (2022) ©NSMB; www.thsmb.org

(Formerly Journal of the Nigerian Society for Mathematical Biology)



I.U. Amadi and M.J.O. Vivian

0.20 0.9118 0.8829  0.9066
0.25 1.1398 1.1036 1.1332
2019 | 0.05 5.9547 | 0.2977 0.2995 0.2995
0.10 5.9900 | 0.5955 0.599  0.599
0.15 5.9900 | 0.8932 0.8985 0.8985
0.20 1.1909 1.198  1.198
0.25 1.4887 1.4975 1.4975
2020 | 0.05 5.0495 | 0.2525 0.2551 0.2899
0.10 5.1029 | 0.5050 0.5103  0.5799
0.15 5.7993 | 0.7574 0.7654  0.8699
0.20 1.0099 1.0206 1.1599
0.25 1.2624 1.2757 1.4498
2021 | 0.05 3.7038 | 0.1852 0.1825 0.1845
0.10 3.6507 | 0.3704 0.3651 0.3691
0.15 3.6905 | 0.5556 0.5476  0.5536
0.20 0.7408 0.7301 0.7381
0.25 0.9260 0.9127 0.9226

Table 6: Assessing percentage decrease in future price changes in Oando Nigeria, PLC.

Year % Future Variation | of price | Changes
Changes | Prices

2017 0.25 5.9769 1.4942 1.4947  1.4948
0.20 5.9787 1.1954 1.1957  1.1958
0.15 5.9790 0.8965 0.8968  0.8985
0.10 0.5977 0.5977  0.5979
0.05 0.2988 0.2989  0.2981

2018 0.25 4.5591 1.1398 1.1036  1.1332
0.20 4.4144 0.9118 0.8829  0.9066
0.15 4.5328 0.6839 0.6622  0.6799
0.10 0.4560 0.4414  0.4533
0.05 0.2280 0.2207  0.2266

2019 0.25 5.9547 1.4887 1.4975  1.4975
0.20 5.9900 1.1909 1.198 1.198
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0.15 5.9900 0.8932 0.8985  0.8985
0.10 0.5955 0.599 0.599
0.05 0.2977 0.2995  0.2995
2020 0.25 5.0495 1.2624 1.2757  1.4498
0.20 5.1029 1.0099 1.0206  1.1599
0.15 5.7993 0.7574 0.7654  0.8699
0.10 0.5050 0.5103  0.5799
0.05 0.2525 0.2551  0,2899
2021 0.25 3.7038 0.9260 0.9127  0.9226
0.20 3.6507 0.7408 0.7301  0.7381
0.15 3.6905 0.5556 0.5476  0.5536
0.10 0.3704 0.3651  0.3691
0.05 0.1852 0.1825  0.1845

4 Discussion of results

It can be seen in Table 1 that the stock quantities were obtained row wise using the method of
probability: 1-¢, 1-6 and 1-x. Column 5,7 and 8 respectively. So, by addition of columns: 3 and 5,4
and 8,7 and 9 gives a total probability of 1. This agrees with one of axioms of probability measure
which can be used to improve efficiency in term of stock trading. The entire entry stipulates price
changes for short- and long-term business plans. It is clear in Tables 2 and 3, the mean rate of
returns. Growth rates and future stock price changes are all in indexed in millions of naira all
through the trading days which implies that Oando Nigeria, Plc is profit making company.

More so in order to predict the future price of expected returns of investments. Oando (2017): 23%
chance of reducing the expected rate of return; 27% chance of increasing its price in future and 22%
chance of no change in expected rate of ret with mean rate of 24%. Oando (2018): 24% chance of
reducing the expected rate of return; 25% chance of increasing its price in the near future and 21%
chance of no change in expected rate of return with mean rate of 24%. Oando (2019): 22% chance
of reducing the expected rate, 27% chance of increasing its price in the near future and 21% chance
of no change in expected rate of return with mean rate of 24%. Oando (2020): 22% chance of
reducing its expected rate,27% chance of increasing its price in the near future and 25% chance of
no change in expected rate of return with mean rate of 24% Oando (2021): 21%chance of reducing
the expected rate,27% chance of increasing its price and 23% chance of no change in expected rate
of return with mean rate 24%.

However, in order to predict the future price of entire of investments of different years, we

therefore have the following, Oando (2017): Has 35% of reducing its price; 31% chance of

increasing its price in the near future;34% chance of no change in price.
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Oando (2019): Has 33% chance of reducing its price; 34% chance of increasing its price and 33%
chance of no change in price.

Oando(2020): Has 33% chance of reducing its price 33% chance of increasing its price and 33%
Chance of no change in price .

Oando(2021): Has 30% chance of reducing its price ; 36% chance of increasing its price in the near
future and 34% chance of no change in price.

The above assessment of Oando Nigeria plc (2017-2021) will provide an insight of these stochastic
analysis that will enhancing their investment decision, having assessed the year independently.

Table 4, describes the probability changes of Oando investments which be specific at certain state
of time; often converges to a limiting value which is independent of the initial state, hence this
formation is a stochastic process.

In Table 5, the future price changes namely “no-change in price, the probability of price increasing
in the near future and the probability of reducing in future” were varied by 5%-25% increase to
assess the levels of this future price changes. It was discovered that the various levels of percentage
changes dominantly indicate an increase over the trading period. This observation leads to good
assessments on the part of Oando Nigeria PLC investments since they are been guided propetly on
the three levels of pricing effects.

However, the future price changes were also varied by 25%-5% decrease. it indicates percentage
decrease in various future price changes over the stipulated trading period. In this scenario, it is also
a guild to Oando investments over three levels of pricing effects assessment; the benefits of this
assessment is to avert severe depletion of capital investments which may endanger profit making
throughout the trading period, see Table 6.

6 Conclusion

An application of Markov chain is a mathematical tool for modeling stock price formation; since
each finite state communicates for proper management policies. In this paper, stochastic analysis of
Markov chain was applied in the closing stock price data of Oando Nigeria plc. The analytical
solution of the stochastic analysis showed that the closing stock price of 2017 has the highest mean
rate of returns and growth rates respectively :2 .4112 and 69%. Also, stock prices of 2018 have the
best probability of price not changing in the near future: 26%. Thus, Oando Nigeria plc is profit
making organization, since the growth rates are all indexed in millions of naira.

More so, comparing two or more companies and applying Markov chain in finite and infinite states
with be an interesting study.
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A note on exponentiated generalized inverse Pareto
distribution

A.A. Ogunde®, O.I. Oseghalef, and O. Fatoki*

Abstract

The Exponentiated Generalized inverse Pareto (EGIP) distribution is derived using
Exponentiated-G generator which introduces additional two new parameters into the
inverse Pareto model. Some basic statistical properties of the model are derived which
includes: moment and incomplete moment, moment generating function, quantile function,
Renyi and q —entropy, mean time to failure, mean residual life, probability weighted
moment and order statistics. The model parameter estimated using maximum likelihood
estimation method is also presented.

Keywords: stress-strength reliability; quantile function; Renyi and p —entropy; mean residual life

1 Introduction

In many real life situations, the standard probability distributions do not provide adequate fit to some
lifetime data sets, most especially with those with non-monotone failure. Thus, researchers developed
many generators by introducing one or more shape parameters to generate new distributions. The new
generated distributions are more flexible and tractable when compare to the classical/ baseline
distributions. Some well-known generators can be found in [2]-[13], [15], [17]-[19], [25]-[26], and many
others.

In this article the Exponentiated family of distribution is considered to develop a new model with
greater flexibility. It has been already used by [1], [20], [21], [23], among many others. The cumulative
distribution function (CDF) and probability density function (pdf) of the Exponentiated family of
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distributions For a baseline continuous CDF G (x; &), [11] defined the Exponentiated generalized
(EG) class of distributions by

F(x; ) =[1-(1—-G(x; £)4°, (1

where a > 0 and b > 0 are two shape parameters whose role is to control skewness and kurtosis to
enable the generation of distributions with heavier lighter tails. The PDF corresponding to (1) is given
by

fCr; &) =abg(x; (1 -Gl HITHI- (1 -G(x; )P, (2)
where, g(x; &) is the baseline pdf. Setting a = 1, the pdf (1) gives Lehmann Type I class. Also, for
b = 1, the pdf (1) gives the Lehmann Type II family of distributions. So, the family (1) generalizes

both Lehmann Types I and II family of distributions. It is essential to note that the baseline
distribution G (x; &) is a special case of (1) whena = b = 1.

2 Exponentiated generalized inverse Pareto distribution

A random variable X follows an inverse Pareto distribution if its CDF is given according to
[23] 1s

1
F(2) = (px)*, x>0, /1,<p>0,0<x<$. (3)
And the associated CDF to (3) is given by
1
f(x) = Ap*x?1, x>0, 4,¢>0,0 <x<5 (4)

where, @ is scale and A is shape parameter.

The CDF and PDF of the EGIP distribution is derived by putting eqn. (3) and eqn. (4) in eqn. (1) and
eq. (2) and respectively, given as

Fx a,b,4,¢) = [1—(1- (0N, 5)

and

fGi a,b,,9) = abdpix* (1 - (px)?) " [1 - (1 - (o)), )

where, @ is scale and a, b, A is shape parameters.

2.1  Some special distributions of EGIP model

Here, we present special distributions to EGEP model as follows:

* For b = 1, the EGIP reduces to Generalized Exponentiated Inverse Pareto (GEIP) as a new
model.

* Fora = 1, the EGIP reduces to the Exponentiated Pareto (EP) distribution with
*Fora = 1and f = 1, the EGEP reduces to IP distribution.
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2.2 Some basic properties of the exponentiated generalized inverse Pareto
distribution

In this section some standard reliability properties of the EGIP have been derived. An expression for
the reliability function, hazard, cumulative hazard, and the odd function of the EGIP distribution is
respectively, given by

R(x; a,b,A,¢) =1—[1-(1- (<px)/1)“]b , (7)
ablptx*~1(1 - ((px)l)a_l[l —(1- ((,ox)/l)a]b_1
1= [1— (1= (gD -
B ablptx*~1(1 - (gox)l)a_l[l —(1- ((px)’l)a] B
T = - (- (p) D] ®
[1- (1= 0"
1= - - @) (19

h(x) =

(8)

and

0(x) =

The graphs of the distribution function and hazard function of the EGIP are given in figure 1 and 2
with various values of the parameters of the distributions.

Graph of distribution function of EGIP
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Figure 1. Graph of distribution function of EGIP distribution
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Graph of hazard function of EGIP
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Figure 2. Graph of hazard function of EGIP distribution

2.3 Quantile function and median

In this section the quantile function, median (M) and mode are derived. Where u is Uniform (0,1),
the quantile function of the EGIP distribution is obtain by inverting eqn.( 5)

1//1

1 1 1/a-
xuzall—(l—u/b) | (11)
median is obtain by taking u = 0.5 in eqn. (11) presented as
1
1 1 \Va] /2
M==|1-(1-(05)" (12)
5[ =00

The mode of EGIP distribution can be obtained by solving the following non-linear equation
% (loglf(x;a,b, 4, 9)]) = 0, which is given as
A(b — 1)<p’1x’1(1 - (<px)’1)a_1 _ AMa-— 1) pix?

[1— (1= (p)M)°] 1= (e
The quantile function can be used to obtain the Bowley’s skewness (B) by [14] and Moors’s kurtosis
(M) by [16]. These measures are given by

_ Qozs+ Qo2s — 2Q0s _ Qo375 — Qo125 + Qogrs — Qos2s
B = and M =
Qo.75 — Qo.2s Qo.7s — Qo.25
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3 Moments

The 7" moment of X ~EGIP (a, b, A, ) is found by

E(X™) = ) = f X" F () dx (13)

— 00

Substitute from Equation (6) into Equation (13), we will obtain the 7" moment as
b—
: (b—1 r ]
Ur = ab(p_rZ(—l)‘ ( ; )B 7 +1,a(i+1) (14)
i=0

It should be noted the first moment represent the mean of EGIP distribution and is obtained by taking
r = 1, the second and the third moment is obtained by taking r=2 and 3 and are respectively given as

b-1
(b—1 1
Uy = abw‘lz(—l)‘( ; )B (Z +1,a(i + 1)>, (15)
i=0
b-1
L b1y (2 |
u, = abg 2;(—1) ( ; )B<A+1,a(l+1)>, (16)
and
b-1
(b—1 3
Us = ab¢‘32(—1)l< ; )B (1 +1,a(i + 1)) . (17)
i=0

Thus the variance of EGIP distribution is given by

2
2—abZiB 2+1 (i+1) abziB 1+1 (i+1) 18
ox = pe 7 ,a(i - 7 ,a(l (18)

where

- b—1

2=y

i=0 !
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3.2  The incomplete moment of EGIP distribution

The rth incomplete moment of X ~EGIP(a, b, A, @) is obtained by

¢ = f x"f(x)dx (19)

0

Substitute from Equation (6) into Equation (19), and we will obtain the incomplete moment as

b-1 1
_ (P—1 r , _t//l
&t = abp ;(-1)( i )B(I+1,a(l+1),7) (20)

3.3 The moment generating function of EGIP distribution

Let X~EGIP(a, b, 4, @), then the moment generating function of the EGIP can be can be obtain
using

My(t) = E(e™) = f e f()dx =y = f O =y i @1)
—o0 j=0 —o0 j=0

Putting eqn. (14) into Eqn. (21), we obtain an expression for the moment generating function for

EGIP distribution as
b—1

ot -1 r
My (t) = abe™" Z—I ( )B 1 +1,a(i+1) (22)
i=0 j=0 r
3.4  Probability-weighted moment (PWM) of EGIP distribution

The PWM of X whose CDF F(x), say ¥, is obtained by

YT = EQXUFT (x)) = j XPFT(x) F () dx (23)

0

If X ~EGIP(a,b, A, @), then the PWM ¢¥" is determined by
br+1)—-1 v )
Yor —ab<p""z( 1) ( ; )B Z+ l,a(i+1) (24)

3.5 Mean residual life of EGIP distribution

If X ~EGIP(a, b, A, @), then the mean residual life is determined by
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[T —0fdx i = [ xf ()dx
R(t) - R(0) —t (25)

The integral [ Ot xf (x)dx is the incomplete moment of EGIP and y; is the first moment obtained

MRL(t) = E[X —-t/X > t] =

by taking 7 = 1 in eqn. (20) and 7 (t) is given in eqn.(7)
Y
Ch— A
w, — abe™" Z?;Ol(—l)l(bil)B <% + 1,a(i + 1); t7>

1-[1-(@1-(px)M]?

MRL(t) = -t (25)

3.6  Entropy function and p —entropy

The entropy function is a measure of uncertainty related to X whose PDF f (x). It plays an important
role in computer science, reliability, and others. The Renyi entropy [22] of X, say I, (X), is determined

using
[o.0]

I,(X) = T _plogj fPx)dx, p+1 (26)
0
If X ~EGIP(a,b, A, ¢), then I,(X)is obtained by
b-1
(pb—-1
100 = gtz y ot (P07 e 27)
. i

=0
Wherep=w+l,a(i+p)—p+l

Consequently, the ¢ —entropy of X, say Z;(X), can be obtained using

log(1—[1—pDI,(X)

2y(0) =1

3.7 Mean time to failure

Assume X~EGIP(a, b, A, ¢), then the mean time to failure of X, say MTTF, is obtained using

MTTF = j xf(x)dx = ujy (28)
0

Substitute from Equation (20), taking 7 = 1, to obtain

-~ b—1\ (1
MTTF = b<p-12(—1)l( , )B ~+La(i+1) (29)
i=0 !
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4 Maximum likelihood estimates of the parameters

The maximum likelihood approach is considered in estimating the unknown parameters of the EGIP
distribution. Let X = X; ..., X, represent a random sample obtained from the EGIP distribution. The
likelihood function L(x; {) and the log-likelihood function logL(x; a,b,A, @) = l(x; a,b, A, @)
corresponding to (30) are respectively given as

n

L(x,a,b,A,¢) = 1—[ ablptx*~1(1 - ((px)l)a_l[l -(1- ((,ox))‘)a]b_1 (30)

and
I = nlog (a) + nlog(b) + nlog(A) + nilog (¢) + (A1 —1) 2 log (x;)
+(a—1) Zn: log(1— (px)*) + (b — 1) zn: log[1 - (1= (px)?)%] (31)
= =
The element of the score vector (o=, 20,2, aa—l) is given by
— == + Z log (1= (px)*) = (b= 1) Z (- “f)f)(? _lo(f],,(xll)l)(?xm (32)
— = % Zlog[l — (1= (ex)*)] (33)
e z e e e I
% - 7:7/1 +(b - D™ Z I(1 - (cpxl)’f)ca[l - (wxl)l]l ~lem i ;%
(35)
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The approximate solution of advanced stochastic time-
delay differential equations using block Adams Moulton
methods and its application in claims settlement for
policyholders satisfaction in the Nigerian insurance
industry

C. Chibuisi' and B. O. Osu?

Abstract

In this paper, Block Adams Moulton Methods (BAMM) is implemented for the approximate
solution of Advanced Stochastic Time-Delay Differential Equations (ASTDDESs) to determine the
level of policyholders’ satisfaction in settling their claims in Nigerian Insurance Industry. With the
help of continuous development of multistep collocation method by matrix inversion techniques, the
discrete schemes of the proposed method (BAMM) were derived. The analysis of basic properties of
the method such as order and error constant, consistency, zero stability, convergence and region of
absolute stability were carried-out and proved satisfactory. The numerical solutions of the method
were obtained, computed and presented graphically by solving some advanced stochastic time-delay
differential equations using the derived discrete schemes which revealed the effect of advanced
stochastic time-delay on the policyholders’ claims settlement. The accuracy of the method was
examined by comparing the results obtained with other existing methods and was found to give better
approximation.

Keywords: advanced stochastic time-delay differential equations; Block Adams Moulton
methods; policyholder; claims settlement; insurance industry; Nigeria

1 Introduction

According to [3, 18, 14|, claim is an official request made by a policyholder to an insurance industry
demanding for a payment based on the terms of the insurance policy. [13, 7, 8], defined claims settlement as
corporate policies and industry practices that insurance companies use to validate policyholder payment or
reimbursement requests. It has been noticed many-a-times that the claim settlement process for
policyholders in Nigerian Insurance Industries takes longer time than expected. This can happen for various
reasons such as policyholders not submitting their claims on time, loss of insurance policy
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2Corresponding Author. Department of Mathematics, Abia State University, Uturu, Nigeria; E-mail:
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papers/documents, not following the right pre-authorization claims process for cashless medical treatments
and advanced time-delay in exchange of information or documents between organizations, hospitals and
insurance companies. In reality, the above stated reasons always result to advanced random/stochastic time-
delays between the time the claims occur and the time of settlement of such claims. Advanced stochastic
time-delay differential equation (ASTDDE)) is a stochastic differential equation where the increment of the
process depends not only on current state but also on the advanced/future part of the system being
modeled which contains the random/stochastic noise term.

To reveal the applications of SDDEs in applied sciences, economics and engineering, authors such as
[6, 19, 2, 17, 9, 4, 1] applied Euler-Maruyama scheme and interpolation techniques such as Hermite,
Nordsieck, Newton divided difference and Neville’s interpolation to construct continuous split-step
schemes of SDDE on a continuous intervalty <t <t, and evaluation of the delay terms for the numerical

solutions of SDDEs but encountered some obstacles as studied by [12]. In order to overcome the
advanced random/stochastic time-delays expetienced by the policyholders in settling their claims by the
insurance companies and the obstacles encountered in the use of interpolation techniques for the evaluation
of the delay terms, we applied Block Adams Moulton Methods (BAMM) as a linear multistep collocation

method to discretize ASTDDESs on a discrete interval [to,t a) in order to obtain its discrete schemes for its

numerical solution.

From [10], advanced stochastic time-delay differential equation (ASTDDE) can be express as

dy(t) = u(y(t), y(t+7),t)dt +e(y(t), y(t+7),t)d B(t) for t>t,,7>0

y() = 4(1), fort <to (1)

where @(t) is the initial function, Y(t) is the stochastic process of the current state, 1 is the time, 7 is called
the delay, (t +7)is the advanced/future time-delay term and Y(t+7)is the solution of the advanced time-
delay term on the drift part of (1). g(t)is the Standard Brownian Motion with its differential equivalence as
d 4 (t) as the volatility noise term or Wiener process together with solution of the advanced time-delay term
as y(t+r)ds(tyon the volatility or diffusion part of (1). The drift part of the equation (1)
dy(t) = p(y(t), y(t+7),t)dt is deterministic and takes care of the time the claims occur and the time such
claims are settled without any risk involved. The volatility or diffusion part dy(t) =&(y(t), y(t+7),t)ds(t) is

stochastic which takes care of the advanced random/stochastic time-delays between the time the claims
occur and the time of settlement of such claims.

2 Derivation of the method

By matrix inversion techniques of the continuous construction of the £-step multistep collocation method
formulated by [15], the discrete schemes of Block Adams Moulton Methods (BAMM) for step numbers k =
2 and 3 are obtained and presented as;

For kK =20of BAMM

= —iaf —Eaf +iaf
yw yw+l 12 w 12 w+1 12 W+2
1 8 5
= ——af ,+—af ,,+—af 2
yw+2 yw+1 12 w 12 w+1 12 w+2 ( )
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For k =30of BAMM

1 4 1
yw: yw+2__afw_§afw+l_§afw+2

3
1 13 13 1
= +—af —-—af ,——af ,+—af
yw+l yw+2 24 w 24 w+1 24 w+2 24 w+3
1 5 19 9
-y, ,+—af ——af .+=—af  +—af 3
yw+3 yw+2 24 w 24 w+1 24 w+2 24 w+3 ( )

3 Analysis of basic properties of the method

Using the conditions proposed by [11] and [5], the order and error constant, consistency, zero stability,
convergence and region of absolute stability of (2) and (3) were analyzed.

3.1 Order and error constant

According to [11], the Linear Multistep Method is said to be of order m if ¢,=¢,=0,...,C,=0but

C...#* 0 and C is called the error constant.
m+1 m+1

The order and error constants for (2) are obtained as follows

Co=Ci=C.=C.=(0 0)

T
1 1
C.=| —
24 24
1 1Y
Hence, (2) has an orderm =3 and error constant
24 24

Using the same techniques, (3) can be presented as follows

CO:C1:C2:C3:C4:(O 0 O)T
(1 11 19
90 720 720

Cs

T

1 11 19
90 720 720

Therefore, (3) has order m=4 and error constant,

3.2 Consistency

According to [11], a computational method is said to be consistent if the order € is greater than 1 ie., €2>1.
Since the order of our proposed method BAMM as analyzed for the discrete schemes (2) and (3) is greater
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than 1 i.e.m>1, hence, the method is consistent.

3.3 Zero stability analysis
In [5], a computational method is said to be zero stable if the roots rsS=12,3,....,N of the first

1 1
characteristic polynomial o(e) expressed as (D(G) = det(eZE)— Z£ )) satisfies |es| <1 and the roots |Es| is
simple or distinct.
The zero stability for (2) is examined as follows

& 0o o)

2 1 5

3|t 2 fun
+a " lt+a Y,
g i fW+2 0 _i fw
3 12 12
wherte
2 1 0 5
-1 0 0 1 3 12 12
@ _ ) _ ® _ du®=
Z> (_1 1];21 (0 OJ,V2 ) i and U; . _i
3 12 12
¢(e) = det(ezy’ - z1")
4
:‘ez(zl)_zil)‘zo 4)
Now we have,
(e)_e—lo 01_—80 01
PEZE1 1)7lo o) le e) Lo 0
-e 1
=ple)=
ey
Using Maple (18) software, we obtain
p(e)=g’+e
=e’+e=0
=e=1e,=0. Since|ei| <1, i=12, the discrete schemes in (2) is zero stable.
Applying the same approach for (3), we have
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0 -10 Y 00 -1 Ywoo
1 _1 0 yw+2 = O O 0 yw_1
O _1 l yw+3 O O O yw
41y 0o -t
3 3 £ 3 f
w+1 w—2
13 13 1 1
+tal-— -— — || f,,[+*al0 0 — || f
24 24 24 ; 24 ;
w+3 w
5 193 00 L
24 24 8 24
where
41y 0o -1
oY 00 1:; ?L3 1 13
@_11 1 0/, @D_lo 0o 0 1 @_|_° _o du?=lo 0o =
Z2 0 11 21 0 o VoSt T e | MY 24
5 19 3 0o L
24 24 8 24
p(e) =det(ez? - 2{?)
5
:‘ezgz)_zgz)‘zo ©)

Now we have,

0 -1 0 0 0 -1 0 e O 0 0 1
o(e)=lefl -1 0|-|0 O O|=|e —e O|-|0O O O
0 -11 0 0 O 0 —e e 0 0 O

0 e 1
=p(e)=|e —e 0
0 —e e

The following are obtained using Maple (18) software,

pe)=e’—e’
=e’+e2=0
=e=1e,=0e;=0.

Since|ei| <1, i=12,3, the discrete schemes in (3) is zero stable.
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3.4 Convergence

Theorem 1: The necessary and sufficient condition for a linear multistep method to be convergent as stated
by [5] is that it must be consistent and zero stable. Since the discrete schemes (2) and (3) are both consistent
and zero stable, therefore the method is convergent.

3.5 Region of absolute stability

The regions of absolute stability of the numerical methods for ASTDDEs are considered. We considered
finding the P - and Q -stability by applying (2) and (3) to the ASTDDE:s of this form

dy(t) = u(y(t) + y(t+7))dt+e(y(t) + y(t +2))d B(t) for t>to,7>0
y(t) =), for t =< to ©)

+
where (b(t)is the initial function, 4,& are complex coefficients, T:ﬂa,ﬂez ,dis the step size and
n 22,77 is a positive integer. Let H; =auandH, =a¢ then the P -andQ -stability of (2) and (3) for

n =lare investigated, plotted using Maple 18 and MATLAB and presented in figure 1 to 4 below.
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Re(H1)

Figure.3. Region of Q -stability (BAMM) in (2)

Figure 1. Region of P -stability (BAMM) in (2

Flgure 2. Reglon of P —Stablhty (BAMND n (3) At e Y R L
RelH1)

Figure 4. Region of Q -stability (BAMM) in (3)

The P -stability regions in Figs 1 to 2 lie inside the open-ended region while the Q -stability regions in Figs 3
to 4 lie inside the enclosed region.

4 Evaluations of Delay Terms

Here, we shall formulate two accurate and efficient mathematical expressions for the evaluation of the
advanced time-delay terms on the drift and the volatility noise term on the diffusion part of the stochastic

time-delay differential equations. The advanced time-delay term (t+7) o 1 1e evaluated with the accurate

and efficient formula of this form

5W+j(t):g((dc+(w+j—n—l)a)),d;tO' -

Using normalized Brownian Motion, we formulated an expression to evaluate the volatility noise term
d B(t) such that the distribution is Gaussian with N (0,1) whose mean g is 0 and the standard deviation o is

1. The random process is expressed as
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_t7_
B0)- 1 . (w+j-n-1)a

\/((W-l-j—f]—l)a)ﬂ' "fort >0 ®)

Then by differentiating (8), it gives

dA(t) = 2 e_%ﬂ—n—l)a’
(W+j—n—QaJ«W+j—n—Qayr fort 20 ©)

- T .
where ] € (=K, k),K is a step number, 7 :g €Z,T=NA,T is the delay term, W= 0,1,2,...W -1 and W is

the number of solutions in the giving interval which is implemented to evaluate the volatility noise term

dA().

5 Numerical Computations

In this section, the evaluated advanced time-delay term and the volatility noise term using the two
expressions (7) and (9) developed above shall be incorporated into some advanced stochastic time-delay
differential equations before its evaluation with the discrete schemes (2) and (3) at constant step size & =
0.01 to obtain its computational solutions of dy(t)

5.1 Numerical problems

Problem 1

dy (t) = cos(t)((y(y(t) +2))dt + (y(y() +2))d (1), 0<t <3
alt)=1t>0

Exact solution e(t) =1+sin(t) .

Problem 2

dy(t) = —(y(t—1+e™)+sin(t —1+e™) +cos(t))dt + (y(t —1+e") +sin(t —1+e™") +cos(t))d A(t),
0<t<3

a(t) =sin(t),t<0

Exact Solution e(t) =sin(t) .
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6 Results, graphical presentations and discussions

The above problems were solved using the discrete schemes (2) and (3) derived by Block Adams Moulton
Methods (BAMM) and the results of the absolute random errors obtained are presented in tables 1 to 2

Table 1: Absolute Random Errors of BAMM for £ = 2 and 3 using Problem 1

K = 2 Absolute Random | K = 3 Absolute Random
Error Error

1 0.845719238 0.845719236
2 0.917929971 0.917929971
3 0.154361373 0.154271898
4 0.73881897 0.738732318
5 0.935633477 0.935805002
6 0.250690119 0.251117461
7 0.692001936 0.691574594
8 1.030780292 1.03035295

9 0.460997752 0.459635207
10 0.487584536 0.488442522
11 0.934908259 0.936260796
12 0.462769879 0.464605564
13 0.503583055 0.501747369
14 1.083678941 1.081843256
15 0.75340265 0.751219726
16 0.17474429 0.177026758
17 0.838660557 0.840598537
18 0.618718851 0.620290407
19 0.290043944 0.288472389
20 1.060916364 1.059344809
21 0.989485244 0.990763859
22 0.148704384 0.14812801

23 0.68801341 0.686514681
24 0.746870479 0.743291542
25 0.022305383 0.02588432

26 0.913027428 0.916606365
27 1.098762672 1.106099222
28 0.405121759 0.411231154
29 0.539433381 0.532758559
30 0.873856852 0.866656324

CPU time of BAMM for k = 215 0.03s and k = 315 0.10s
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Table 2: Absolute Random Errors of BAMM for £ = 2 and 3 using Problem 2

K = 2 Absolute Random | K = 3 Absolute Random
Error Error

1 0.837046383 0.836665921
2 0.895889047 0.895889047
3 0.123316526 0.119881874
4 0.783541932 0.7827559006
5 0.989876475 0.99335545

6 0.319076026 0.321521156
7 0.613683492 0.610862708
8 0.93800642 0.93556129

9 0.358412665 0.351507123
10 0.604326121 0.606307176
11 1.060231835 1.067356323
12 0.600721595 0.608098621
13 0.360093698 0.352397372
14 0.931089965 0.92371294

15 0.600913805 0.585224284
16 0.329945098 0.339136313
17 0.98484421 1.000672496
18 0.75760374 0.77740328

19 0.127087532 0.146959007
20 0.861093034 0.880892574
21 0.742877411 0.77480406

22 0.145936521 0.119247721
23 1.037968136 1.007150612
24 1.15515455 1.117229542
25 0.447253474 0.409685871
26 0.377751821 0.415676829
27 0.500230288 0.540376758
28 0.261660995 0.217469289
29 1.267095814 1.228416796
30 1.666628252 1.678375518

CPU time of BAMMs for k = 2 is 0.07s and k = 3 is 0.04s
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6.1 Graphical presentation of results

Using Microsoft Excel, the Absolute Random Error Results of BAMM for Problem 1 and 2 in Tables 1 and
2 are presented as;

1.2
i 1
e
i
£ 0.8 “
S
€ 06 =K = 2 Absolute Random
o u u Error
2
% 0.4 K = 3 Absolute Random
38 Error
<

0.2

0
0 10 20 30 40
Time/Duration of Claim Settlement

Figure 5. Advanced Stochastic Time-Delay DDEs Absolute Random Error Results for Problem 1

1.8
1.6
1.4
1.2

=K = 2 Absolute Random
0.8 Error

0.6 K = 3 Absolute Random
Error

Absolute Random Error

0.2 +—

0 10 20 30 40
Time/Duration of Claim Settlement

Figure 6. Advanced Stochastic Time-Delay DDEs Absolute Random Error Results for Problem 2

6.2 Comparison of results

In order to determine the accuracy, efficiency and advantage of our method BAMM, we compared the

absolute maximum errors of our method with other existing methods in [6, 2,16]
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Table 3: Comparison between the Maximum Absolute Random Errors (MARE) of our method
BAMM for k = 2 and 3 with [0, 2, 16] for constant step size @ = 0.01 for Problem 1

COMPARED
MARESs with
Numerical Method [6,2,10]

BAMM MARE fork =2 1.098762672
BAMM MARE for k =3 1.106099222
CSSEMM MARE for k =

2 4.76E-02
CSSEMM MARE for k =
3 9.17E-02
CSSEMM MARE for k =
4 1.62E-01

EMM MARE fork = 2 1.84E-02
EMM MARE fork =3 4.04E-03
EMM MARE fork = 4 9.73E-04

BSM MARE fork =2 7.04E-01
BSM MARE fork =3 7.04E-01
BSM MARE for k = 4 7.04E-01

Table 4: Comparison between the Maximum Absolute Random Errors (MARE) of our method BAMM for
k = 2 and 3 with [6, 2, 16] for constant step size & = 0.01 for Problem 2

COMPARED
Numerical Method MAREs with [6,2,10]
HEBAMM MARE for k
=2 1.666628252
HEBAMM MARE for k
=3 1.678375518
CSSEMM MARE for k =
2 3.18E-02
CSSEMM MARE for k =
3 5.90E-02
CSSEMM MARE for k =
4 1.37E-01
EMM MARE fork = 2 1.09E-01
EMM MARE fork =3 4.91E-02
EMM MARE for k = 4 2.44E-02
BSM MARE for k = 2 6.96E-01
BSM MARE fork =3 0.96E-01
BSM MARE fork = 4 6.96E-01
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6.3 Graphical presentation for compared results

Figure 7. Compared MAREs of BAMM with [6, 2, 16] for Problem 1
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Figure 8. Compared MAREs of BAMMs with [0, 2, 16] for Problem 2
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7 Conclusion

In this study, we have demonstrated that Block Adams Moulton Methods (BAMM) is suitable for the
approximate solution of Advanced Stochastic Time-Delay Differential Equations (ASTDDEs). As shown in
tables 1 to 4 and figs. 5 to 8, the numerical results revealed the effect of advanced stochastic time-delay on
the policyholders claims settlement by the insurance industry which can lead to policyholders’ dissatisfaction
and claims dispute between the insurance companies and their customers. The policyholders and the
insurance companies have big roles to play for prompt claims settlements by policyholders submitting their
claims on time, storing of policyholders data in the cloud to avoid loss of insurance policy
papers/documents, following the right pre-authorization claims process for cashless medical treatments,
quick response by the organizations in the submission of policyholders claims to the insurance companies
and regular supervision and recapitalization of the insurance industries by the government. Also, it was
observed in tables 1 to 4 that the discrete schemes of higher step number k =3of BAMM performed
slightly better and faster than the lower step number k =2when compared with other existing methods.
Further research should be cartied-out for step numbers k =4,5,6... on the approximate solutions of

ASTDDEs using BAMMs.
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On the transitivity and primitivity of permutation
groups of degree 4p constructed via wreath products
using numerical approach

B. O. Johnson®, S. Hammaf, and M. S. Adamut

Abstract

Let p be an odd prime number and G a finite permutation group of degree 4p
generated via wreath products of pairs of permutation groups. In this work, a group
concept, namely isomorphism, is applied to discuss the transitivity and primitivity of G
using numerical approach. The computational group theory (GAP) is applied to enhance
and validate our work.

Keywords: permutation group; primitivity; wreath products; p-groups; isomorphism
1 Introduction

Let C and D be two groups of permutations on non empty sets € and €, respectively, where
QNQ=0. letP=C"={f: Q, - C}. The Wreath product of two permutation groups C
and D denoted by W = CwrD is the semi-direct product of P by D, so that, W = {(f,d)|f €
P,d € D}, with multiplication in W defined as (fi,d1)(fo,d2) = ((f1, f2d1™) (d1,dy) ¥V
fi,f> € Pand d;,d; € D is a special form of permutation group as in [11].

When a group G acts on a set (), a typical point & is moved by elements of G to vatious
other points. The set of these images is called the orbit of @ under G and we denote it by a¢ =
{a9] g € G}. A group G acting on a set £ is said to be transitive on ( if it has one orbit which
is equal to the entire set, that is a% = Q for all @ € Q. Equivalently, G is transitive if for every
pair of point @, f € Q there exists g € Q) such that @9 = f. If a group is not transitive then it
is called intransitive.

A permutation group G acting on a non empty set () is called primitive if G acts transitively
on £ and G preserves no non trivial partition of () where non-trivial partition means a partition
that is not a partition into singleton set or partition into one set {). In other words, a group G is
said to be primitive on a set {) if the only sets of imprimitivity are the trivial ones otherwise G is
imprimitive on ) as in [1]. Transitive and Primitive finite permutation groups can be thought of

* Corresponding Author. Department of Mathematics and Statistics, Federal University, Wukari , Taraba
State, Nigeria; E-mail: benjohnsonnig(@yahoo.com

T Department of Mathematical Science, Abubaka Tafawa Balewa University, Bauchi , Bauchi State,
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as the building blocks of finite permutation groups, and questions about finite permutation
groups can often be reduced to the primitive case according to [4].

Transitive and primitive permutation groups of special degrees have received much attention in
the academic research space. [10] in a paper title “Wreath Product of Permutation Groups”
provided an upgrade to the results of an earlier paper on some finite permutation groups which
consist of the basic procedure of computing Wreath product of groups. They also discussed the
condition under which the Wreath products of permutation groups are faithful, transitive and
primitive. Also some properties of the centre of a group stabilizer and Wreath product of groups
were investigated respectively in the work. Transitive and primitive p-subgroup of dihedral
groups of degree pg, where p, g are any two distinct odd prime numbers were considered by [7],
while more recently, Audu and Hamma in [1] discussed the transitivity and primitivity of all the
p-subgroups of dihedral groups of degtee at most p® using the concept of p-groups. They used
the standard program — The Groups, Algorithms and Programming (GAP) to validate their
results while Hamma and Aliyu, in [8] worked “On transitive and primitive dihedral groups of
degree at most 2" (r = 2)". Also, in [9] Hamma and Mohammed discussed the transitivity and
primitivity of all the p-subgroups of dihedral groups of degree at most p’. They proved theorems
and validate them using the Groups, Algorithms and Programming (GAP). Cai and Zhang, in [2]
presented “A Note on Primitive Permutation Groups of Prime Power Degree”. Fengler, in his
published work explored on “Transitive Permutation Groups of Prime Degree” as in [5].

In this paper, we obtained detailed description of the unique structure of Wreath product groups
of degree 4p that are not p-groups and discussed their transitive and primitive nature using
numerical approach. When the transitive and primitive nature of the Wreath products groups is
well understood it facilitates comprehension of the classification of finite simple groups (CFSG)
towards a productive review of same.

2 Materials and methods
2.1 p-group

A finite group G is said to be a p-group if its order is a power of p, where p is prime. A
subgroup H of a group G is a p-subgroup if it (H) is a p-group.

2.2 Stabilizer
Any subset of G which fixes a specified element @ is called the stabilizer of @ in G and is
denoted by G, == {x € G | a* = a}.

2.3  Orbit
When a group G acts on a set (), a typical point a is moved by elements of G to various other

points. The set of these images is called the orbit of @ under G, and we denote it by a® = {
a*|x €G}.

2.4  Dihedral group

Dihedral groups are groups of symmetries of a regular polygon, which consist of rotations and
reflections. The group is denoted D, which symbolizes the symmetry of a regular polygon with n
sides (that is, the dihedral group of degree n). Conventionally, we write D, = (r, f | r™ = f? =
1, fr=r""1f = r71f) and we say that D, is the group generated by the elements r and f
subject to the conditions
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r*=f2=1; fr=r"1f = r71f and the 2n distinct elements of D, are 1, n,72,..., 7™ 1 £ rf

,T2f

Here 7 is a rotation about the centre of the polygon through angle 2m¢/n and fis a reflection
about an axis of symmetry of the polygon.

2.5  Isomorphism
Two abstract groups (G, *) and (H, *) atre said to be isomorphic if there is a bijection ¢ : G > H
such that @(xy) = @(x)@(y) forallx,y G. @ is called an Isomorphism.

Theorem 1

Any finite group G is isomorphic to a subgroup of the symmetric group S, of degree n, where
n= |G|.

Proof:
Let G act on itself by right multiplication g" = gh for all g, h € G. If g" = g then gh = g and
so h = 1. That is, the kernel of the action is {1}. The mapping f:G — sym(G) define by

f:9 = fy where afy = a9 for any a € G is a homomorphism. Then G/kerf = im f. But
ker f = {1} and im f < sym(G) = S,,. Accordingly G < S,,. In general we have that if G acts
on Q with k kernel of the action then G/ S sym(Q).

2.7  Transitivity
Let G be a permutation group on (), where () is a finite set.

.1 o . .
We say that G is - — transitive if all the orbits have the same size.

Suppose that G has just one orbit Q. then for all re, r¢=
Q and as such for any «, § € ( there exists g € G such that a9 =
B,and G is said to be transitive on Q.

The group G is said to be k-fold transitive (or, simply k-transitive) on ) if, for any sequences
0y, Og,...., Qi such that o; # oy wheni # j; By, B,, ..., Bk such that By # fjwhen i #
j of k elements of (), there exists g € G such that

af =B forl <i <k.

Thus for £ = 2 we have that for @y, @y, 1, B2 in Q with a; # a5, f1 # B, there exists g €
G such that;

9 _ g _
al - 1811 (XZ - BZ
and we say that G is doubly transitive.

Ifk > 2 then k — transitivity implies (k — 1) — transitively.
Let G act on itself by right multiplication. Then, Q=G6. lfa=x, f =

yin Q and we take g = x"'y; then a9 =x(x)) =y=p
and so G is transitive.
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Let H < G and let G act on right cosets of H in G.

Then G is transitive on Q:= (G: H). For ifa, f€Q,

then @ = H,, f = H,, forsome x,y € G, and if we take g := x~1y then we have
a9 = (Hx)x 1y = Hy = B.

Lemma 1
Let G be a dihedral group of any order, then G is transitive.

Proof:

For given a;, o; as any two vertices of the regular polygon with 1 < j, we readily see that (o ... o
.. o ... ) is the rotation about the centre of the polygon through angle 2n/n, (where n is the
number of edges of the polygon) which takes « to «j . As such G is transitive.

2.9 Primitivity

A permutation group G acting on a non empty set () is said to be primitive on a set {1 if and only
if it preserves the trivial block system otherwise G is imprimitive on (). For example, the group

S = {(1), (12), (13), (23), (123), (132)} is primitive as {1,2}(123) = {2,3} implying that A9# A
and A9 NA+# @ for A= {1,2}.

On the other hand, a subset A of () is said to be a set of imprimitivity for the action of G on (), if
for each g € G, either A9= A or A9 and A are disjoint. In particular, Q itself, the 1-element
subsets of () and the empty set are obviously sets of imprimitivity which are called trivial set of
imprimitivity.

The group of symmetry Dy= {(1), (1234), (13)(24), (1432),(13), (24), (12)(34), (14)(23)} of the
square with vertices 1,2,3,4 is imprimitive. For take G; = {(1), (24)}.

Let H=1{(1),(13),(24),(13)(24)} which is a normal subgroup of G. Then H is a group
greater than Gy, but not equal to G.

Theorem 2 [12]

Let G be a transitive permutation group of prime degtree on the set Q. Then G is primitive
Proof

First and foremost, G been transitive, permutes the sets of imprimitivity where all the sets
Q; have the same order. But O = U |€Q; |, Q; being the sets of imprimitivity. As |Q| is prime we
have that either each |Q; | = 1 or Q or the only sets of imprimitivity. So, G is primitive.

Theorem 3 [12]
Let G be a non-trivial transitive permutation group on £). Then G is primitive if and only if
Gg, a € Q) is a maximal subgroup of G or equivalently G is imprimitive if and only if there is a

subgroup H of G propetly lying between G, (a € Q) and G.
Proof

Let the group G be imprimitive and ¥ be a non-trivial subset of the imprimitivity of G.
LetH =(g € G| Y9 = V)
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It is obvious H is a proper subgroup of G because ¥ € ) and G is transitive.
Now choose @« € V. If g € G thena € ¥ N WY and so ¥ = P9.

HenceG, < H < G

Since |¥| # 1, choose B € W such that § # a. By transitivity of G, there exists some h € G
with @ = B so thath € Gg. Now B EW¥ NP soW =Wrand h € H — G,. Thus H # G,
Conversely, suppose that G, < H < G for some subgroup H.

Let W = a®. Since H > G,|¥| # 1

Now if ¥ =, then H is transitive on Q and hence Q| = |H: G,| showing that H = G, a
contradiction.
Hence, ¥ # Q

Now we shall show that ¥ is a subset of imprimitivity of G.
Letg €Gand B €W NWI then f = a = a9 for some h, h € H.

Hence a"9" ' =a. sohgh™* € G, < H
This shows that g € H

Thus ¥ = W9. Hence VW is a non-trivial subset of imprimitivity, so G is imprimitive.

Theorem 4 [11]

Let Dacton Pas f8) = f (6d™1) where f € P,d € Dand § € A.

Let I be group of all juxtaposed symbols /d, with f € P,d € D and multiplication given by
(f1, d)(f2,d2)= (fi fody") (dy,dy). Then ¥ is a group called the semi-direct product of P by
D with the defined action

Remark 1 [11]

If C and D are finite groups, then the Wreath product W determined by an action of D on a
finite group is of order |W| = |C||A||D|

P is a normal subgroup of W and D is a subgroup of W

The action of Won I’ X Ais given by

(a,B)fd = (af (B),Bd) Where« €T and § € A

3 Results

Proposition 1

Let G be the Wreath products of permutation groups of degree 4p. Then G is transitive and
imprimitive.

Proof

From the rematk, the order of G, thatis |G| = 4p*and Q = {1,2,3,........,4p"}.

That G is transitive follows easily from Lemma 1. Cleartly, |G| = 4p* = 2:2p* implies that the
group G is isomorphic the dihedral group degree 2p* (i.e. G = Dyy).
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Now, name the vertices of Das as 1,2,3,..., 2p* and let / be the line of symmetry joining the

middle of the vertices 1 and 2p* with the middle of the vertices 22 and 2212 50 that

2 2
2p4 2p4 +4

o = (1,2p4)(2,2p4 — 1)(3,2p4 — 2) .. (TT)
is the reflection in L.
Then Ggy = D2phy = {(1), (2,2p4 — 1)(3,4p2p4 — 2) ... (%# )} is the stabilizer

of the point 1. We readily see that G(qy is a non-identity proper subgroup of G which has

2p4 2p4 +4
H = {(1)’ (1’ 4p)’ (2’ 4p - 1)’ (3’ 4p - 2)’ R | (%l p 2 )l a}
as a subgroup properly lying between D2p4 1y and Dy Thatis, D2p4y = H = Dy By
Theorem 4, Dsy4 is imprimitive. Thus, G is transitive and imprimitive.

3.1 Illustrating Examplel (Primitivity of Wreath Product Group of Degree 4p where p =
3)

Let C be a group of degree 4 and D a group of degree 3 acting on the set Q= {1,234} and A=
{5,6,7} respectively. Let P = C* = {fA—> C} with |P| = |C|'*l = 4°. We show that the Wreath
product W = Cu.D of degree = 12 of order, |W| = |C|!* x |D| = 4’3 is transitive and
imprimitive.

Proof:
We follow the procedure as described in Theorem 4 and Remark 1 to obtain the elements of the
Wreath products group, W in cyclic form as:

W= {1), (7,8,9,10,11,12), (7,9,11)(8,10,12), (7,10)(8,11)(9,12), (7,11,9)(8,12,10),
(7,12,11,10,9,8), (1,2,3,4,5,6), (1,2,3,4,5,6)(7,8,9,10,11,12), (1,2,3,4,5,6)(7,9,11)(8,10,12),
(1,2,3,4,5,6)(7,10) (8,11) (9,12), (1,2,3,4, 5,6)(7,11,9)(8,12,10), (1,2,3,4,5,6)(7,12,11,10,9,8), (1,3,5)
(2,4,6), (1,3,5)(2,4,6) (7,8,9,10,11,12), (1,3,5) (2,4,6) (7,9,11)(8,10,12), (1,3,5)(2,4,6)(7,10)
(8,11)(9,12), (1,3,5)(2,4,6) (7,11,9)(8,12,10), (1,3,5)(2,4,6)(7,12,11,10, 9.8), (1,4)(2,5)(3,6), (1,4)(2,5)
(3,6) (7,8,9,10,11,12), (1,4) (2,5)(3,6)(7,9,11)(8,10,12), (1,4)(2,5)(3,6)(7,10) (8,11)(9,12),
(1,4)(2,5)(3,6)(7,11,9)(8,12,10), (1,4) (2,5) (3,6)(7,12,11,10,9,8), (1,5,3)(2,6,4),
(1,5,3)(2,6,4)(7,8,9,10,11,12), (1,5,3)(2,6,4)(7,9,11) (8,10, 12), (1,5,3)(2,6,4)(7,10)(8,11)(9,12),
(1,5,3)(2,6,4)(7,11,9)(8,12,10), (1,5,3)(2,6,4) (7,12,11,10, 9,8), (1,6,5,4,3,2),
(1,6,5,4,3,2)(7,8,9,10,11,12), (1,6,5,4,3,2)(7,9,11)(8,10,12), (1,6,5,4,3,2)(7,10)(8,11) (9, 12),
(1,6,5,4,3,2)(7,11,9)(8,12,10), (1,6,5,4,3,2)(7,12,11,10,9,8), (1,7)(2,8)(3,9)(4,10)(5,11)(6,12),
(1,7,2,8,3,9,4,10,5, 11,6,12), (1,7,3,9,5,11)(2,8,4,10,6,12), (1,7,4,10)(2,8,5,11)(3,9,6,12),
(1,7,5,11,3,9) (2,8,6,12,4,10), (1,7,6,12,5,11,4,10,3,9,2,8), (1,8,2,9,3,10,4,11,5,12,6,7),
(1,8,3,10,5,12)(2,9,4,11,6,7), (1,8,4, 11)(2,9,5,12)(3,10,6,7), (1,8,5,12,3,10)(2,9,6,7,4,11),
(1,8,6,7,5,12,4,11,3,10,2,9), (1,8)(2,9) (3,10)(4,11) (5,12) (6,7), (1,9,3,11,5,7)(2,10,4,12,6,8),
(1,9,4,12)(2,10,5,7)(3,11,6,8), (1,9,5,7,3,11) (2,10,6,8,4,12), (1,9,6,8,5,7,4, 12,3,11,2,10), (1,9)(2,10)
(3,11)(4,12)(5,7)(6,8), (1,9,2,10,3,11, 4,12, 5, 7,6,8), (1,10,4,7)(2,11,5,8)(3,12,6,9),
(1,10,5,8,3,12)(2,11,6,9,4,7), (1,10,6,9,5,8,4,7,3,12,2,11), (1,10) (2,11)(3,12)(4,7)(5,8)(6,9),
(1,10,2,11,3,12, 4,7,5.8,6,9), (1,10,3,12,5.8) (2,11,4,7,6,9), (1,11,5,9,3,7) (2,12,6,10,4,8),
(1,11,6,10,5,9,4,8,3,7,2,12), (1,11) (2,12)(3,7)(4,8)(5,9)(6,10), (1,11,2,12,3,7,4,8,5, 9,6,10),
(1,11,3,7,5,9)(2,12,4,8,6,10), (1,11,4,8)(2,12,5,9)(3,7,6,10), (1,12,6,11,5,10,4,9,3,8,2,7), (1,
12)(2,7)(3,8)(4,9)(5,10)(6,11), (1,12,2,7,3,8,4,9,5,10,6,11), (1,12,3,8,5,10) (2,7,4,9,6,11), (1,12,4,9)(2,
7,5,10)(3,8,6,11), (1,12,5,10,3,8) (2,7, 6,11,4,9)}.
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Now |W| =196 and Q = { 1,2,3,4,5,6,7,8,9,10,11,12} is the set of the points of V. It follows
from Lemma 1 that ¥ is transitive as the orbit o = Q V a € Q.

Also the stabilizer of the point 1 in W is given by W= {(1), (9,10,11,12), (9,11)(10,12),
9,12,1,10), (5,6,7,8), (5,0,7,8)(9,10,11,12), (5,6,7,8)(9,11)(10,12), (5,6,7,8)(9,12,11,10), (5,7) (6,8),
6,76,8) (9, 10,11,12), (5,7)(6,8)(9,11)(10,12),  (5,7)(6,8)(9,12,11,10),  (5,8,7,0),
(5,8,7,6)(9,10,11,12),  (5,8,7,6) (9,11)(10,12), (5,8,7,6) (9,12,11,10)} which is obviously a non-
identity proper subgroup of V. We readily see from the subgroups of I that the group (W) has
a subgroup H = Syl(W) properly lying between Wy and W thatis, Wiy < H < W hence,
W is imprimitive by Theorem 2. Thus, W is transitive and imprimitive.

3.2 Illustrating Example 2. Primitivity of Wreath Product Group of Degree 4p where p =
5)

Let C be a group of degree 5 and D a group of degree 4 acting on the set 1= {1,2,3,4,5} and A
= {6,7,8,9} respectively. Let P = C* = {fA = C} with |P| = |C|'*l = 5% Then the Wreath
product W = CuD of degree = 20 and order, |IW| = |C|'*I x |D| = 2°5* is transitive and
imprimitive.

Proof:

We follow the procedure as described in Theorem 2 and Remark 1 to obtain the elements of the
Wreath products group, W in cyclic form as:

W= {(1), (11,12,13,14,15,16,17,18,19,20), (11,13,15,17,19)(12,14,16,18,20), (11,14,17,20, 13,16,
19,12,15,18), (11,15,19,13,17)(12,16,20,14,18), (11,16)(12,17)(13,18)(14,19)(15,20),
(11,17,13,19,15) (12,18,14,20,16), (11,18,15,12,19,16,13,20,17,14),
(11,19,17,15,13)(12,20,18,16,14), (11,20,19, 18,17,16,15,14,13,12), (1,2,3,4,5, 6,7, 8,9,10),
(1,2,3,4,5,6,7,8,9,10)(11, 12,13,14,15,16,17,18,19,20), (1,2,3,4,5,6,7,8,9,10)
(11,13,15,17,19)(12,14,16,18,20), (1,2,3,4,5,6,7,8,9,10)(11,14,17,20,13,16,19, 12,15,18),
(1,2,3,4,5,6,7,8,9,10)(11,15,19,13,17)(12,16,20,14,18), (1,2,3,4,5,6,7,8,9,10)(11,16)(12,17)
(13,18)(14,19)(15,20), (1,2,3,4,5,6,7,8,9,10)(11,17,13,19,15)(12,18,14,20,16), (1,2,3,4,5,6,7,8,9,10)
(11,18,15,12,19,16,13,20,17,14), (1,2,3,4,5,6,7,8,9,10)(11,19,17,15,13) (12, 20,18,16,14), ....... 1.

Now || = 2500 and Q = {1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20} is the set
of the points of V. It follows from Lemma 2.8 that W is transitive as the orbit ¥ =QVace
Q.

Also the stabilizer of the point 1in W is Wy, = {(1), (11,12,13,14,15,16,17,18,19,20),
(11,13,15,17,19)(12,14,16,18,20), (11,14,17,20,13,16,19,12,15,18),
(11,15,19,13,17)(12,16,20,14,18), (11,16)(12,17)(13,18)(14,19)(15,20),
(11,17,13,19,15)(12,18,14,20,16), (11,18,15,12,19,16,13,20, 17, 14), (11,19,17,
15,13)(12,20,18,16,14), (11,20,19,18,17,16,15,14,13,12)},

which is obviously a non-identity proper subgroup of . We readily see from the subgroups W’
that the group (I¥) has a subgroup H = {(1), (1,19,2,20,3,11,4,12,5,13,6,14,7,15,8,16,9,17,10,18),
(1,2,3,4,5,6,7,8,9,10)(11, 12,13,14,15,16,17,18,19,20), (1,3,5,7,9)(2,4,6,8,10)(11,13,15,17,19) (12,14,
16,18, 20), (1,2,3,4,5,6) (7,8,9,10,11,12)}
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properly lying between Wy, and W thatis, Wy, < H < W clearly, is imprimitive by
theorem 2.11. Thus, W is transitive and imprimitive.

33 GAP Result for Wreath Product Group of Degree 4p, p = {3,5,7,11, ...}

We validate our result in this Section by applying a standard programme - the groups, algorithms
and programming version 4.11.1 as shown below.

GAP 4.11.1 of 2021-03-02

GAP https:/ /www.gap-system.org

Architecture: x86_64-pc-cygwin-default64-kv7

Configuration: gmp 6.2.0, GASMAN, readline

Loading the library and packages ...

gap=

gap># Wreath Product (of permutation groups C and D) of Degree 4p for p = 3
gap> C := Group((1,2,3,4));

Group([ (1,2,3,4) ])

gap> D := Group((5,6,7));

Group([ (5,6,7) )

gap> W := WreathProduct(C,D);

Group(] (1,2,3,4), (5,6,7,8), (9,10,11,12), (1,5,9)(2,6,10)(3,7,11)(4,8,12) ])
gap> Order(W);

192

gap> Elements(W);;

gap> IsTransitive(W);

truc

gap> IsPrimitive(W);

false

gap=

gap=

gap># Wreath Product (of permutation groups C and D) of Degree 4p for p = 5
gap> C := Group((1,2,3,4,5));

Group([ (1,2,3,4,5) ])

gap> D := Group((6,7,8,9));

Group(] (6,7,8,9) ])

gap> W := WreathProduct(C,D);

<permutation group of size 2500 with 5 generators>
gap> Order(W);

2500

gap> Elements(W);;

gap> IsTransitive(W);

true

gap> IsPrimitive(W);

false

gap~

gap~

gap># Wreath Product (of permutation groups C and D) of Degree 4p forp =7
gap> C := Group((1,2,3,4,5,6,7));
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Group([ (1,2,3,4,5,6,7) |)

gap> D := Group((8,9,10,11));

Group([ (8,9,10,11) ])

gap> W := WreathProduct(C,D);

<permutation group of size 9604 with 5 generators>
gap> Order(W);

9604

gap> Elements(W);;

gap> IsTransitive(W);

true

gap> IsPrimitive(W);

false

gap>

gap>

gap># Wreath Product (of permutation groups C and D) of Degree 4p for p = 11
gap> C := Group((1,2,3,4,5,6,7,8,9,10,11));

Group(] (1,2,3,4,5,6,7,8,9,10,11) ])

gap> D := Group((12,13,14,15));

Group([ (12,13,14,15) |)

gap> W := WreathProduct(C,D);

<permutation group of size 58564 with 5 generators>
gap> Order(W);

58564

gap> Elements(W);;

gap> IsTransitive(W);

true

gap> IsPrimitive(W);

false

gap>

gap>

gap># Wreath Product (of permutation groups C and D) of Degree 4p for p = 13
gap> C := Group((1,2,3,4,5,6,7,8,9,10,11,12,13));
Group([ (1,2,3,4,5,6,7,8,9,10,11,12,13) ])

gap> D := Group((14,15,16,17));

Group([ (14,15,16,17) ])

gap> W := WreathProduct(C,D);

<permutation group of size 114244 with 5 generators>
gap> Order(W);

114244

gap> Elements(W);;

gap> IsTransitive(W);

true

gap> IsPrimitive(W);

false

gap~
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4  Conclusion and Recommendation

4.1 Conclusion

This study showed that wreath products group of degree 4p where p is an odd prime number is
imprimitive.

4.2 Recommendation

This study can be extended by considering for further research, one or a combination of two or
more of other theoretic properties such as simplicity, nilpotency, regularity, etc of same algebraic
structures.
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Effects of PrEP on the HIV/AIDS dynamics with of
immigration of infectives

J-K. Oladejo*fand T.O. Oluyo™*

Abstract

In this work a six compartmental model is formulated to study the effect of PrEP and the
direct inflow of HIV infective immigrants on the spread of HIV/AIDS. The positivity and

the equilibrium points were analyzed; the Basic Reproduction number R was generated,

the local and global stability of the Disease-Free Equilibrium of the model was established
and there exists a feasible region where the model is well posed, a unique Disease-Free
Equilibrium point exist in the absence of HIV infective immigrants which is locally and
globally asymptotically stable if Ry <1. Sensitivity index of key parameters revealed that C
(number of sexual partners) makes the disease more endemic. Numerical simulation
suggests that PrEP reduces the number of HIV infection despite the presence of constant
inflow of infective immigrants and rigorous adherence to PrEP and treatment reduces the
transmission of HIV/AIDS infection among high-risk population and can slow down the
spread of infection.

1 Introduction

Human Immunodeficiency Virus (HIV) infection are spectrum of conditions caused by infection
with the HIV. The late symptoms of infection are referred to as Acquired Immune Deficiency
Syndrome (AIDS). The emergence of Antiretroviral (ARV), which became available in 1996 made
many HIV-positive persons on treatment to have substantially lowered RNA level (viral load)
enabling them to live long and healthy lives, through strict adherence to treatment regimens.
Evidence does suggest that a low viral load may reduce infectiousness of HIV-positive persons
receiving antiretroviral therapy (ART). Globally, 75% of people living with HIV were receiving ART
as at December 2021 and 68% were virally suppressed in 2021. [11, 31, 34, 35]
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Consequently, the incidences of HIV related death have decreased considerably globally by
52% between 2010 and 2021, 650 000 death from HIV-related causes was reported and 1.5million
incidences of new infections in 2021.[31] Despite the improvement in the area of treatment of HIV
and the declining overall number of new HIV infections globally, across Sub-Sahara Africa the death
rate are much higher and has had a major impact on the life expectancy.[14] Majorly, adolescent girls
and young women (53%) are being infected at twice the rate of boys and men of same age. It is a
home to two third (67%) of all people living with HIV [21].

Moreover, the link between infectious diseases and population mobility must be understood in
relation to the different forms, conditions and patterns of migration, which have different influences
on the distribution and spread of infectious diseases. For example, in low and middle-income
countties, economic migration has played a crucial involvement in the evolution of the HIV/AIDS
epidemic [10]. However, research shows that internal and cross-border migrants, particularly male
migrant workers are at greater risk of HIV infection and are more likely to spread the disease when
they return home. It is well known that the immigrant can either be a susceptible or infective and
disease is always persistent with direct immigration of infective individual in the population. [4, 8, 12,
15,17, 24].

In other to reduce HIV transmission and save lives of people living with HIV and their
uninfected sexual partners, WHO recommended that Pre-Exposure Prophylaxis (PrEP) be offered
as a prevention choice for people at substantial risk of the HIV infection as part of a combination of
prevention approach. PrEP is the use of ARV by HIV negative people at substantial risk to block
the acquisition of HIV infection. High quality evidences strongly supports that PrEP is effective
with more than 10 randomized controlled studies among range of populations (key population
groups) and their sexual partners including serodiscordant heterosexual couples where one partner is
infected and other is not, high risk heterosexual couples.[33] Key population groups are people in
the population who are at high risk of HIV in all countries and region, they include: men who have
sex with men; people who inject drugs; people in prisons and other closed setting; sex workers and
their clients; transgender people.[29, 33]. In order to reach the Fast-Track strategy to end the AIDS
epidemic by 2030 globally, intervention services need to focus on key population groups and their
sexual partners as they account for over 70% of HIV infections globally. In other to avoid the
worst-case scenario of half a million-excess death in Sub-Sahara Africa efforts needs to be
redoubled, especially among women and gitls as they accounted for 50% of new infections in 2020

[31].

Currently, PrEP cannot be accessed through public programs in most countries of Sub-Sahara
Africa due to slow public health response. Ideally PrEP should be offered in combination with other
preventive methods especially condoms as it prevents other sexually transmitted infections (STT).
South Africa became the first African country to approve the use of PrEP followed by Kenya, [28]
according to PrEP watch the estimated number of people under the PrEP strategy in some African
countries in 2020 is given in the table below.
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Table 1: Total number of People using PrEP in some African countries at 2020

African Countries Estimated number of People
South Africa 530 378

Uganda 269 840

Zimbabwe 89 946

Kenya 256 321

Nigeria 276 671

Zambia 273779

Togo 100

Senegal 477

Rwanda 17 884

Ref: (http://www.prepwatch.org/)

However, in Nigeria about 1.9 million people are living with HIV and one of the countries with
the largest HIV epidemic in the world [30]. Currently PrEP is not widely available in Nigeria [23].
There is the need for Nigeria to adopt the WHO recommendation on PrEP and develop guidelines
to make it available in the public health sector for people at high risk of the infection. PrEP has the
potential to significantly decrease new HIV infection among key populations in Nigeria. It is
therefore important to consider the effect of PrEP and its awareness on the HIV dynamics of
Nigeria [20]. [1] analyzed the potential impact of antiretroviral chemoprophylaxis on HIV-1
transmission in resource limited settings and concluded that PrEP could prevent 2.7 to 3.2 million
new cases of HIV in sub-Saharan Africa over 10 years, if it is targeted to the highest risk groups, and
disinhibition could be prevented. Then in 2016 WHO welcomed a plan by the South African
ministry of health to provide immediate antiretroviral treatment to all sex workers with HIV and oral
PrEP to HIV-negative sex workers to prevent them from acquiring the infection. [28].

Even though in low- and middle-income countries the cost of PrEP might be a major problem,
the clinical and cost effectiveness study of antiretroviral therapy (ART) and PrEP for prevention,
showed that PrEP can be cost saving if delivered to individuals at increased risk of infection and the
cost of the PrEP drug is reduced [13, 27]. Mathematical models of HIV prevention measures were
used to estimate the effects of early diagnosis, eatly treatment, on the HIV epidemic over the next
40 years, as compared with the current situation [1, 13, 16, 19, 24, 25]. Also, attention has been paid
to study the effect of migration and immigration of infective [5, 8, 12, 15, 17, 24]. This study
attempts to investigate the potential impact of PrEP in a population with direct flow of infective
immigrants especially on the high-risk population groups.

In this study a six compartmental deterministic HIV/AIDS transmission model is develop,
incorporating treatment for infected individuals and the inclusion of PrEP for HIV-negative persons
at substantial risk in a population, which generalizes the model proposed by [24]. The aim is to show
that PrEP, can reduce the incidence of the disease, also its potential impact on direct immigration of
HIV infective.
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The paper is organized as follows: section 2 is the model formulation. In section 3 the rigorous
analysis of the model is presented. In section 4 sensitivity analysis, 5 the numerical simulation is
carried out to and discussed in detail while section 6 bears the conclusion. The numerical study of
the model is computed with the aid of the MAPLE 18 mathematical software.

2 Mathematical model formulation

There is an inflow of new members Aand Q immigrants where the fraction 0> 7 <lis infected

immigrants. The total population at time t is denoted N(t) is divided into six the susceptible class
S(t), Infective class I(t) be members who are infected at primary stage, Pre-AIDS class P(t) be
members in the Pre-AIDS stage, AIDS class A(t) be members with full blown Aids, Treated class
T(t) are the infected members at various stage undergoing treatment and the class of susceptible
members under the PrEP strategy V(t) who are assumed to be at substantial risk of acquiring the
disease at time t respectively.

The following assumptions are made in the development of the model:

The population under study is heterogeneous and varies with time; it is divided into six groups: are
the Susceptible (S), PrEP strategy (V) , Infective (1), Pre-AIDS (P) , Treatment (T)and the full blown

AIDS  (A)  classes and  N(t) is the total population per unit time.
N(t) = S(t) +V (t) + I(t) + P(t) + T(t) + A(t).
For this study HIV is considered to be transmitted through sexual intercourse or through infection

from infected needle and infected blood. Full blown AIDS are sexually inactive. There is an inflow
of new members A, who are susceptible and Q, immigrant into the population per time where the

fraction (0 < 7 <1)are infected immigrants.

Table 2

Parameters of the model

S = the susceptible class.

V = the class of susceptible individuals on the PrEP strategy.

| = the infected individuals in the primary stage.

P = the infected individuals in the pre-AIDS stage.

T = the infected individuals who are receiving treatment.

A = the infected individuals with full blown AIDS.

A = the constant inflow of susceptible individual into the population.

Q = the inflow of immigrants into the population.

7Q = the fraction of infected immigrants into the population.

(1-7)Q =the fraction of uninfected immigrants into population.

@S =the fraction of individuals under then PrEP strategy.

¢ = is the average number of sexual partners in a unit time.

d = the natural mortality rate of individuals in all the classes.

k = fraction of those receiving treatment who develop full blown AIDS.
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ﬁl,i =1,2,3 is the contact rate.

o = the rate at which individuals taking PrEP become susceptible.

O =the rate of movement in the infected class.

a = is the rate of movement in the pre-AIDS class.

@ = is the rate at which the AIDS patients get treatment.

i = is the disease induced death in AIDS class.

1 = fraction of the infective that get treatment.

yO =fraction of the pre-AIDS class that develop full blown AIDS.

£0 = fraction of the infective that goes to the pre- AIDS class.
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Table 2 and Figure 1 satisfies the model equations as shown below

(B,cl + B,CP + B,cT)S

S =A+(1-7)Q- (@ +d)S+ oV

V a5 —(d+ o)V

. (Bcl + B,CP + B5CT)S
N

o) _ (G +d)l
P =l —(a+d)P

T '

7Sl + yaP + OA — (k + d)T

A =(@U-e-nd +al—y)P+KT —(0+u+d)A

M
with the initial conditions S >0,V >0,1 >0,P>0,T >20,A>0 2)

3  Analysis of model

3.1 Positivity and boundedness of solutions

Lemma 3.1:
TetS>0,V=0,1>0,P>0T >=0,4 = 0. Then the solutions {S,V, I,P,T, A}ofthe system (1)

are non-negative for allt >0

Proof: It is necessary to prove that all the solution of the system (1) with positive initial data (2) will
remain positive whent > 0. Considering the first equation

~ (Bicl + B,CP + B4CT)S
N

-%:A+a—ﬂQ ~(@+d)S +oV

ds
— > —(@ +d)S
dt

ds
Separating the variable T >—(w+d)S 3)
t

jédsz—ﬂw+dmt
S(t)=Sye @t >0

Hence S(t) >0.

The same approach can be applied to the other state variables to show that they are non-negative.
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Lemma 3.2:

A+
LetQ:{(S,V,I,P,T,A)eRf 0SSV +1+P+T+A< dQ} “4)

is positively invariant for system (1) with non-negative initial conditions (2) in all(Ri5 )

Proof:

The total population  size N(t) = S(t) +V (t) + I(t) + P(t) + T(t) + A(t) this  implies  that
N =S +V +1 +P +T +A G

N =A+Q—dN - zA

Let D=A+Q. ©)

i dN
Since — <D-dN.
dt

D Nog—-D) —
A standard comparison theorem [15, 23] can then be used to show that N(t) < N +( Od Je at

D D
Assuming N(0) < E we conclude that N (t) < E . Thus, the region Q is positively invariant.

Hence the system (1) is well posed and epidemiologically meaningful and all the feasible solutions

6:OsN£A+

d

enter the regionQ = {(S,V, I,P,T,A) eR Q}With non-negative initial condition. [21]

3.1 Remark

To ensure that the disease-free subspace is invariant, we assume that if the population is free of
disease, then the population will remain free of disease. That is, there is no (density independent)
immigration of infective. However as long as the infective immigrant are entering the population,
the disease-free equilibrium will become unattainable, this is in agreement with [14, 24, 32].

3.2 Existence of equilibrium point for the model

To verify the existence of the equilibrium points, to find the Disease-Free Equilibrium (DFE), it is
assumed that there are no infective immigrants by setting Q=0in and the right-hand side of the

model equations in (1) is set to zero. At DFE,E

dt dt dt dt dt dt
whereS #0andV #0andl =P=A=T=0

Thus,
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(d+o)A @\
d(@+d+0) d(@+d+0)

E% =(S,V,0,0,0,0) =( ,0,0,0,0] . )

Also at disease free equilibrium N = E

8)

Similarly, to solve the Endemic Equilibrium Point E”of the system (1) each of the equations is set to
zero to have and substituting S=S",V =V "1 =17 P=P T =T ,A= A". Endemic Equilibrium
Point E” of the system (1) is obtained as

*

x &ol
(a+d)

A ((@+d)((k+d)a-&)—dn)+sa(k+d(@1-p)))a"
- ((0+pu+d)(k+d)— 6k ) +d)

_ ((@+d)(p(u+d)+0@1-&))+caly(u+d)+6))a" o)
((0+u+d)(k+d)—&k)(a+d)
. (A+(1-7)Q)gaN
(Ry(+d)1” +Nd kd + o)
_ (A+@-7)Q)N
(Ry(s+d)1™+Nd )

P

\

S

and |~ a quadratic equation:

C,1” —C1 +C, =0 (10)
where

C, =R,(6+d)°

C, =(Nd Ry (A +Q))& +d)

C, = 7QNd

By Descartes’s rule of sign two change of sigh means there is at most two real positive root, so there
will be positive roots, this implies that S,V ,1 ,P",T A" will have positive value. Therefore, the
model (1) has a positive solution.

3.3  Basic reproduction number

The basic reproduction number R is defined as the effective number of secondary cases produced
by a typical infected individual during the entire period of infectiousness. The next-generation matrix

approach by [27] is employed. Let X = (S,V,I,P,T,A)".
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1
This is done by taking the largest dominant spectral radius of Ry = {aFai (XO)}{ BV(;)EXO)} where
Xi i

F; be the rate at which new infections appear in the compartment i

V" be the rate of transfer of individuals into of the compartment i by all other means

Vi be the rate of transfer of individuals out of the compartment i by all other means

And considering V; =V SV

Then F = FF'—(XO)} V= {%} at the disease-free equilibrium point gives the following

Xi i

pcq p,eq Bieq 0
£ 0 0 0 0 (11
0 0 0 0
0 0 0 0
(5 +d) 0 0 0
V= -&0 (a+d) 0 0 (12)
-né -ra (k+d) -0
—Q-c-m)5 —al—y) -k (0+u+d)
where
Ki=(0+d),K, =¢6,K; =(a+d),K, =(d+k),Kg =(1-5-1)0 Kg =(1-7),
(13)
d + o)
K7 =(9+ﬂ+d),K8 =(a)+d),K9 =(d +U), q=m
1
= 0 0 0
Kl
K 1
2 = 0 0
Vel K Ky K,
Kza(7K7 +6K6)+ K3(5ﬁK7 +‘9’<5) 0‘(%7 +6K6) K7 4
K, Ky (K, K, — ko) Ks(K K, —k0) (KK, —k0) (K K, —ko)
Koa(k + KoK, )+ Ky(ork + K Kg ) alk + KoK, k K,
K,Kq (K, K, — ko) Ky(K K, —k0) (KK, —k0) (K K, —ko)

Ry = p(FV _1), that is the dominant spectral radius of the largest eigenvalues given by
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Ro =Max[4,4,254,]

It follows that the reproduction number R, for the model (1) is

_ CQ{ﬁle(K4K7 - k9)+ ﬁsz(K4K7 - k9)+ ﬁusa((yK7 + 9K6)+ K3(5’7K7 + 0K, ))}

R
° K, K4 (K, K, — ko)

(14)

3.4  Local stability of DFE

Theorem 3.4: The disease-free Equilibrium of the model (1) in the absence of infective immigrant is
locally asymptotically stable if the R, <1 and unstable if R, >1.
Proof:

To determine the local stability of Disease-Free Equilibrium Ej, we compute the vatiational matrix

of the linearized system (1) corresponding to the equilibrium point Ejto have the Jacobian matrix

given as:

Using the substitution in (14) to have

— Ky o - A —-p.cq —picq 0
T K, 0 0 0 0
J (Eo) _ 0 0 - (Kl - ﬁqu) ﬁch :B3Cq 0 (1 5)
0 0 &8 -K, 0 0
0 0 no Yo -K, 7
0 o0 K, K, k  —K,

The characteristics equation corresponding with (15)

(A’b, + Ab, +b,)(1'a, + A’a, + A’a, + la, +a,) =0 (16)
where

by =1 b, = (K, +K,),b, =K.K, w0,

a, =1 a =(K +K; +K, +K; —cap)

a, =K;(K; +K, +K;) + K, (K, +K,) + K K, =6k —cq(B,(K; + K, + K, )+ K, B, +n5f;)
8, = Ky (K, K, —k0)+ K, (K, +K,)+ K, (KK, —k6) ~a((B, (K4 (K, + K,)+K,K, ~k0) +

B K, (K, +Ky) + B,(n6 (K, + Ky) +yaK, +6Ky))

a, =K K (K, K, —kO)1-R,).
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By the Routh Hurwitz criteria if b, >0, b, >0 then byb, >0for the quadratic equation and if a >0,
a, >0, 3,>0, a,>0andas >0then aa,a; >a’ +afa,for the fourth root equation. On further
simplification the roots b; >0for j=012 a; >0 fori=01234..

So a, >0 to have

K,K;(K;K, -k#)1-R,)>0
(1-Ry)>0
SRy <1.

It follows that all the eigenvalues J(E;)have negative real parts this implies that the disease-free
equilibrium is locally asymptotically stable if Ry <1.

Thus, disease free equilibrium of the model (1) is locally asymptotically stable if Ry <1.

3.5 Global stability of disease free equilibrium

To establish the global asymptotic stability (GAS) of the disease-free equilibrium (DFE) state of the
model (1) the approach of [7] is employed as follows. The model is written as

dx

H-vx.2) an
%—%:G(X,Z),G(X*,O):O (18)

where X =(S,V) e R% denotes the number of uninfected individuals

Z=(,P,T,Ae Pi\4+ denotes the number of infected individuals including.

The DFE of the system is denoted Ey = (X "0). The two conditions H;and H, that if satisfied will
guarantee the global stability

Hy: dd_)t< =Y (X,0), X "is globally asymptotically stable (GAS)

HZ:%—%zG(X,Z):AY—é(X,Z), G(X,2)>0for (X,Z)eQ

where A=D,G(X",0)is an M-matrix (the off diagonal elements of A are non-negative) and Q is the

region where the model makes biological sense. If the system (1) satisfies the conditions H;and H,
then the following theorem 3.5 holds

Theorem 3.5
The disease-free equilibrium (DFE) point E, = (X 0) of the system (1) is globally asymptotically
stable provided Ry <1 then the two conditions H;and H, are satisfied.
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Proof

LetX =(5,V)and Z =(1,P,T, A)to have two vectors valued functions
A (Bl + BeP + B5cT)S
Y(X,Z)= A+(1-7)Q N oV —(w+d)S (19)
wS —(d + o)V

Q+ (picl +ﬂ2(,:\|P+ﬂ3CT)S
G(X,Z)=|&d —(a+d)P (20)
nol + yaP + 6A— (k +d)T
Q-e-n)A +(L—p)aP +kT - (@ +u+d)A

—(@F+d)I

Considering the reduced system %_)t( =Y (X,0) from condition H,

A+(1- -

wS —(d+o)V
X =",V = Ald+0) , Ao is a GAS equilibrium point for the reduced system (21) to

d(w+d+0) d(w+d+o0)
show this, the second equation in (21) 18 solved to obtain
V(t) = ﬁ +(VO —ﬁ} e (@+9)tit approaches zero as @idio) as t— oo Similarly
the solution of the first equation gives S(t)= _Ald+o) +|S __Ald+o) e (@)t which
d(w+d+o0) d(w+d+o0)
approaches _Ad*o) as t —» oo . This asymptotic dynamic is independent of the initial condition
d(w+d +0)

inQ . Thus, the convergence of the solution of the reduced system in (19) is global inQ .

To compute dz GW,Z)=AZ-GW,Z), and show GW,Z)>0

e =
pic—(5+d) Pac B 0
A=D,G(X"0) = & —(a+d) 0 0 22)
no ya —(k+d) 0
@Q-e-n)8 all-y) k —(0+u+d)
A Bict (1= )+ BocP (- S )+ pocT -3 )
GW,2)= 8 (23)
0
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Since 1> it is clear that GW,Z) >0 . Hence DFE is globally asymptotically stable when R, <1.

4  Sensitivity analysis

It is important to perform the sensitivity analysis in order to determine the relative importance of
the model parameter to diseases transmission. It is therefore pertinent to know the significance of
the different factors responsible for the disease transmission, to determine how best to reduce the
mortality and morbidity due to HIV. The normalized forward sensitivity index using the [9]

approach of a variable to a parameter is a ratio of the relative change in the variable to the relative
change in the parameter. For a differentiable variable function, the sensitivity index is defined as
HRo = ‘m R, 24)

m R, om
where m stands for the different parameter
We compute the numerical sensitivity indices (24) to enable us know which of the parameters have a
high impact on R, so that it will be the target point of any control or preventive strategy.

5 Numerical simulation and discussion
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Figure 1: The global stability of the DFE at various
initial values
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Figure 2: The effectof PrEP on the Infectiveclass I(t)
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in the presenceof infected immigrants

] j

Figure 1 demonstrates the global stability of the disease-free equilibrium point proved in the
theorems 3.5. This implies that regardless of the initial size of the number of infections in the
population whenever R, <1the infection will reduce in the population. Figure 2 shows the effect of

PrEP on the infective class |(t) in a population with infective immigrant.
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Immigration poses a significant risk for disease dissemination; the effect may be substantial in
developing countries which normally do not check the complete health status of immigrants. These
immigrants place their partners in their home countries and their destination countries at risk of
HIV/AIDS. It can be observed from Figure 2 that the infective population increases continuously
due to the presence of infected immigrants, meaning that the presence of immigrants increases the
total population initially making the infection more endemic and persistent in the population then
decreases with time. It is clear that direct inflow of infected immigrants increases the numbers of
infective which ultimately increase the prevalence of the disease, to check the spread of disease and
prevent it from becoming endemic in the population effective immigration policies such as
screening of immigrants should be taken seriously.

Figure 3 also shows that in the population where the PrEP strategy is in place, the peak of epidemic
is higher in the figure 1 with presence of infected immigrants than in the absence of infected
immigrants but either way it still reduces infection. Thus, PrEP can lead to reduction in the risk of
sexual transmission of HIV.

Figure 4 shows the combine effect of PrEP on treatment in the population with or without the
inflow of infective immigrants the result shown in Figure 4 suggests that treatment will reduce the
disease prevalence in the community, it benefits can be improved when combined with the use of
PrEP but their benefit can be compromised if the adherence to usage is poor and illicit sexual
behavior is increased. Treatment is important to slow down the progression of HIV to AIDS due to
the fact that it reduces the viral load of people living with HIV while PrEP can reduce the risk of
being infected by an HIV negative person. Plot result suggest that combination of PrEP and
treatment is more effective as treatment keeps people alive by rendering them much less infectious
and will be on treatment for life while PrEP prevents people at risk from likely infection. PrEP and
treatment can lead to decrease in new cases of infection ultimately to a substantial decline in
prevalence of infection.
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5.1 Result of Sensitivity Index

Sensitivity analysis is used to discover parameters that have a high impact on the basic reproduction
number, Ryand should be the target of any intervention strategies. The parameter which had the
greatest influence on the number of new infection caused in the primary infection (basic
reproduction numberRy) was determined. Table 5.1 contains the numerical values of these

parameters calculated using the approach of [9]. From Table 5.1 it can be seen that the most
important parameter contributing to the infection is the number of sexual partners C also
influencing the infection is the contact rate S, of the infective class, the number of sexual partners C

and contact rates of the infective 8, together interact to cause increased incidence of HIV and the
increased prevalence of HIV. This means that while there is any increment in eitherC, S or any of

the parameters with positive values and other parameters kept constant there will be an increase in
the value of R;. The parameter with negative values means that when these values are increased

while other are kept constants there is a decrease in the value Rg.thus these parameter with positive

and negative values have to be the focus or target of intervention strategies as they are crucial to the
transmission and prevalence of the HIV/AIDS.

279 IIMAM, Vol. 5, Issue 2 (2022) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 2, September 2022, Pages 264 — 283

Table 5.1: Sensitivity Indices of Ry

Parameter Sensitivity values Value Source
C +1 3 [20]
i +0.7562310755 0.15 [20]
g +0.1369270468 0.6 [20]
B, +0.1274256821 0.05 [20]
B +0.1163432424 0.05 [21]
0 +0.0922648381 0.1 [21]
o +0.0464576074 0.4 [21]
n +0.0098891756 0.01 [21]
o -0.7086120282 0.4 [20]
@ -0.4878048780 0.4 [20]
a -0.1088394479 0.5 [20]
k -0.0999801506 0.08 [21]
y7i -0.0904557236 1 [20]
D -0.0611486848 0.02 [20]

Sensitivity Indices Graph
12

1
0.8
0.6
0.4
0.2
0 |
) Q}é\/

v e a s S >
o 2 2 N @ 9
-0.2 A0 > y @ & o s &
& & F P S BB
-0.4
-0.6

-0.8

Figure5.1:The chart of parameters

Generally, the number of sexual partner is the strongest attributor of risk of HIV acquisition; plot
result also revealed that the number of new HIV infection is large due to the influence of the
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increase in the number of sexual partners. Thus, to reduce the spread of the disease the number of
sexual partners as well as unsafe sexual behavior and interaction with infected individuals must be
restricted.

6 Conclusion

In this work, a nonlinear deterministic mathematical model was proposed and analyzed to study the
effect of PrEP in the dynamics of HIV/AIDs with variable in flow of infective immigrants, and also
incorporating treatment at different stage of infection using the standard incidence. Analysis of the
model showed that as long as the infective immigrants are entering the population, the disease free
equilibrium become unattainable and the existence and uniqueness of Disease Free Equilibrium
(DFE) and Endemic Equilibrium Point (EEP) of the model without infective immigrants were

proved depending onR, It was established that DFE is locally asymptotically stable if Ry <1 and

for R, >1lit is unstable, global stability of the DFE was proved using the Next Generation Operator

method [9] and it was established that the effectiveness of PrEP is strict adherence to usage of the
medication.

Numerical simulation of the effect of PrEP in the absence of immigration of infective was
compared with the model without immigration, it was observed that PrEP reduces the number of
new HIV incidences, however, only people who are HIV negative and are at very high risk of HIV
infection should take PrEP. Productive campaign messages and awareness about PrEP in various
communities needs be created that PrEP is acceptable and effective as an additional choice for the
prevention of HIV infection as this in turn strengthens health education regarding HIV infection
leading to AIDS. The National Health Care to HIV/AIDS should therefore seck to recommend
PrEP to people at risk or have been at risk in the past as recommended by WHO also ensure that
they have access to and are supported in the use of PrEP and other prevention measures regardless
of social and economic status.

Sensitivity indices of the key parameter revealed that an increase in the number of sexual partner ¢
results in the increase of the incidence of the HIV/AIDS infection. Research results suggest that
reduction in the number of sexual partners, change in risky behavior as well as unsafe sexual
practices and interactions are highly important for preventing subsequent transmission.

Simulation shows that when there is immigration of infected individuals then the rate of spread of
the diseases will be massive as in the case where there is no protection. Effective immigration
policies such as screening should be put in place to minimize the potential of infecting others by an
already infected individual migrant.
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Abstract

In this paper, we proposed an intracellular mathematical model to describe the
dynamics of the co-infection of hepatitis B virus (HBV) and malaria co-infection by taking
into account the immune response and treatment. We established the wellposedness of the
model by proving the existence, positivity and boundedness of solution of the problem.
The basic reproduction number of HBV only model in the hepatocyte and malaria only
model, both in the hepatocyte and erythrocyte were obtained, and when combined gives
the basic reproduction number of the co-infection model. The local stability of the disease
free equilibrium is obtained using characteristic equation. We showed that the disease-free
equilibrium with treatment effect exists and is asymptotically stable if Ry, <
1, Rompur, <1 and Roypy, < 1 and unstable if Royr > 1, Roypr, > land Roype, > 1.
Finally, we noticed from the numerical result that when the immune response is large,
strong and faster and treatment is effective than the rate at which both infections replicate
in the hepatocytes and erythrocytes, HBV only infected hepatocytes and malaria only
infected hepatocytes and erythrocytes can be controlled with malaria resurfacing after
some time as indicated by the oscillation in the malaria infected erythrocytes. There will be
resistance in the co-infected hepatocytes and this may cause liver dysfunction.

Keywords: Hepatitis B virus; Malaria; hepatocytes; erythrocytes; intracellular transmission; stability;
immune response; treatment

1 Introduction

Hepatits B virus (HBV) infection which has become a major global health problem is a
noncytopathic, enveloped virus that causes acute and chronic hepatitis with hepatocellular
carcinomas (HCC). HBV is transmitted only through direct contact with an infected persons body
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fluid, such as sexual contact, blood to blood transmission and vertical transmission (mother to
child). HBV depends upon the host cell for their reproduction but must overcome certain cellular
constraints. The objective of a viral particle is to move the genome from an infected cell to an
uninfected cell in a replication competent form [47]. For successful elimination of HBV, antiviral
cytokines such as type I interferon (INF-a and INF-f) [8] and natural killer cell are respectively
released and activated against HBV. Also, CD4* and CD8™T cells responses play a central role in
the elimination of HBV infection [21]. The T cell response during acute self-limited hepatitis B in
people is characterized by a vigorous, polyclonal and multi-specific cytotonic and helper T cell
response. Studies have shown that transferred virus specific cytotonic T cell can abolish HBV gene
expression and replication in the liver without killing the hepatocytes [16]. Also, in acute HBV
infection, a vigorous polyclonal cellular immune response of INF-y is one of the most important
mediator.

Malaria is a life threatening mosquito borne blood disease cause by a plasmodium parasite. The
infection is initiated when sporozites are injected with the saliva of a feeding mosquito into the
blood [19],[32], and then carried by the circulatory system to the liver which finally invades
hepatocyte. The highly motile intracellular parasite in the hepatocyte [37],[43],[29] undergoes an
asexual replication, called exocrytocythic schizogony which culminates in the production of
merozoites that are released into the blood stream. Hypnozoites react several weeks to months or
years after primary infection and are responsible for relapses [24]. Merozoites invades erythrocytes
[24] and undergo a trophic period in which the parasite enlarge [38],[48]. The eatly trophozoite is
often referred to as ring form because of its morphology. Trophozoite enlargement is accompanied
by an active metabolism including the injection of host cytoplasm and proteolysis of hemoglobin
into amino acids. The end of the trophic period is manifested by multiple rounds of nuclear
divisions without cytokinesis resulting in a schizont|[39]. Merozoites bud from the mature schizonts,
also called a segmenter [44] and the merozoites are released following rapture of the infected
erythrocyte [3]. The blood stage is responsible for the pathology associated with malaria.

There are several geographical areas mainly in Sub Sahara Africa, (SSA), where endemicity of
HBYV and Malaria overlap despite having different transmission route [5],[2],[7]. In tropical areas
HBYV is highly contagious from one infected individual to another and sometimes can present same
route of transmission of plasmodium (By Blood-to-Blood Contact, sharing needles and blood
transfusions). Therefore, it is not rare that and viral infections may be present in the same individual,
influencing each other from a clinical perspective.

Co-infection is the process in which a host becomes infected with multiple pathogen species
simultaneously [25] it is of vital health importance since there is an interaction and interface of the
pathogen species within the host [1]. Both diseases have sessions of high activities in the heptocyte
and their consequences on the erythrocyte (red blood cells) may result to a suppressed immunity in
an individual, making them susceptible to the infections; this will also lead to increased mortality and

morbidity [2].

Similarity between HBV and malaria biology is the participation of the liver and a key organ part
of the immunopathogenesis in both infection [33],[13],[4],[46]. Notably, severe vivax malaria is
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associated with remarkable hepatic involvement [13][4],[4],[30], whereas tissue damage is
determinant for the presentation of cirrhosis and hepatocellular carcinoma in chronic HBV
infections [49],[45],[28]. Counter intuitively, HBV infection has been to lead a distinct systemic
inflammatory response in plasmodium infections, results in increasing odds for asymptomatic
malaria [4].

Pasquetto et al in [14], described the immunological features of malaria and HBV co-infection
where they describe that the hepatic stage infection seems to trigger an early T cell independent
cytokine response along with a delayed cytokine response that was simultaneous with the infiltration
of T cells. On the other hand, the T cell response appeared earlier in the blood stage than in the
hepatic stage infection, possibly because parasitemia was detectable earlier in those individuals and a
T cell independent phase was not seen, perhaps reflecting that it was induced primarily by infected

hepatocytes. In both cases, however, the generated cytokine ripostes were accompanied with a
decline in HBV RNA and DNA in the liver.

Malaria can normally be treated with antimalaria drugs. The type of treatment depends on which
kind of malaria is diagnosed, where the patient was infected, the age f patient and how the patient
was at the start of treatment [40]. Acute hepatitis B infection does not usually require treatment
because about 95% of most adults clear the infection spontaneously [35],[26]. Early antiviral
treatment may only be required in fewer than one percent of patients, whose infection are of great
severity (fulminant hepatitis) or who are immunocompromised. In patients with fulminant infection,
intravenous (IV) feeding may be needed, if the patient has persistent vomiting and can’t take oral
foods. Ninety percent of patients with acute HBV infection have a favorable course and recover
completely [20]. On the other hand, treatment of chronic HBV infection may be necessary to reduce
the risk of cirrhosis and liver cancer. Chronically infected individuals with persistently elevated
serum alamine aminotranferase, a marker of liver damage and HBV DNA level are candidates for
therapy [36]. Thirty to forty percent of patients with chronic hepatitis B respond to IFNa treatment.
Immune defense is partially active in chronic hepatitis B patients, since the viral load and HBsAg
level are lower [23].

Many epidemic models that study the dynamics of cell-to-cell transmission were developed
[50],[18],[11]. In other studies, mathematical models, that describe the dynamics of hepatitis B virus
infection with cell-to-cell transmission and immune control were proposed by [6],[9],[15]. Also, [10],
included treatment and investigated the intracellular delay effect on the stability of the endemically
infected steady state. Gurarie et al, [17] developed a new agent-based model that accounts for the
essential in — host processes: parasite replication and its regulation by innate and adaptive immunity.
Subsequently, [41] proposed within host mathematical model and considered the dynamics f P.
falciparum malaria from the liver to the blood in human host and then to the mosquito. Orwa et al,
[31] present a mathematical model of in — host P.falciparum malaria dynamics in the presence of
vaccines. Chinebu et al, [12] designed simulation of an intracellular differential equation model of
the dynamics of malaria with immune control and treatment which considered the parasite in the
liver and blood. However, Scotto et al [34], performed a systemic search of the epidemiology of
HBV/Malaria co-infection in particulat, their ovetlapping clinical and histological features and their
reciprocal conditioning.
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2 Model of HBYV and Malaria co-infection
2.1 Model formulation

The formulation of this intracellular co-infection mode, closely follows the epidemiological
dynamics of the two diseases in the hepatocytes and erythrocytes i.e., Red Blood Cells (RBCs).

Table 1: Variables with their description

Varibles Description

X Susceptible hepatocytes

Yy HBYV only infected hypatocytes

Zy CTL response to HBV

Yu Malaria (sporozoite) only infected hepatocytes

Zy CTL response to sporozoite infected hepatocytes
B Uninfected susceptible erythrocytes (Red blood cells)

Vum Dually infected hepatocytes with HBV and Malaria (sporozoites)
C Infected erythrocytes with merozoites

ZMB CTL response to merozoite infected erythrocytes

Table 2: Parameters with their description

Parameters Description

P Recruitment rate of susceptible hepatocytes

a; Natural death rate of hepatocytes

pas HBYV infected rate of uninfected hepatocytes by free virus
u
o infection rate of uninfected hepatocytes by direct contact of both infected and

uninfected hepatocytes

nbs Malaria parasite infection rate of uninfected hepatocytes with sporozoites

A

1Yu $2YM §3YHM

Proliferation rate of HBV only infected hepatocytes, malaria only infected
hepatocytes and HBV-Malaria co-infected hepatoctes respectively

A2 YuZy Rate at which HBV infected hepatocytes are killed by CTL response
biyyzy Rate of curing HBV infected hepatocytes by CTL response
AsYyZy Antigen dependent proliferation (secondary immune response to HBV
infected hepatocytes)
azyy Production rate of free HBV from infected hepatocytes
Uv The removal rate of free virus (natural death)
Y1,Y2, V3 Antigen independent proliferation (primary immune response)
T Probability of acquiring Malaria (sporozoites) by HBV infected hepatocytes
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AsVMZy Rate at which Sporozoites infected hepatocytes are killed by CTL response
AsYuZy Secondary immune response to malaria (sporozoites) infected hepatocytes
7 Recruitment rate of enrythrocytes (RBCs)
ky Natural death rate of enrythrocytes
d,Czyp Rate of curing merozoite infected enrythrocytes by CTL response
b, Yy Zy Rate of curing sporozoites infected hepatocytesby CTL response
p Probability of acquiring HBV by sporozoite infected hepatocytes
d,CzZyy Killing rate of merozoite infected enrythrocytes by CTL response
d; Proliferation rate of infected erythrocytes
dyCzZyp Secondary immune response to merozoites infected erythrocytes
k, Natural death rate of merozoites
k Rate at which merozoitesare produced per bursting of infected hepatocytes
a Rate at which uninfected erythrocytes are being infected by merozoites
T Treatment rate of HBV infected hepatocytes
T, Treatment rate of malaria (sporozoite) infected hepatocytes
T, Treatment rate of malaria (merozoite) infected erythrocytes
WOYuMZHZM Rate at which co-infected hepatocytes are killed by CTL response

2.2 The model

The variable and parameters that describe the intracellular co-infection dynamics of HBV and
malaria are in Table 1 and 2 respectively and the transmission dynamics of the co-infection of HBV
and malaria are summarized in the compartmental diagram in figure 1. From the description of the
intracellular dynamics of the co-infection in figure 1, we deserve the following system of non linear
ordinary differential equation:
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_ (1 —mnbsxyy

dx pas
ar Y+ biyuzy + byYmzy — a1x -(1-m [T + a] XYy

A
dyy pasz mbsyu
ar Giyg + (1 —m) T + 0] xyy — a1y — (ay + by)yyzy — (1 — my) A
dzy
ar Y1+ asyuzZy — buzy
dy nbsxy Ba
d_;v[ = {ym + (1 —my) ( - M) — (by + ag)ynzy — a1ym — kyy — p(1 — 1) 73"' 0] YH
dzy
? = Y2+ QyyyzZy — bazy
dyum {nbsyy

) — A1 Yum — WYHMZyZym

dt :€3YHM+p(1_7T)[%+O-]yH+(1_77-'1)(

dB
—_— = (p + dlCZMB - (1 - ﬂz)aBM - le

dt
a_ kC — k,M
dt 2
dcC
E = (1 - 77:2) aBM + d3C - k1C - (dl + dZ)ZMB
dz
dIZB = V3 + dyCzyp — byzyp
From system (2.1) we have that
kC
kC—k2M=O=>M=k— (2.2)
2
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Figure 1: Schematic diagram of the Dynamics of HBV/Malatia Co-infection
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Substituting (2.2) into (2.1) we obtain

dx mbsxy Ba
E =Y + biyyzy + byyyzy —a;x — (1 —my) (%) -(1-m) [73 + 0] XYH
dy Ba mbsxy
d_tH ={yg+(1—m) [73 + U] xyy — a1yy — (by + ax)ymzy — (1 — my) (%)
dzy
E =7VY1+ asyuzZy — byzy
dy mbsxy Ba
d_éw = {yy + (1 —my) <%) — (b + ag)ymzm — a1Yym — kyyy — p(1 — 1) [73 + U] Yu
dZy
ar Y2 + QuymZy — bazy
dy Ba mbsY;
dIZM = {3yyy + p(1 —m) [73 + 0] yg + (1 —mq) ( < M) — Q1YamM — WYHMZHZM
db A —n) X BC _ prac
—_— —_ —TT — VA
dt @ 2 k, 1 1LZyp
dcC akBC
E= (1—7T2) k +d3C_klc_(d1+d2)CZMB
2
dz
dAZB = y3+dyCzZyg — byzyp

2.3 Basic frame work

The model sub divides the total population at time t denoted by N(t), into various mutually
exclusive compartments depending on their disease status: susceptible (uninfected) hepatocytes to
both diseases x(t)HBV infected hepatocytes yy(t); CTL response to HBV infected hepatocytes;
Zy(t); Malaria (sporozoites) infected hepatocytes zy(t); Dually infected hepatocytes with HBV
and Malaria (sporozoites) Yy (t); Susceptible (uninfected) erythrocytes with malaria (merozoites)
B(t), infected erythrocytes with malaria (merozoites) C(t); and CTL response to infected
erythrocytes with merozoites , Zyg (t). The total population s :

N(t) = x(t) + yu(©) + zg(©) + yu () + 2y (@) + yuu (©) + B(t) + C(t) + zyp(t)  (24)
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2.4 Positivity analysis of solution

For system (2.3) to be epidemiologically meaningful, it is important to prove that the feasible
solution sets for all time t = 0. In other words, solution of system (2.3) with positive initial data
remain positive for all time t.

Theorem 2.1: The regionl' € R, is positively invariant with respect to the system of equation (2.3)
and a non- negative solution exists for all 0 < t < oo,

Proof: if m; =m, =13 = 0and x(0) =xy > 0,y4(0) = yye > 0,24(0) = zy, > 0,y,(0) =

Ymo > 0,
Zy(0) = zpo > 0,y (0) = yymo > 0,B(0) = By > 0,C(0) = Cy > 0 and zy5(0) = zypo >
0 are the non negative initial conditions, the solution

x(t), yu (), zg (), yu (), Zp (t), yum (t), B(t), C(t), and zyp(t) of system (2.3) are all non

negative for t > 0 and if not, let there exist a time t such that x(t)= 0, xl(f)S 0 and

x(t) > 0,y5(t), 2y () > 0,y (t) > 0,2y () > 0, yun(t) > 0,B(¢) > 0,C(t) > 0 and zyp(t)
>0

for 0 < t < £. Suppose there exist a time ¢ such that x(£) = 0, x'(t) < 0,x(t) > 0,yy(t) >0,

zy(t) > 0,y (t) > 0,zy(t) > 0,yyy(t) > 0,B(t) > 0,C(t) > 0,and zy(t) >0 for 0 <

t <ft.

This approach was used by Magombedze et al [27]. This can be verified as follows. Suppose for
example the vatiable Zy becomes zero for some time t > 0 i.e.,z(t) = 0 while other variables are
non negative. Then, from the zZy equation we have

dzy(t)
a N + asyuzy — bazy
=y1>0 (2.5)
which is a contradiction. For the latter case, from Yy equation we have
dyy (1) pa mbsy
;It =Gyy+ (1 —m) [73 + U] xyy — a1yy — (b + az)ypzy — (1 —my) X “
™mb
= (1—m) B3 5 (2.6)

This is true if Y (£) = 0 or Yy, (£) > 0 and it follows that the solution zy (t) = 0 and yy(£) = 0
are positive at any given time. Similarly, it can be shown that the variables
x(), yu (), zy (1), yup () B(t), C(t) and zyp(t) remain positive for all t > 0.Thus the solutions
of the system of equation (2.3) remains non negative for all timet > 0.
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2.5 Mathematical analysis of the HBV and Malaria sub model
2.5.1 HBV-only sub model

We begin by analyzing the HBV only sub model (obtained by setting yyy = zyy = yyy = B =C =
Zyp = 0) in equation (2.3) given by
dx

dt =Y+ byyyzy —ayx — (1 —m) [_+0]x}’H
dyy _ 27
W—C1)’H+(1—7T) T"‘U xyu — @1yy — (az + b1)yuzy ¢ (2.7)
D _ ., 4 b
dr Y1 T AsYuZn — PaZn )
2.5.2 Positivity and boundedness of solutions of HBV-only sub model

To validate our model, we show that all cells and HBV contractions are non-negative and bounded.
Theorem 2.2: All solutions of system (2.7) starting from positive initial value (Xg, Yyo, Zyo) temain
bounded and positive for all £ > 0. Moreover, we have

) H(t) < H(0) + 3

.. Y1
(i))zy(t) < zyo + b_4 + o + b,

S [E o+ o + 2l +nz||yH||oo]

where H = x + yy that represents the total hepatocytes & = min(aq,a,)f2; = max {0,1 —

%} and ), = max {0,1 - %}.

Proof: we first show that any solution starting in the R3 = {(x, yH'ZH) ER:x>0,yy =0,zy >
0} stays inR3. In fact, for (x(t), yu(t), zy(t) € R3), we have

dx )

E| =0 =WV +biyyzy =20
d

Ym0 = f,0)yi) 2 0 (2.8)
dzH

9t |Zy=0 =y1 20 )

This instantly showed that all solutions of system (2.7) with initial conditions (Xg, Yxo, Zxo) € RS
stay in R3. We now show the boundedness of solutions. Let Z—IZ =1y — a,H. Then,
H(®) < H(0)e ™" 4 (1 - e710) (2.9)
1
Since0 < e ™™t < land1—e %t <1 we have
From the third equation of (2.7), we have that
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dzy
g + byzy <Y1+ asypzy (2.10)
Hence
dzy as dx dyy
G S (Gt er) - Gl rayn] @10
dzy , V1 asy as ‘ d
2 pbat _ < (_ —) byt _ 1) — f (by—a1)6 a0
a ¢ =5, M ha 1) © o ag (¥(©)e®7)do
t
a
o J:’blf e(ba—a1)0 —(y (0)e*? )do (2.12)

Integrating by parts, we have

t ~ d ¢ t ]
f e(ba=a1)6 E(x(@)ealg )d6 = [x(6)e"® | — (by — al)f x(6)eb+f do
0 0
t d t } (2.13)
fo e(hama1)f E()’H(H)ealg ) ae = [YH(9)9b49 ]:; — (by_ay) j; YH(9)€b49 d‘9)

Thus,
z(t) < [ (X0 + Yho) + ZHO] e bt + (ﬁ + __as¥ ) (1 —eb+®)
~lag+ by b4 bu(a, + by)
+ U [(by — a))x(6) + (by — ay)yu(6)]e?*®~Ddo — x(t)
a, + b,

- yH(t)l (2.14)

Next is to find an upper bound to this integral and it is done be studying the following cases:

ifby —a; <0and by —a; <0, then

V1 as %
zy(t) < zyo + E + & + b, (b4 + x0 + yH0> (2.15)
If b, —a, < 0and b, — a, < 0, then
V1 as P a;
2(®) S 2o + 5o+ (5t %0ty + (1) Ille)  (216)
Ifby —a; <0and by, —a, <0, then

V1 as Y
7u(®) S 2o 4+ = (5 %0t + (1) Illle)  217)

Ifby —a; <0and by, —a, <0, then
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zy(t) < zyo +

re o (F (1= 52) el + (1= 52) 1)
"1 i -Vl + (1-22 . (218
b4+a2+b1 b4+x0+3’H0+ b, [[x[]e + b, el ( )

From (2.15) to (2.18), we can conclude (i), that is,

Y1 as Y
Zy(t) < zZyo +—+ a_+x0+yH0+'QII|x”oo+QZI|yH”oo
1

2.5.3  Basic reproduction number and stability of equilibrium
The disease free and endemic equilibria are obtained by setting the rates of change or the left hand

side of the equations of system (2.7) to zero and also set the infected class to zero and solving the
resulting systems at steady state, we have the disease free equilibrium DFE as

E, = (3 0.12) (2.19)

a,’ b,

Then we define the basic reproduction number of system (2.7) as follows

Ry = Y(1—m)(Bas +ou) + .Ua1(1l [ b, (2.20)
uaq v1(az + by) + a, b,
Which can be rewritten as
Ry = b,(p(1 —m)(uo + fasz) + pa,;4;) (2.21)

puas[yi(a; + b1) + asby]
Expressing the endemic equilibrium point explicitly in HBV only, the parameters of the model is

mathematically tractable. The components of the endemic equilibrium point (x*, yj;, z5) are related
through the following equations:

[(az + by)y1 + a1 (by — asyy) — pa(by — as)yglu )

(by — asyp)(1 —m)(Bas + 1)
. V1

LT asvi)
and
as(1 —m)(Bas + ow)la; — Gyt
+[(1 —m)((Bas +ouw) [V1 (b1 — (as + b1)) —by(a; — ) — 1/)a5] —pasas(a; — (1)]3’;1
+@b,(1 —m)(Baz + ow) — yra,u(ay + by) — paib, + a;byud; =0 J

s (2.22)

The third equation of (2.22) can be written as
Pyyit + Py + Py =0 (2.23)

were
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P, = as(1—m)(Bas + omw)la; — ¢4
Pi=1-m)((Bas+ Uﬂ)[)’l(lh — (a5 + bl)) —by(a; — §) — l/)as] —pasas(a; — ¢;)

4

y (2.24)
Py = ,u_al(l —m)(Paz +ou) + ¢ _b_i(az +by) — a4

Also Py can be rewritten in the form
by(Y(1 —m)(uo + fas) + paidy)
pas[y1(az + by) + asby]

—1=R,—1 (2.25)

From system (2.25) we observe that Py > 0 whenever Ry > 1 and Py < 0 whenever Ry < 1.

There will always be stability with respect to perturbations in X,Yy,Zy. The equation {; +
%(1 —m)(Baz + op) represents the ability of HBV. {; Represents the multiplication ability of
infected hepatolytes, a; represents the death rate of both infected and uninfected hepatolytes, az
represents the production ability of HBV from infected hepatocytes, S represents the infectivity
ability of HBV, u  represents the death rate of HBV, 1 represents the production ability

(recruitment) of uninfected hepatolytes and o represents infectivity rate of Hepatocytes by free
virus, while 1 — 7 represents the probability of not effectively treating HBV infection.

Also, the equation Z—: (a, — by) — a, represents the ability of the immune system, by represents the

ability of CTL to cure HBV infection without destroying the infected hepatolytes (non lytic ability)

and a;, represents the ability of CTL to destroy both the HBV and the infected hepatolytes (lytic

ability). Also Z—l is the initial value of CTL while a, represents the death rate both infected and
4

uninfected hypatolytes. If {; + aﬂ (1-m)(Baz +ru) <ay + Z—l (ay + by) then the immune
1 4
system is strong enough to control the infection. But if {4 + aﬂ(l —m)(Bas +ou) >a; +
1

Z—l (ay + by) then, there will always be instability. In other words, HBV can invade the hepatocyte
4

and exist for a long time. Likewise, if T = 1, then the treatment option will be able to control HBV
infection and if m < 1, then the infection will persist and may lead to chronic infection.

2.5.3 Malaria - only sub model
Here we consider the malatia only model (obtained by setting Yy = zy = yyy = 0) in system (2.7)
and we have
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dx nbzxy )
E=¢+b2)’MZM_a1X_(1—7T1) M
dym nbsxyy
L Gy + (1 —my) T (b + ag)ymzm — a1ym — kym
dzy
W = Y2+ ayymzZy — bazy
dB aBkC ( (2.26)
E =@ + d1CZMﬁ - le - (1 - 7T2) k2
dc akBC
—_ = (1 - T[Z) + d3C - k1C - (dl + dZ)CZMB
dt k,
dzyp
a3t daCzyp — bazZup J

Note that the malarial model is an extension of the model by Chinebu et al, [12], and it is necessary
we point out that since the hepatocyte population is free of HBV, that is, there is no HBV infected
hepatolyte that can transmit HBV infection to susceptible hypatocytes.

2.5.4 Disease free equilibrium and basic reproduction numbers

The malatia only sub-model (2.26) has a disease free equilibrium (DFE), given by

Ey = (%Y, 2, B, C, Zyp) = (i 022 0,?) (2.27)
4

al’ ’b4’k1’

The basic Reproduction number, that is, the linear stability of Ejp; can be established using the next
generation operator [42] on the system (2.26). We thus have

ROM -

IAa1§2 +(1- 7T1)T]b3l/Jl [ b,
Aa,y Y2(by + ag) + by(ay + k)
dsk ik, + (1 — k b
+ l skik, + (1 —m)a (Pl [ 4 ] (2.28)
kqks, v3(dy +dy) + byky

which can further be simplified into

_ by(Aa;{, + (1 — my)nbsy) + by(dsk ik, + (1 — my)ake)
M Aay [V2(by + ag) + by(a; + k)] kiky[ys(dy + dy) + byky]

(2.29)

From system (2.29),%
1

on the hepatocytes and the ability that the hepatocytes will produce sufficient merozoite that will

+ {, is the multiplication ability of sporozoite (malatia infection)

eventually infect the erythrocytes. (b, + a6)z_2 — aq + k is the ability of the immune system in
4

controlling sporozoites in the hepatocytes before merozoite are released to invade the erythrocytes,
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1- 7'[3) £+ d3 is the multiplication ability of merozoites in the erythrocytes and the probability

that the erythrocytes will produce sufficient gametocytes that will be ingested by mosquitoes during
blood meal, (d; + d;) Z—S + kis the ability of the immune system in controlling the infection at the
4

RBC stage. With this analysis, we have the basic reproduction number Rgy as

Rom = Romy + Romp (2.30)
where
_ by(Aay G + (1 — mynbsyh) 531
M Aay [y, (b, + ag) + by(ay + k)] (231)
and
R = by(dskik; + (1 — ) ake) (2.32)
OMR kiky[ys(dy + d3) + bykq] .

Therefore, Rgp,, describes the expected member of hypatocytes that will be infected by one
infectious hepatocyte where as Ry, describes the average number of infected erythrocytes by one
infectious erythrocyte.

2.5.5 Local stability of equilibria
In this section, we describe the local stability of both equilibria of malaria only sub model system

(2.26). Note that the Jacobian matrix of (2.26) is given by
—-a A 0 O 0 0

1

0 D 0 O 0 0
I 0 8,2, —b4 0 0 0

0 —k G 0

0 0 Q 0

0 0 0 O d4'ZMB —b4

(2.33)
where,
bax 1 —mInbX
Azbzzm_(l_ﬂ1)n3 =C1+%_(bz+a6)zM_a1_k
akB akB
G=dyzyp — (1 - nl)—and Q=>10- 7T)— +d;— ki —(dy +dy)zyp
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First, we get the following results.

Theorem 2.3: The infection free equilibrium E); is locally asymptotically stable if Rgp < 1 and
unstable if Rypy > 1.

Proof: Evaluating system(2.33)at Ej;, we obtain

1 1
0 D 0 0 0 0
a,v
0 12—b40 0 0
4
JE )= 2.34
(M) 0 0 0 -k G 0 ( )

0 0 0 0 % —b4
4
where
A = bZZZ G _X;)lnb3¢: Dy =4 + 4= mnbse _le)lnb3<p — (b, + a6))l;_2_ a; —k
G, = d;jf 4 _kfli)zaklp and @, = L= _k;():‘k +dy— kg — (dy + dz)Z—i
Then the characteristics equation at Ey is given by
(A4 + a1)(As + D1)(A6 + by)(A7 + k)(Ag + Q1)(Ag + by) =0 (35)

Hence, the roots of (2.35)aredy = —aq, A5 = Ry, — 1, A¢ = —bs, 17 = —k, Ag = Roy, — 1
and Ag = —by. Cleatly A4, Ag , A7 and A9 are negative. However, A5 and Ag are respectively negative
if Romy < 1and Ropm, < 1and respectively positive if Rgp,, > land Rop, > 1. Therefore, Epy is
locally asymptotically stable if Rop,, < 1 and Rop, < 1and unstable if Rgp,, > 1and Rop,, > 1.

Next, we focus on the local stability of the endemic equilibrium Ey;". This is the point where the
disease cannot be totally eradicated but remains in the population of both the hepatocytes and
erythrocytes.
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Theorem 2.4: The endemic equilibrium Ey;” is locally asymptotically stable if Rgpy > lie Romy, >
land ROMR > 1

Proof: To calculate the endemic equilibrium point, we have

EM* = (X*,ym*,Zm*,B*, C*’ZMB*) * 0

From equation (2.27) we have
= Al(by + ag)yz + (b — asyn™)(a; + k — )]
Nbz(1 —my)(by — asyn™)
. Y2
by — a1yn”
ko[(dy + d3)ys + (ky — d3)(by — duC™)]
ak(1—m3)(by — dsC)
g V3
MB " p, —d,C* )

Zm

B* =

Y 'is obtained as
nbsa,(1 —my)(ay + k — {&)yu™”
[b2b3V3T] + Aajas(as + k — §G) —ymasb; (1 —m) —nbsy,(1 —my)(by + ae)] . } (2.36)
—Mb3b,(1 —my)(ay + k — {3) Ym .
+byYnbs (1 —my) — Aaq[y,(bs + ag) + by(a; + k — 35)] =0 )
While C* is obtained as
dyak(1 —m,)(ky — d3)C*?
[d1)’3ak(1 — 1) + kikady(ky — d3) — byak(1 —mp) (ky — d3)] C*
—kikyby(ky — d3) — pakd,(1 —m)
+@akby(1 —m;) — kiky[ys(dy +d3) + by(ky —d3)] =0

(2.37)

Equations (2.36) and (2.37) can be rewritten as
PMszM*Z + Pyun,Yu™ + Pyn, = 0 (2.38)

and
*2 %
PMRZCM + PMRlc + PMRO = O (239)

where
Pyn, = nbza,(1—my)(ay +k —q3)
PMH1 = byb3y n + Aaas(a; + k — ) —ymaybs(1 — my) —nbgy,(1 — 1) (by + ag)

(2.40)
—Mb3by(1 —my)(a; + k —{3)
PMH0 = ROMH -1
and
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PMR2 = dyak(1 —my)(ky — d3)

Pyr, = diysak(1 —my) + kikady(ky — d3) — byak(1 — mp)(ky — d3) — akys;(1 — mp)(dy + dy)

—kikody(ky — d3) — pakd, (1 — )
PMR0 = ROMR -1

It is worth noting that the coefficient Py, and Pypg, are always positive if and only if Rop,, >
land Ropmy, > 1 respectively and negative if and only if Ry, <1 and Rop, < 1 respectively.

2.6 Analysis of the full HBV-Malaria model

Having analysed the dynamics of the two sub-models that is HBV only and malaria only models,
The full HBV-malaria model (2.3) is now considered.

2.6.1 Local Stability of the Disease Free Equilibrium

The HBV-malaria model (2.3) has a DFE given by

Eoum = (%0,0,Zp0,0, Zpo, 0, By, 0 Zy )
Y Y1 Y2 Y y3
WhCerO:a_l,ZHOZb_4,ZM0:a,BO:k_lﬁ.ﬂdZMBO:b_4

The spectra radii of the next generation matrix FV ™! are independent and given in terms of HBV
and malaria — only associated reproduction members, in which that of the malaria comprises the
Hepatocytes and erythrocytes stages. It is therefore evident that the associated reproduction member
for the full HBV — malaria model is given by

Roum = Max{Roy, Rom}, (2.42)
where

R = b,(Y(1 — m)(uo + Baz) + pna,g;)
o pai[yi(ay + by) + a by]
_ by(Aai{; + (1 — m)nbz) b,y(d3kik, + (1 — my)ake)
M Aaylya(by + ag) + bylay + k)] kykylys(dy + dy) + baky]

Roy Gives the number of secondary HBV infection cases produced by a HBV infectious
hepatocytes during its effective infectious period when introduced in a population of mostly HBV
susceptible. Rgy is the malaria reproduction number in the absence of HBV which gives the number
of secondary malaria infections produced by a malaria infectious cell (either hepatocytes and/or
erythrocytes) but not infected with HBV, during its infectious period when introduced in a
population of malaria susceptible hepatocyte and/or erythrocytes that have no HBV.

A threshold condition for endemicity is given by Royp = 1: The disease dies out if Roypy < 1, and
becomes endemic if Rgyp > 1. Then, we can claim the following result.
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Theorem 2.5: The disease free equilibrium with treatment effects of HBV — malaria infection exists
anis locally asymptotically stable if Ropr < 1, Roppr, < 1 and Roypy, < 1 and unstable if Royr, >
1, ROMHﬂ.'l > 1 and ROMRTL'Z > 1

Proof: A partial differentiation of Ropg, Rompr, and Roympy, with respect to 7,71 and 7,
respectively, and obtain:

dRoun Yb,(uo + Bas)
= — <0
ar raylyi(az + by) + aiby]
dRompn, _ bambs1 <0
dmy Aay[y,(b; + ag) + bsy(ay + k)]
dRomrm, _ byake <0
dr; kika[ys(dy + d3) + bokq]
This means that that the values of Royr, Rompn, and Roypy, decreases as m, 11 and 7, increase.
Ronm Romun, Romrr, < 1 < Roum Whenever, the partial derivatives
dRr T dR n .. . . .
ARotin 2 RoMtiny and —ZE%2 are less than zero. it is also evident that treatment is effective as T, T

dm ' dm dm;
and 1, approach 1.Therefore, a highly effective drug administered to infected individuals in the
asymptomatic stage can lead to effective disease control if lim Royr, Romun,» Romrr, = 0 and

Robm, Romum,» Romrr, <1
+

3 Numerical results

Numerical simulate of the intracellular co-infection model of HBV and malaria were conducted
having the initial conditions for the state variables as:x = 1,yy = 0.01, zz = 0.01, y,, = 0.01,
zy = 0.02, yyy = 0.01, B = 30, C = 10, and zyp = 0.02. We use a set of logical parameter
values. The basic reproduction number of HBV/malatia co-infection model when control is
effective is given as (ROH'ROMH,ROMR) = (0.3457, 0.0213,0.9595) and when control is not
effective is given as (Roy, Romy Romg) = (4.3333, 1.2041,22.9791) . Graphical results are
displayed in figures 2 to 7 and all the parameters with their values are shown in table 3 and 4. The

simulations of model systems (2.3), (2.7) and (2.26) are performed with time 180 days. The
simulations were in the presence of immune response and treatment.

Table 3: Parameter Value

Parameters | Value Parameters | Value
) 3 Vs 0.25
aq 0.02 T 0.00000001
B 1 a 0.002
u 0.58 0y 0.41
as; 2 b, 0.2
o 0.01 0 0.83
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b, 0.181 kq 0.0083
A 48 d, 0.0035
n 0.04 b, 0.056
a, 5 p 0.00000001
b, 1 d, 0.5
as 0.1 Kk, 48
Y1 1 k 0.16
Yo 0.3 a 0.002
Table 4: Model parameter value for control
Parameters | Effective Control | Ineffective Control Value
Value
4 0.004 0.4
{, 0.0003 0.3
{5 0.001 0.01
d, 0.24 0.0024
d; 0.3 0.98
T 0.98 0.75
T, 0.98 0.05
T, 0.98 0.05
w 0.0004 0.4
2 . _ _ £ Maaan }
fig 2a 2

Figure 2(a-d): Simulation of HBV only model of system (2.7) where the proliferation rate of HBV
infected hepatocytes is high, immune response is low and treatment rate is not effective.
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Figures 3(a — d): Simulation of HBV only model of system (2.7) where the proliferation rate of
HBYV infected hepatocytes is slow and weak, immune response fast and strong, while treatment rate
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Figures 4(a — f): Simulation of malaria only model of system (2.26) where the proliferation rate of
malaria infected hepatocytes and erythrocytes is high and strong, immune response to both infected
hepatocytes and erythrocytes is slow and weak with ineffective treatment rate.
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Figures 5(a — f): Simulation of malaria only model of system (2.26) where the proliferation rate of
malaria infected hepatocytes and erythrocytes is slow and weak, immune response to both infected
hepatocytes and erythrocytes is high and strong with effective treatment rate.
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Figures 6(a — i): Simulation of HBV-malaria co-infection model of system (2.3) where the
proliferation rate of malaria infected hepatocytes, erythrocytes and co-infected hepatocytes is strong,
immune response to both infected hepatocytes, erythrocytes and co-infected hepatocytes is weak
with ineffective treatment rate.
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Figures 7(a — i): Simulation of HBV-malaria co-infection model of system (2.3) where the
proliferation rate of malaria infected hepatocytes, erythrocytes and co-infected hepatocytes is weak,

immune response to both infected hepatocytes, erythrocytes and co-infected hepatocytes is strong
with effective treatment rate.

4 Discussion

From the simulation of BHV only model of system (2.7), we shall notice that HBV infection will
persist in the cell population if treatment rate is not effective, immune response is slow and
proliferation of HBV infected hepatocytes is high as displayed in figure 2(a-d). We observe the effect
of immune response and treatment via the drastic reduction of the infected hepatocytes in figure
3(a-d). As expected, both the uninfected hepatocytes and immune response increases and this imply
that with effective treatment and adequate immune response, HBV only infection can be controlled
in the liver. Also, it is shown in figures 2 (a-d) that the infected hepatocytes with HBV oscillated for
some time before becoming constant continually implying that the treatment and immune response
are inadequate and this can lead to chronic HBV.

From the simulation of malaria only model of system (2.26) which was represented in figures 4(a-f),
we observe the effect of immune response and treatment both in the hepatocytes and erythrocytes.
The simulation results showed that treatment is ineffective within sufficient immune response and
this is responsible for the increase in malaria infected hepatocytes and erythrocytes. Figure 5(a-f)
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showed that malaria can be controlled in the heaptocytes and erythrocytes, that is, if immune
response is fast and strong enough to slow the proliferation rate of both malaria infected
hepatocytes and erythrocytes, and with effective treatment stop more cells from being infected. We
also noticed that the level of malaria infected hepatocytes and erythrocytes were to a great extent
diminished, whereas the uninfected hepatocytes and erythrocytes with malaria and immune
responses increases.

Figures 6(a-1) denoted the simulation of HBV-malaria co-infection of model system (3) and it
indicates that the rate of HBV-malaria co-infection in the hepatcytes continues to increase. The
immune response and treatment control of HBV only infection was inadequate as the infected
hepatocytes oscillated before becoming constant. But this is not the same with the immune response
and treatment of malaria only infected hepatocytes because they are drastically reduced. This is why
Kolawole and Kana [22] stated that individuals with HBV and malaria co-infection tend to have
higher level of changes in their disease conditions compared to those with mono-infections. This
simply implies that the presence of HBV and malaria co-infection in the hepatocytes and
erythrocytes significantly affect the liver function and hematological parameters if not propetly
controlled in the cell population. Finally, figure 7(a-i) specifies that HBV and malaria co-infection
can be controlled via reducing the rate at which hepatocytes are infected by both infections, rate of
proliferation of co-infected hepatocytes and rate at which erythrocytes are infected with effectual
treatment and fast and strong immune response.

5 Conclusion

In this paper, we considered the immune response and treatment effects hepatitis B Virus and
malaria model with intracellular transmission. By the basic reproduction number Ry for HBV in the
hepatocytes and Rgy, for malaria both in the hepatocytes and erythrocytes, which we respectively
denoted by Rgyy and Rgpyp were obtained using the next generation matrix.

In the proposed model, the modes of transmission of both infections with their processes were
modeled using different functions. Firstly, the existence, positivity and boundedness of solutions of
the problem that helps in guaranteeing the wellposedness of the co-infection model were proved.
The locally asymptotic stability of both HBV only free and endemic equilibria and malaria only free
and endemic equilibria were considered. By analyzing the effect of treatment on both HBV and
malaria, we have from theorem 2.5 that the disease free equilibrium with treatment effects of HBV-
malaria co-infection exists and is locally asymptotically stable if Royr <1, Roypn, <1 and

ROMR7T2 < 1 and unstable ifROHT[ > 1, ROMHTl.'l > 1 and ROMRTL'Z > 1.

We observe from the analysis that if the cellular immune response for HBV only infection satisfies

M% A-m)(PBas+ou) +§ < Z—l (a, + by) + aq,then the immune system and treatment is strong
1 4

enough to eliminate the infection. But ifMlpT1 1-m)(Baz +ouw) +¢ > Z—l (ay + by) + a4 chronic

hepatitis appeats because the immune system cannot clear the infection. Thus, if § and aj ate large,
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strong fast, then most of the hepatocytes will be infected with HBV and this will be eventually result
to massive liver necrosis due to strong immune response.

Similarly, if the cellular immune response for HBV only infection satisfies

(1+m )bz
G2 + ha, <

stopping the multiplication of sporozoites and subsequently eradicate them from the liver thereby

(1+mInbzy

_— >
Aa1

(b, + a6)z—2+ a; +k, then sufficient merozoite that can infect the erythrocytes would be
4

(b, + ag) :—2 + a, + k, then the immune response and treatment is capable of
4
preventing the production of merozoites that can infect the erythrocytes. ¢, +

produced. Also, if Q-myake +d; <ky+(d+dy) Z—3, the immune response and treatment can
12 4
control malaria in the erythrocytes. But if% +d; >k, +(dy +dy) Z—3 , then there would be
112 4

maximum damage caused to the erythrocytes and maximum concentration of merozoites which can
be ingested by mosquito during blood meal.

(1+m b3y (1-my)ake

Finally, if max {u% (1-m)(Baz +ou)+{,6, + +
1

L TR 4 dy) <
max {Z_: (az + bl) + aq, (bz + a6));_i + aq + k + kl + (dl + dz) Z_i} 5 then HBV-Malaria co-

infection can be eradicated from the hepatocytes and erythrocytes by the combined effect of
immune response and treatment. But if otherwise, the HBV-malaria co-infection will persist in the
hepatocyte and erythrocyte population thereby causing serious damage to the co-infected individual.
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Method of lines analysis of Dufour and Soret effects on
unsteady MHD free convective heat and mass
transport flow past a porous infinite plate

U.C. Ugwu'f, A.T. Cole*, A.L. Faruk®, O.A. Adedayo®, F.I. Asonibare®,
and M.C. Egbughat

Abstract

The problem of coupled heat and mass transfer by free convection of a chemically reacting
viscous incompressible and electrically conducting fluid past an infinite vertical porous plate
under the influence of uniform transverse magnate field in the presence of diffusion-thermo
(Dufour), thermal-diffusion (Soret) and internal heat source or sink is studied. A magnetic
field of uniform strength is applied perpendicular to the plate and the fluid is subjected to a
normal suction velocity while the heat flux at the plate is constant. The dimensionless
governing equations were solved numerically in MATLAB using the Method of Lines
(MOL). Some of the results indicating the influence of various thermos-physical parameters
of fluid flow, heat and mass transfer characteristics were obtained and presented graphically.
The numerical values of skin-friction coefficient and Nusselt number at the plate are derived,
discussed numerically for various values of physical parameters and presented through
tables. The presence of a generating heat source has effects on the fluid velocity, as well as
on temperature.

Keywords: convective flow; heat and mass transfer; heat source; mhd; porous medium; unsteady
flows; viscous dissipation.

1 Introduction

Convective heat transfer in fluid occurs in many industrial applications and is an important aspect in

the study of heat transfer. If stratification occurs, the fluid temperature is function of distance and
convection in such environment exists in lakes, oceans, nuclear reactors where coolant (generally liquid
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metals) is present in magnetic field etc. Cheesewright [1] examined the natural convection along an
isothermal vertical surface in non-isothermal surroundings. Chen and Eichhorn [2] studied natural
convection along an isothermal vertical plate in thermally analyzed the effect of magnetic field on
natural convection in liquid metal (NaK) used as coolant in nuclear reactor. Venkatachala and Nath
[17] obtained the non-similarity solution for natural convection in thermally stratified fluid. Uotani
[14] experimentally studied the natural convection in thermally stratification for liquid metal (PbBi).
Kulkarni et al. [5] investigated the problem of natural convection from an isothermal flat plate
suspended in a linearly stratified fluid medium. Ostrach [7] presented the similarity solution of natural
convection along vertical isothermal plate.

The study of magnetohydrodynamic (MHD) flows plays an important role in agriculture,
engineering and petroleum industries. The problem of free convention under the influence of a
magnetic field has attracted the interest of many researchers in view of its applications in geophysics
and astrophysics. Ugwu e a/. [12] investigated the problem of MHD flow of continuous Dusty particle
in a Non-newtonian Darcy fluid between parallel plates. Soundalgekar et al. [9] analyzed the problem
of free convection effects on Stokes problem for a vertical plate under the action of transversely
applied magnetic field. Helmy [4] presented an unsteady two-dimensional laminar free convection
flow of an incompressible, electrically conducting (Newtonian or polar) fluid through a porous
medium bounded by an infinite vertical plane surface of a constant temperature. Zueco [18] analyzed
the hydromagnetic convection past a flat plate. Ugwu ef 2/ [10] studied the MHD effects on convective
flow of dusty viscous fluid. The problem was solved numerically using finite difference method under
the influence of magnetic field. The properties of solution and uniqueness of solution was established.
The effects of heat and mass transfer on free convective flow of micropolar fluid were studied over
an infinite vertical porous plate in the presence of an inclined magnetic field with a constant suction
velocity and taking Hall current into account have been discussed by Veera Krishna ef a/. [15] Veera
Krishna ez al. [16] discussed the heat and mass transfer on unsteady, MHD oscillatory flow of second-
grade fluid through a porous medium between two vertical plates under the influence of fluctuating
heat source/sink, and chemical reaction. Ugwu ¢# a/ [11] studied the effects of MHD flow on
convective fluids incorporating viscous dissipation energy though it was a Newtonian fluid. This
problem was analysed numerically using method of lines and various fluid parameter and that of the
particles were obtained.

In recent times, many researchers have given considerable interest to the study of MHD in the
presence of radiation. Mishra e a/. [6] studied the effect of radiation and non-uniform heat source on
the unstable, MHD viscous fluid through a heated plate with time-dependent suction and viscous
dissipation. Chiranjeevi e a/. [3] investigated the problem of the MHD boundary layer flow analysis in
the presence of thermal absorption with heat generation and chemical reaction over a plate. Sadiq and
Nagarathna [8] studied the heat and mass transport on MHD Free convective flow through a porous
medium past and infinite plate with time dependent permeability neglecting viscous dissipation. This
was done analytically.

Ugwu et al. [13] investigated the unsteady free convective flow of a viscous incompressible
electrically conducting fluid over an infinite vertical porous plate under the influence of uniform
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transverse magnate field with time dependent permeability and oscillatory suction embedded with
viscous energy dissipation using numerical approach (MOL).

In this paper, we are considering the MOL analysis of Dufour and Soret effects of unsteady
MHD free convective fluid of heat and mass transport flow past an infinite porous late under the
influence of transverse magnate field with time dependent permeability and oscillatory suction
embedded with viscous energy dissipation and heat source.

2 Formulation of the problem

We considered the unsteady MHD free convection flow of an incompressible viscous electrically
conducting fluid with simultaneous heat and mass transfer over an infinite vertical plate through
porous medium with time dependent permeability and oscillatory suction. The y-axis is taken along
the plate and x-axis perpendicular to it and # is the velocity along the x-direction.

Figure 1: Physical configuration of the problem
The basic assumptions are:

1. All fluid proportions are constant.

2. The plate and the fluid are to be at the same temperature and the species concentration is raised or
lowered.

3. The magnetic Reynolds number is so small that the induced magnetic field are neglected in
comparison to the applied magnetic field.

4. The permeability of the porous medium is

k(t)=k(1+ee™) M

5. The suction velocity is

v(t)=-v, (1+ ge™ ) ©)

where, V tepresents the suction / injection velocity at the plate.
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6. If the plate is extended to infinite length, then all the physical variables are functions of y and ¢
alone.

The governing equations are given by

ou
Too 3
Y 3)
6u au ou oB? v
V—=v—+ ~-T)+gf (C-C,)-—2u-——u 4
ra YRy g -T,)+9p (C-C,) P )
2 2
ar ,,aT _ aT_S(T Ty (auJ +DmKT8(2: 5
ot oy? pc, \ oy c.C, oy
o, o o’c D K, o°T
—D—— Cc-C 6
R R AT ©
Subject to '
u(y,t)=T(y,t)=C(y.t)=f(t)=1+ee" @y=0 7)

u(y.t)=T(y.t)

where

C(yt)=0 @y->w

u - component of the velocity, t — time, Cp - the specific heat at constant pressure, C — dimensional

concentration, Dm - mass diffusivity, g — acceleration due to gravity, kl - chemical reaction parameter,

*

Q - fluid thermal diffusivity, A - thermal expansion coefficient, ,B - concentration expansion
coefficient, K - coefficient of viscosity, O - fluid density, KT - thermal diffusion ratio, Tm - mean fluid
temperature, T00 - free stream dimensional temperature, COO - free stream dimensional concentration,
O - clectrical conductivity of the fluid, BO‘ the external imposed magnetic field strength, Cq -
concentration susceptivity, V- viscosity, TW— wall dimensional temperature, CW— wall dimensional

concentration.

From equation (3), it is obvious that the continuity equation is a constant. Also ¢ is a small value less

than unity i.e., € < 1 and Vjis a non-zero positive constant, where the negative sign indicates that the

suction is towards the plate.

Using the following dimensionless variables, we dimensionalise (3) — (7), taking the Boussinesq’s
approximation into account in equation (7),
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U*:i' y*:VOy_ t*:VO_Zt; V*:L' W*:M 0= T—Too . ¢: C—Cw . (8)
Vo v 14 Ve vy T, -T,° C,-C
Thus, we obtain,
ou
_:O (9
Y )
2
a_u_vo(1+geim)8u ou +Gré +Gmg - ( iju (10)
ot oy oy K
2

%—V0(1+ se' )%=i%—se Ec[auJ Dua— (11)
ot o Proy? oy oy*

2
%—v0(1+ e'W‘)a¢ i%—Kwﬁ S, % (12)
ot oy Scoy’ "oy’
subject to
u(y,t)=0(y,t)=¢(y,t)=1+ee" @y=0 (13)

u(y,t)=0(v.t)=¢(v.t)=0 @y

where,

Op, V. . v .
M? = Po > is the Hartmann number (Magnetic field parameter), Pr=— is the Prantl number,

oV, %
(T, -T
K= ins the permeability parameter (Porosity or Darcy parameter), Gm = vgp ( 5 ) is the
v v,

v
U . . . . .
Prandtl number, Sc=— is the Schmidt number, KC= % is the chemical reaction parameter,

Vo
v T, —
S= \/1_2 is the Heat Source parameter, Gr —Mls the thermal Grashof number,
0 Vo
2
Gm = v9p ( )1s the mass Grashof number and Ec __ is the Eckert number,
VO Cp (TW _Too)
_Db,K;(C,-C,) D, K (TW —Tw),
= is the Dufour number, S, = is the Soret number.
VCst (TW Toc ) VTm (Cw - Coo)
318 IIMAM, Vol. 5, Issue 2 (2022) ©NSMB; www.tnsmb.org

(Formerly Journal of the Nigerian Society for Mathematical Biology)



U.C. Ugwu, A.T. Cole, A.L. Faruk, O.A. Adedayo, F.I. Asonibare,
and M.C. Egbugha

3 Method of lines

The basic idea of the MOL is to replace the special (boundary value) derivatives in the PDE with
algebraic approximations. Once this is done, only the initial value variable, typically time in a physical
problem remains. Then, with only one remaining independent variable, we have a system of ODEs

that approximates the original PDE. Any suitable integration algorithm for the initial value ODEs can
now be used to compute an approximate numerical solution to the PDE.

Before applying the method of lines to equation (9) — (12) subject to boundary conditions (13), we
adopt the approximation below to decouple and linearize equations (9) — (12). In view of the
approximation adopted, equations (9) — (12) reduce to;

2
%“:v0(1+ge‘M)%+%+Gr+Gm—(Mz+%)u (14)
2
%=Vo(l+8eiw)%5+sigy_f_l<c¢+sr (15)
c
2
%=V0(1+geiM)%+Pigy—f—SH+Ec+ D, (16)
r

Applying the method of lines to equation (14), we discretize the partial derivative in space variable y,
to result in approximating system of ODEs in variable t, thus we have;

(a_u) =v,(1+ «s‘eth)ui+l e _Zl;i L Gr +Gm—(M 2 +EJUi o
at ). 2h h K

Simplifying the right-hand side of equation (17) gives:

(gt—uj =qU_, +a,U +au, ta, (18)
where,
1 Vv (1+ geth) ( 2 , 1 } 1 Vv, (1+ gei“”)

- = _ o, =—| —=+M"+—|; =l=4+—‘71 :Gr+Gm,
“ {h2 2h 2= (e K) 7| h 2h ‘
i=1,23,...,N (19)
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Equations (18) — (19) can be solved iteratively using the boundary conditions U (O,I) =1+&e" and
u (a,t) =0 in equations (13).

For i=1,2,3,..,N; U(0,t)=u(y,t)=1+ee";& u(oo,t) »U(N +1t)=0; in equation (18) can be

written as;

U, =a, +a,u +azu, +a,

U, =aU, + U, +au, +a,

U, = ayU, + a,U, + aU, +a, (20)
u, = U, +a,u, + .U +a,

uy =auy_ +a,uy +q,

The system in equation (20), in matrix form is given as

B iwt ]

_ o - - o

0] [e, @, 4 O 0 .. 0 O 1+geu s

24

u, 0 4 @, ¢, 0 .. 0 O ul a“

=l 0 0 &, @, @ .. 0 O R R 21)

L]Nil . . . E . . . . . .

u o

Uy 0 0 0 0 O o a, N !
- - L UN_ | Oy |

. ou
where the coefficient of &y, &y, A3 and &, are given by (19) and U; = (Ej
i

In a similar way, equation (15) becomes;

0 iwt | Yiva — ¥ |+l_2 i i-1
(D)orbgh LEA s

Simplifying the right-hand side, we obtain;

0
(%j = ﬂ1¢|71 + ﬂ2¢, + :B3¢i+l + 134 (23)
where,
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1 v0(1+€eth) ( 2 j 1 Vo(1+5em) B =S -
ﬂ = — . 6 =— K ﬁ = . —S y
l {hZSC 2h } 2 hZSC+ ‘)P hesc 2h LR

Equations (23) — (24) can be solved iteratively using the boundary conditions ¢(0,t) =1+ and
¢(00,t) =0 in equations (13).

For i=1,2,3,...,N; ¢(O’t) :1+8eth; & ¢(oo,t) = ¢(N +1,t) =0; in equation (23) can be written in

matrix form as;

iwt

| (A s s 0 0 o0 oM

gkl [0 A £ A0 o0 o) B

=l 0 0 B B B .. 0 0| .|+ (25)
PR S S| '

N¢Nl 0 0 0 0 0 .. B B ha| |0
- - L ¢N_ _O_

. o . . _(0F

where the coefficient ﬂl, ,32, and ﬂg are given in equation (24) and @, :(Ej .

Similarly, equation (16) becomes;

(%j =£ 1 _v0(1+ge' )}9'1( 2 +Sja+(hzlpr+vo(l+ge' )J¢9.+1+EC+Du 26

ot ) | h®Pr 2h h? Pr 2h
00
(Ej =101+ 7.0, +7.0.,.+7, 27)
where
1 v (1+ geiW‘) [ 2 ] 1 Vv (1+ ce™)
" (thr 2h 2 e ) T e T o 4 v (28)

Equations (26) — (28) can be solved iteratively using the boundary conditions & (O,t) =1+¢e"™ and
9(00,'[) =0 in equations (13).

For i=1,2,3,...,N; Q(O,I) =1+ee": & 19(00,11) r 19(N +1,t) =0; in equation (27) can be written in

matrix form as;
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S T 1+ e EA
o, n v, v3 0 0 .. 0 O 7/4
6| |0 % 7 7 0 .. 0 O ;
=10 0 »n 7 7 0 0 : + 4: 29)
éN—l : E ‘
. 6
6. Lo 0 0 0 0 .oy op T
- - i 174 ]
. . : . 00
where the coefficient }s Jy: V3 and Y4 are given by the equation (28) and 6, = ok
The three physical quantities at the plate are given as,
T ou
Skin friction coefficient: Cy = == (30)
PV, \ 0y y=0
(5]
X JE—
Nusselt Number: Nu = __\v) (31
(TW —Tw)
y=0
5]
X -
Sherwood Number: Sh = __\¥Y) (32)
(CW - Cw)
y=0
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4 Results and discussion

We have considered the effects of some thermo-physical properties of unsteady free convective flow
of a viscous incompressible electrically conducting fluid over an infinite vertical porous plate under
the influence of uniform transverse magnate field with time dependent permeability and oscillatory
suction in the presence Soret and Dufour parameter numerically using MATLAB simulations. Some
graphical and numerical representation are thus given below;

1 T T T T T T T

\ Magnetic Parameter M
AN 0.5
095~ \-\} -2 8
\}\ 3
09r N b
N
S
= NS
= 085 T b
! SN
08 r RS 1
075+ o
0.?' 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45
Yy

Figure 2: Effects of Magnetic Parameter on the velocity profile.
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Figure 3: Effects of Mass Grashof Number on the velocity profile
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Figure 4: Effects of Thermal Grashof Number on the velocity profile
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Figure 5: Effects of Permeability (Porosity) on the velocity profile
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Figure 6: Effects of Parameter V, on the velocity profile
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Figure 7: Effects of Parameter Kc on the Concentration profile
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Figure 8: Effects of Schmidt Number, Sc on the Concentration profile
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Figure 9: Effects of Parameter Voon the Concentration profile
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Figure 10: Effects of Eckert Number on the Temperature profile
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Figure 11: Effects of Prantl number on the Temperature profile
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Figure 12: Effects of Heat Source on the Temperature profile
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Figure 13: Effects of Parameter Vi on the Temperature profile
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Figure 14: Effects of Soret number on the concentration profile
329 IIMAM, Vol. 5, Issue 2 (2022) ©NSMB; www.tnsmb.org

(Formerly Journal of the Nigerian Society for Mathematical Biology)



International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 2, September 2022, Pages 314 — 334

1 \, T T T T T
\\ Dufour number
095F 01 14
\ - 05
! 1
09 \ a
N
085 \'\. 1
\\:
= \‘\;
= 08¢ ~ B
= N
\\‘\' .
075 “-\\-‘ . ]
o7l M.‘_\'\.\ - |
065 ~0
0.6 . ‘ . . ‘ . . ‘
0 5 10 15 20 25 30 35 40 45
y

Figure 15: Effects of Dufour number on the temperature profile

Table 1. Computational values for local skin friction u' (0) for different values of M, K, Gm, and Gr

where ¢:=02:h:=0.1:v[0]:=02:€:=0.001:S:=1:8:=022:Kc:=1: Pr:=0.71:
Ec=0001: ®:=mn/6: Du:=0.1: Sr:=0.1:

M K Gm Gr Skin friction (stress)

0.5 2 10 5 12.9134
2 7.6352
3 3.8917

3 12.1057

4 10.4123

15 15.3607

20 17.5112

13.7213

10 14.3443
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Table 2. Computational values for local Sherwood number (Sh) for different values of Sc, Kc, Vo, w

and Sr where :==02:h:=01:e:=0001:S:=1: M:=05:K:=2: Gr:=5: Gm:=10:

Pr:=071: Ec:=0.001: o:=n/6: Du:=0.1:

Sc

Kc

V()

w

St

Sherwood Number (Sh)

0.22

1

0.2

72

0.1

0.5239

0.3

0.6683

0.6

0.9675

0.7551

0.9354

0.5

0.6816

0.8

0.8147

0.5254

AN

0.5279

0.3917

0.1782

b

Table 3. Computational values for Nusselt number (NU) for different values of Pr, S, E¢ Du, 17,

and where

t'=02:h=01::=0001:n:=001: M:=05: K:=2:Gr:=5: Gm:=10:

Sc:=022:Kc:=1:8:=0.1:

Pr

Ec

V()

Du

Nusselt Number (Sh)

0.71

0.01

0.2

0.1

1.1209

2.9979

4.0122

1.7231

2.0464

1.5926

1.9917

0.5

1.4461

0.8

1.6022

0.9341

0.7533
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Table 4. Comparison of Results when Sc=0, Sr=0 in present study with Basha ez 2/ (2019)

Sc Vo W Sherwood Number (Sh)
Basha et al. [19] | Present study

0.22 0.2 /6 0.044020 0.051062
0.3 0.060238 0.065387
0.6 0.120325 0.196711
0.5 0.110179 0.189233
0.8 0.176133 0.242128
/4 0.044236 0.054688
/3 0.044253 0.056167

Figure (2) shows that the magnitude of the velocity component increases with decreasing the intensity
of the magnetic field, M. This is due to the Lorentz force the velocity retards continuously throughout
the fluid region. Figure (3) shows that the velocity component decreases with decrease in mass
Grashof number. Figure (4) shows that the velocity component also increases with increase in thermal
Grashof number. Figure (5) depicts that increasing the permeability of the porous medium increases
the fluid speed in the entire region. Figure (6) depicts that the velocity component experiences
retardation in the flow field with increasing suction parameter. Figure (7) and (8) shows that the
Concentration distribution decreases with increase in chemical reaction or Schmidt number
respectively, thus causing a retardation in the fluid flow. Also figure (9) shows that decreasing the
suction parameter leads to increase in the concentration distribution. These results in the
concentration distribution show that the heavier diffusing species have a greater retarding effect on
the concentration distribution of the flow field. Figure (10) show that the temperature of the system
decreases with a decrease in Eckert number. Figure (11) shows that the temperature of the flow field
reduces as the Prantl number increases. This is consistent with the fact that the thermal boundary layer
thickness decreases with increasing Prantl number. Figure (12) depicts that with increasing heat source,
the temperature of the flow field reduces. This may be as a result of the elastic property of the fluid.
It is observed that in figure (13) increasing the suction parameter reduces the temperature of the
system. Figure (14) depicts that as Soret number increases the concentration of the fluid increases as
well, also figure (15) shows that a decrease in the Dufour number leads to a considerable decrease in
the temperature of the system.

The frictional force is a significant phenomenon which characterizes the frictional drag force at the
solid surface. From Table 1, it is observed that the ‘T’increases with the increase in K, Gr, Gm and vy,
but it is interesting to note that the ‘T’decreases with the increase in M. From Table 2, It is observed
that as Sc, Kc, w and v increases, ‘Sh’ also increases at the surface of the plate but decreases with
increase in Soret number. From Table 3, we see that all the entries are positive. It is seen that increase
in S, Pr, Ec, and vo increases Nu at the surface of the plate. Also, Nu decreases with increase in Du.
Table 4 represents the comparison of the results with Basha ez 2/ (2019).
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5 Conclusion

The study has examined the Method of Lines analysis (MOL) on the problem of an unsteady heat and
mass transfer flow of an MHD fluid past an infinite porous plate under the influence of Dufour, Soret
and other pertinent flow parameters. The following conclusions are drawn from the study; as soret

number (Sr ) and dufour number (Du )increases, the skin friction coefficient (Cf ) increases while the

Nusselt number (N, )decreases. As soret number (S, )decreases, the Sherwood number (S, )
increases drastically while decrease in Dufour number has a negligible or no influence on it

As soret number (Sr)increases, both the velocity u(y,t) profile and the concentration profile
¢(y,t)increase, while there is negligible or no effect on the temperature distributon. As dufour
number (Du )increases, both the velocity profile U ( y,t) and temperature profile (9( y,t) increase.

As the thermal Grashof number (G, ) and modified Grashof number (G, )increases, the velocity

r

profile U (y, t) increases. As Schmidt number (SC ) and Chemical reaction ( K. )increases, the velocity
profile U ( Y, t) and the concentration profile ¢( Y, t) decrease. As Eckert number (EC ) increases, both
the velocity profile U (y, '[) and temperature profile 9( y,t) increase. An Increase in the magnetic

parameter ( M )decreases the velocity profile U ( y,t) as a result of a resistive Lorentz force produced

by the magnetic field. It has been observed that, in designing a system where high temperature is
needed, such as glass production, propulsion system, plasma physics etc., the effects of Soret, Dufour,
Eckert number, Grashof number, Chemical reaction parameter, Schmidt number and Magnetic
parameter should be considered carefully for optimal performance of such system.
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A two-infection stage model with SIS and SIR
dynamics
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Abstract

A two-infection stage model is presented in this research work. The dynamics of the model
is such that it behaves like a SIS or SIR model depending on the stage treatment is applied.
The disease-free equilibrium point and the basic reproduction number are determined. The
conditions for the disease-free equilibrium and endemic equilibrium to be globally
asymptotically stable are determined. Sensitivity analysis is used to determine the impact of
the model parameter on the basic reproduction number. Numerical simulation with suitable
approximated parameters using MATLAB is also carried out to give possible dynamics of
the model.

Keywords: stability; equilibrium; basic reproduction number; Lyapunov function.

1 Introduction

The dynamic models for infectious disease are mostly based on their compartment structure. The
compartment structures for dynamic models are firstly given by Kermack and Mckendrick in 1927
and has been improved over the years [1]. Some of the compartmental models includes: SI, SIS, SIR,
SEIR, SEIRS etc. Mathematical models of infectious diseases give insights into disease transmission,
progression, stage of infection and helps in mathematical analysis. Blackwood and Childs [3]
highlighted several common issues encountered while analyzing basic compartmental models. Melesse
and Gumel [9] presented an extensive mathematical analysis of a deterministic model, with a standard
incidence function, for the transmission dynamics of a communicable disease with an arbitrary number
of distinct infectious stages. The conditions for the global stability of the disease free and endemic
equilibrium was determined. Numerical simulation was carried out to illustrate the theoretical results.
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Otunuga and Ogunsolu [14] presented a mathematical analysis of the transmission of certain diseases
using a stochastic susceptible-exposed-infectious-treated-recovered (SEITR) model with multiple
stages of infection and treatment and explore the effects of treatments and external fluctuations in the
transmission, treatment and recovery rates. Global stability analysis of the disease free and endemic
equilibrium for both the deterministic and stochastic version of the model were presented. Rifanti
[16] presented a two-infection stage mathematical method which are chronic stage and acute stage.
Both infection stages involve transmissibility. Multistage dynamics of infectious dynamics are also
captured in the following literatures: [7, 10, 13, 18].

Here, we consider a two-infection stage model where the first stage is the passive stage and the
second stage is the active stage. The model dynamics can be a SIS or SIR dynamics depending on the
stage of treatment application. Individuals who recover from the first stage due to early detection and
treatment or natural immunity goes back to the susceptible class because the disease has not run its
course. Individuals who recover from the second stage moves to the recovered class. This dynamic is
explained further under the model formulation.

2 Model formulation

The model is divided into four compartments with the susceptible population denoted by S(t), the
first infection stage is denoted by I;(t), the second infection stage is denoted by I,(t) while the
recovered population denoted by R(t). The susceptible population is increased as a result of
migration or birth at rate A. The dynamics of the disease is such that there ate two infection stages
with infectivity in the second stage of infection. There susceptible population is decreased as a result
of natural death at rate g and by interaction with infectious population (I) with 8 as the force of
infection. This above interaction causes an increase in the population at the first stage of infection.
The first stage of infection is reduced either by natural death, temporary recovery back to the
susceptible population at rate 0 or allowing the disease to develop into the second stage at rate . The
second infection stage is reduced by natural death, disease induced death at rate § or by effective
treatment at rate Y. The recovered population is increased as a result of recovery from second stage
and decreased only by natural death.

The resulting system from the above assumptions is given as

S =A-BSL—pS+ol (1)
%zﬁSIZ—(a+,u+a)Il )
Lol - (@+s+VL 0
&=L~ R @
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Description of parameters in the model (1) — (4):

Parameter Meaning
Recruitment rate

Transmission rate
Natural death rate
Recovery rate from stage 1

Progression rate to second stage

Disease induced death rate

R [&R|QA R R[>

Recovery rate from stage 2

3 Results and discussions
3.1 Invariant region

We obtain the region where the solution of (1) — (4) is epidemiological feasible.

Theorem 3.1: (Invariant region). The feasible region R defined by {S(t), L,(t),I,(t),R(t) € R} :
N(0) < N(t) < %} with initial conditions S(0) = 0,1,(0) = 0,1,(0) = 0,R(0) = 0 is positive

invariant for system (1) — (4).

Proof: The total population size is given by N(t) = S(t) + I,(t) + I,(t) + R(t).

dN
g_ﬁ_A_MN_(SIZ
&% _

dt _A ,LLN

Solving above, we have
0< N(@) < <N(O)e‘“t +§ (1- e‘“t)>
Ast 0,0 < N() <2,IFN(0) < 5 then N(1) < 5. Hence,
NO) SN@O <%
Thus, R is a positive invariant set under the model desctribed by (1) — (4).
3.2 Disease-free equilibrium
The disease-free equilibrium is the point where there is no disease in the population. It lies at the point

T, = (%,0,0,0)
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3.3 Basic reproduction number

The basic reproductive number is the mean number of secondary infections caused by an infectious
individual in an entirely susceptible population. The next generation matrix approach by Driessche
and Watmough [6] is applied.

From the infectious stages I and I, we can create a vector F that represent new infections and V
that represents outflows from the model equations. Hence,

F=(3?) and V= ((uiog:l;;l?ill)

Next, we compute the Jacobian F from F and V from V at the disease-free equilibrium point. They
are given by

{0 ,8é _(la+p+o) 0
F_<0 0u> and v_( o (#+6+y))

The basic reproduction Ryis given by p(FV ~1) where p is the spectral radius. Thus,

_ afA
T ulatpto)(urs+y)

Ry
3.4 Local stability

Theorem 3.2: (Local stability of disease-free equilibrium). The disease-free equilibrium for the system
is locally asymptotically stable if Ry < 1 and unstable if Ry > 1.

Proof:
The equilibrium points of model (1) — (4) is locally asymptotically stable if all the eigenvalues of the
Jacobian matrix have negative real parts.

The Jacobian matrix evaluated at the disease-free is given by

— _BA
7 o P 0
A
Jmy) =] 0 —(a+pu+o) % 0
0 a —(u+6+y) O
0 0 Y —U

There are four roots corresponding to the Jacobian above. Two of the roots are — p(twice) while the
other roots can be obtained from the characteristic equation of the sub matrix given below.
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BA
J1(mo) = ~(atuto) 7
a —(u+é+y)

The remaining eigenvalues are negative if trace of J; (1) is negative and determinant of J;(7y) is

positive. The trace of J1 () is negative and the determinantis (a + u +o)(u+ 68 +y) — %. The

determinant is also equivalent to (& + u+ 0)(u + 8 + ¥)(1 — Ry) and it is positive provided that
Ry < 1.

Theorem 3.3: (Existence of endemic equilibrium). The model (1) — (4) has an endemic equilibrium
when Ry > 1.

Proof: Let E; = (5%, 1,7, 1,7, R*) be a non-trivial equilibrium of the model. The model at steady state
becomes:

S — (a+u+o)(u+8+y)

ap
R L
L
L' =EEEO R, 1]

3.5 Global stability analysis

Theorem 3.4: (Global stability of disease-free equilibrium). The disease-free equilibrium for the
system is globally asymptotically stable if Ry < 1.

Proof: Consider the Lyapunov function:

L=al; + (a+u+o)l,

L=al+(a+p+ao)l,

Substituting and simplifying the expressions for I; and I, gives
L=a[BSL,—(@a+p+o) ]+ (a+u+a)|al, — (u+ 8 +y)L]
L= afSL—(a+u+o)(u+d6+vy)lL.

Since § = %it follows that

L=(a+u+o)u+68+y)L[R,— 1].

Thus L < 0 with equality when I, = 0. Hence by LaSlle’s extension to Lyapunov principle, the limit
set for each solution is contained in the largest invaraiant set for which I, = 0.
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Theorem 3.5: (Global stability of endemic equilibrium). The endemic equilibrium for the system is
globally asymptotically stable if Ry|5=¢ > 1.

Proof: Let the associated endemic equilibrium of model (1) — (4) and Ry|s=¢ > 1 exist. Consider
the Lyapunov function:

S I a+ I
V=S—S**—S**ln(—)+11**—11**—ln( ! )+( 'u)[lz**—lz**—ln< 2 )]

o I~ = L

S *E . 11** . (a+#) . 12** .

V— S - S S + 11 - 11 11 + o [12 - 12 12]

. S** I *%

V=A—=BSI; — uS — = [A = BSI; — uS]+ BSI, — (a + ) I - 1—1[3512 —(a+w L]

I**

B [, (a4 64 )~ el — (a4 6+ )L
- sy L s 3
V—A(l S) #5(1 S)+[>’S I, — BSI,

1;1 +(a + ‘U)Il** _ (a+ﬂ)(#a+5+7)12 _ (

a+

(a+)(u+8+y)1™"
- .

At the endemic steady state, the following relations obtained from model (1) — (4) hold:

A=BSU L7 + pus™

S**I * %k
@sm=2T

I
w+s+y) =T

Substituting above relations into the Lyapunov function gives:

V=(Bs"L" +us™) (1-5) —us (1-2)+ psv1, - BSI, ’1**+(&ff**) L™ -

I I
(B2 (4) (2) - (580 05 () () ()
Simplitying gives
Further simplification gives

S S

T, CEx _ Kk KE _ ﬁ_ﬁs**lllz**z
V=ps™ (2 - - )+ 365", BSI, - B

V=us* (2 _ S _ SSM)Jr BS™1," (3 S ﬂ)

BS**ZIZ**
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Since arithmetic mean is less than or equal to geometric mean,

S** S S** SI **1 I I *k
us (2= - ) <0and (3-T -2 22 ) <o,
s s s S*Ll, L1,

Thus, V < 0ifand only if S = §**, I, = I;™", I, = I,”". Hence, the largest compact invariant subset
of the set where V = 0 is the singleton (S, I, I,)= (S**, I, I,™). It follows by LaSalle’s Invariance
Principle [8], that every solution to the equations of the model (1) approaches the associated unique
endemic equilibria of the model as t = o0 for Ry|5=¢ > 1.

3.6 Sensitivity analysis

Sensitivity analysis is used to determine dependencies between input parameters and results of the
model. Sensitivity analysis helps to determine how a small change in parameters affects state

variables over time. The normalised forward sensitivity index of a variable,w, that depends on a
. ow _ q

TW —
parameter, ¢, 1S defined as: ]q =W

Sensitivity index of the basic reproduction number with respect to the model parameters are computed
below:

R
parameter ch(:rameter
B
A
- (1 +o0)
(a+p+o0)
o 7
(a+p+o)
s =
u+dé+vy)
Y ___r
(u+dé+vy)
u R, 1 (a+2u+o0)
wlu+s+y) (@a+p+o)

F;{o = 1 revealed that a 10 percent in transmission rate corresponds to 10 percent increase in the basic

reproduction number. Sensitivity analysis gives an insight into the required strategy to control the
spread of the disease.
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3.7 Numerical simulation

The dynamics of the model depends on the input parameters. The input parameters are approximated
from most communicable diseases. A =5, = 0.3, u = 0.0005,0 = 0.01,6 = 0.0005,0, a =
0.2, y=0.05 with S(0) = 100,1;(0) = 20,1,(0) = 20,R(0) = 0. The numerical simulation is
shown below using MATLAB. The interplay between I; and I, class will determine whether the
susceptible class will have much increase or the recovered class.

Numerical Simulation

300 T T T T T T T T T
S
1’?
250 | , A
R|
S
///
200 o ]

150 [ // .
100 |\, / _

Population

0 5 10 15 20 25 30 35 40 45 50

4 Conclusion

In this paper, we presented a two-infection stage mathematical model. The basic reproduction number
of the model is determined. The disease-free equilibrium point is found to be globally asymptotically
stable if Ry < 1. There is an existence of endemic equilibrium provided that Ry > 1. However, the
endemic equilibrium is globally asymptotically stable if Ry|;= > 1. Sensitivity analysis shows that the
recruitment rate, transmission rate and progression rate from the first infection stage to the second
infection stage have a direct proportionality on the basic reproduction number. Numerical simulation
with appropriate parameters is carried out to give possible dynamics of the model.
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